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1.(15©©©) £4�K¤ e¡�4��3íºXJ�3§¦Ñ4��"XJØ�3§�Ñnd"

£1¤£5©¤ lim
x→0

2 cos x − 2 + x2

x4

£2¤£5©¤ ��¼ê�4� lim
(x,y)→(0,0)

x5 y3

x8 + y8

£3¤£5©¤ ��¼ê�4� lim
(x,y)→(0,0)

(x+ sin y) cos 1
|x| + |y|

ëëë������YYY:

£1¤�3" ^�VÐm ( ½õgâ7�{K¤�

lim
x→0

2 cos x− 2 + x2

x4
=

1

12

£2¤Ø�3" ndµ � y = x , ÷d^´À�4��´ 1
2
. � y = −x , ÷d^´À

�4��´ −1
2
. üöØ��§¤±d��¼ê�4�Ø�3"

£5µ��±^Ù¦´À"¤

£3¤�3"

−x− sin y ≤ (x+ sin y) cos
1

|x| + |y|
≤ x+ sin y

lim
(x,y)→(0,0)

(−x− sin y) = − lim
(x,y)→(0,0)

x − lim
(x,y)→(0,0)

sin y = −0− sin 0 = 0

lim
(x,y)→(0,0)

(x+ sin y) = lim
(x,y)→(0,0)

x + lim
(x,y)→(0,0)

sin y = 0 + sin 0 = 0

^��¼ê4��Y%½n�

lim
(x,y)→(0,0)

(x+ sin y) cos
1

|x| + |y|
= 0

2.(15©©©) £4�K¤ ¦Ñ4«m [−1, 1] þ���¼ê f(x) = x
2
3 − (x2 − 1)

1
3 ������

¤k [−1, 1] þ�:"

ëëë������YYY:

£1¤ëY¼ê f(x) 34«m D = [−1, 1]þ7�����m "Ïd

E = { a ∈ [−1, 1] | f(x) = m }

´����8Ü" ?� a ∈ E § a �U´ D �>.:§ ��U´ f(x) �Ø���
:§ ��U´ f(x) �½:"

£2¤34«m D = [−1, 1] �>.:þ

f(−1) = 1 , f(1) = 1



£3¤O��ê

f ′(x) =
2

3
x−

1
3 − 2

3
x (x2 − 1)−

2
3

£4¤ f(x) 3 D = [−1, 1] �S: x = 0 ?Ø��§ f(0) = 1.

£5¤¦ f(x) �½:: )
f ′(x) = 0

2

3
x−

1
3 =

2

3
x(x2 − 1)−

2
3

x−
4
3 = (x2 − 1)−

2
3

x4 = (x2 − 1)2

x2 = x2 − 1 (Ø�U ) ½ x2 = 1− x2

2x2 = 1

x =
1√
2
, − 1√

2

f(
1√
2

) =
1
3
√

2
+

1
3
√

2
=

2
3
√

2
=

3
√

4 ≥ 1 = f(0) = f(−1) = f(1)

f(− 1√
2

) =
1
3
√

2
+

1
3
√

2
=

2
3
√

2
=

3
√

4 ≥ 1 = f(0) = f(−1) = f(1)

£6¤ E ´����8Ü" Ïd£1¤£2¤£4¤£5¤ íÑµ

E = {−1 , 0 , 1}

=§ f(x) = x
2
3 − (x2 − 1)

1
3 ����� 1 �¤k [−1, 1] þ�:´

−1 , 0 , 1

3.(20©©©) £�Võ�ªK¤

£1¤£15©¤ � a, b ´¢ê, b 6= 0 . ¦Ñ��¼ê f(x, y) = arctan x
y
3: (a, b) ?

����Võ�ª"

£2¤£5©¤� a < b, n ���ê§¼ê f : (a, b)→ R 3 (a, b) ¥z:Ñk (n + 1) ��
ê§½Â��¼ê T : (a, b)× (a, b)→ R �

T (x, y) = f(x)− f(y) −
n∑

k=1

f (k)(y)

k!
(x− y)k

¦Ñ T (x, y) é y ��� �¼ê ∂T (x,y)
∂y

.

ëëë������YYY:

£1¤

£1.1¤ arctan x
y
3�½: (a, b) ����Võ�ª´ arctan a

b
+ 1

1
df(a, b) + 1

2
d2f(a, b)

£1.2¤ df(a, b) = 1
a2+b2

(b(x− a)− a(y − b))
£1.3¤ d2f(a, b) = 1

(a2+b2)2
(−2ab(x− a)2 + 2(a2 − b2)(x− a)(y − b) + 2ab(y − b)2)

£1.4¤ arctan x
y
3: (1, 1) ?����Võ�ª´

arctan
a

b
+

1

a2 + b2
(b(x−a)−a(y−b)) +

1

(a2 + b2)2
(−2ab(x−a)2+2(a2−b2)(x−a)(y−b)+2ab(y−b)2)



£2¤

T (x, y) é y ��� �¼ê

∂T (x, y)

∂y
= − f (n+1)(y)

n!
(x− y)n

4.(10©©©) £Û¼êK¤ y²µé?¿�½�¢ê p§ �3: 1 �m�� U , �3: 1 �m
��W §�3���¼ê y = f(x) , x ∈ U , f(x) ∈ W ÷v�§ xp + yp − 2xy = 0 .

ëëë������YYY: � F (x, y) = xp + yp − 2xy. K

£1¤ F (1, 1) = 0 .

£2¤� p 6= 2 �, k Fy(1, 1) = pyp−1 − 2x|(1,1) = p− 2 6= 0 . ^Û¼ê½n"

£3¤� p = 2 �, k xp + yp − 2xy = x2 + y2 − 2xy = (x− y)2 = 0 �du y = x .

5.(15©©©) £A^K¤ �3�m R3 ¥ Oxy ²¡�	�: (x, y, z) ?�>³ V = (2y
z

)x . ¦
Ñ3: (1, 1

2
, 1) ?, >³ V eü�¯���þ�ü �þ"

ëëë������YYY:

£1)

Vx|(1, 1
2
,1) = (

2y

z
)x ln(

2y

z
) |(1, 1

2
, 1) = 0

£2)

Vy|(1, 1
2
,1) = x (

2y

z
)x−1

2

z
|(1, 1

2
, 1) = 2

£3)

Vz|(1, 1
2
,1) = x (

2y

z
)x−1 (−2y

z2
) |(1, 1

2
, 1) = −1

£4)
E = grad V |(1, 1

2
, 1) = ( Vx|(1, 1

2
,1), Vy|(1, 1

2
,1), Vz|(1, 1

2
,1) ) = ( 0 , 2, −1 )

£5) 3: (1, 1
2
, 1) ?, >³ V eü�¯���þ�ü �þ´

− E

|E|
= ( 0 , − 2√

5
,

1√
5

)

6.(25©©©) £�m)ÛAÛ�õ�¼ênÜK¤ ��m R3 ¥�²¡K : x+ 2y + 3z = 6 � x
¶, y ¶, z ¶©O�un: A, B, C . R3 ¥��Ä: H �²¡ K �±ð½�ål
1 § H 3²¡ K þ�R�ÝKP�M . b�M ´3± A, B, C �º:�n�/
∆ABC �¥§ M �n^> BC§ CA § AB �ål©OP� p, q, r .

£1¤£5©¤ ¦Ñn�/ ∆ABC �¡È"

£2¤£5©¤ ^ p, q, r L«± A, B, C, H �o�º:�o¡N�L¡È S(p, q, r) .

£3¤£5©¤ �ÑCþ p, q, r 7L÷v��å^�"

£4¤£10©¤ ¦Ñ± p, q, r �Cþ�¼ê S(p, q, r) �^�4��½:"

ëëë������YYY:



£1¤
A = (6, 0, 0) , B = (0, 3, 0) , C = (0, 0, 2)

(B − A)× (C − A) = (−6, 3, 0)× (−6, 0, 2)

= (−6i+ 3j)× (−6i+ 2k) = 6i+ 12j + 18k

n�/ ∆ABC �¡È´

1

2
| (B − A)× (C − A) | =

1

2

√
62 + 122 + 182 = 3

√
14

£��K��±^Ù¦�{"~Xµ �{2µ¦Ñn�/ ABC �,�>�§^:¦¦d
ü>�Y�§2^¡Èúª" �{3µ¦Ñn�/ ABC �n>�§2^°Ôúª"¤

£2¤n�/ ABC �n>�

BC �� = |C −B| = |(0,−3, 2)| =
√

(−3)2 + 22 =
√

13

CA�� = |A− C| = |(6, 0,−2)| =
√

62 + (−2)2 =
√

40 = 2
√

10

AB�� = |B − A| = |(−6, 3, 0)| =
√

(−6)2 + 32 =
√

45 = 3
√

5

± A, B, C, H �o�º:�o¡N�L¡È´

S(p, q, r) = 3
√

14 +
1

2

√
13
√

1 + p2 +
1

2
2
√

10
√

1 + q2 +
1

2
3
√

5
√

1 + r2

= 3
√

14 +

√
13

2

√
1 + p2 +

√
10
√

1 + q2 +
3
√

5

2

√
1 + r2

£3¤Cþ p, q, r 7L÷v��å^�´ 1
2

√
13 p+ 1

2
2
√

10 q + 1
2

3
√

5 r = 3
√

14 §=µ

√
13 p + 2

√
10q + 3

√
5 r − 6

√
14 = 0

£4¤

£4.1) ^ Lagrange ¦ê{K§½Â9Ï¼ê

V (p, q, r, λ) = S(p, q, r) + λ(
√

13 p + 2
√

10 q + 3
√

5 r − 6
√

14)

= 3
√

14 +

√
13

2

√
1 + p2 +

√
10
√

1 + q2 +
3
√

5

2

√
1 + r2+λ(

√
13 p + 2

√
10 q + 3

√
5 r−6

√
14)

£4.2¤ S(p, q, r) ^�4��½: (p0, q0, r0) 5gu9Ï¼ê V (p, q, r, λ) �½:
(p0, q0, r0, λ0)µ √

13

2

p0√
1 + p20

+ λ0
√

13 = 0

√
10

q0√
1 + q20

+ λ0 2
√

10 = 0

3
√

5

2

r0√
1 + r20

+ λ0 3
√

5 = 0

√
13 p0 + 2

√
10 q0 + 3

√
5 r0 − 6

√
14 = 0



Ïd

−2λ0 =
p0√

1 + x20
=

q0√
1 + y20

=
r0√

1 + z20

£4.3¤ Ï�

(
t√

1 + t2
)′ =

1√
1 + t2

+ t
2t

2
√

1 + t2
=

1 + t2√
1 + t2

> 0

¤± t√
1+t2
´ t �î�üNþ,¼ê§Ïd£4.2¤�±íÑ

p0 = q0 = r0

£4.4¤ þª�\ √
13 p0 + 2

√
10 q0 + 3

√
5 r0 − 6

√
14 = 0

�

p0 = q0 = r0 =
6
√

14√
13 + 2

√
10 + 3

√
5

¤±§± p, q, r �Cþ�¼ê S(p, q, r) �^�4��½:�k��

(
6
√

14√
13 + 2

√
10 + 3

√
5
,

6
√

14√
13 + 2

√
10 + 3

√
5
,

6
√

14√
13 + 2

√
10 + 3

√
5

)


