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6¶ ÆÒ � 7 ��K

3e¡ÁK¥, R P¢ê�§ Rn PIO� n �î¼�m"

1.(10©©©) y²µ?� x ∈ R , �3 θ(x) ∈ (0, 1) ¦�

arctan x =
x

1 + ( θ(x) )2 x2
.

ëëë������YYY:

£1¤. éu?¿�½� x > 0 , t �¼ê arctan t 3 [0, x] þëY§3 (0, x) ��"^�©¥�½n
��3 θ(x) ∈ (0, 1) ¦�

arctan x − arctan 0 = (arctan t)′
∣∣
t=0+θ(x)

( x − 0 )

=

arctan x =
x

1 + ( θ(x) x )2
=

x

1 + ( θ(x) )2 x2

£2¤ éu?¿�½� x < 0 , ½Â
θ(x) = θ(−x)

Ïd

arctan x = − arctan (−x) = − − x
1 + (θ(−x) )2 (−x)2

=
x

1 + (θ(x) )2 x2

£3¤ éu?¿�½� x = 0 , ½Â
θ(0) = 0

Ïd

arctan 0 =
0

1 + (θ(0))2 02

2.(20©©©) �½ª�4�"
£££1¤¤¤.(10©©©) ¦Ñ

lim
x→0

tan4 x√
1− x sinx

2 −
√
cosx

.

£££2¤¤¤.(10©©©) � n ´?����ê§éuz� 1 ≤ k ≤ n , ak ´?���¢ê" ¦Ñ

lim
x→0

( n∑
k=1

axk

n

) 1
x

.

ëëë������YYY:

£1¤. '�¯�å»´^®��IO4��§ÚÛÜ�Vúªµ

lim
x→0

tan4 x√
1− x sinx

2 −
√
cosx

= lim
x→0

x4

1− x sinx
2 − cosx

· ( lim
x→0

tanx

x
)4 · lim

x→0
(

√
1− x sinx

2
+
√
cosx )

= lim
x→0

x4

2 − x
2 (x−

x3

6 + o(x3)) − ( 1− x2

2 + 1
24x

4 + o(x4))
· 1 · (

√
1− 0 sin 0

2
+
√
cos 0 )



= lim
x→0

x4 + o(x4)
1
24 x

4 + o(x4)
· 1 · 2 = lim

x→0

1 + o(1)
1
24 + o(1)

· 2 = 12 .

=

lim
x→0

tan4 x√
1− x sinx

2 −
√
cosx

= 12 .

£��K��üg^â7�{K§©f^ (x4)′′ = 12x2 5üg .¤

£2¤. Ï��ê¼ê´ëY�§¤±

lim
x→0

( n∑
k=1

axk

n

) 1
x

= e
lim
x→0

ln

n∑
k=1

axk

n
x

^â7�{K( ½Ä���ê�½Â¤O�µ

lim
x→0

ln

n∑
k=1

axk

n

x
= lim

x→0

( ln

n∑
k=1

axk

n )′

( x )′
= lim

x→0

n
n∑
k=1

axk

(
n∑
k=1

axk ln ak )

=
n

n∑
k=1

a0k

(

n∑
k=1

a0k ln ak ) =

n∑
k=1

ln ak

¤±

lim
x→0

( n∑
k=1

axk

n

) 1
x

= e

n∑
k=1

ln ak
=

n∏
k=1

ak .

3.(15©©©) ���ê n ≥ 2. ¦Ñ

f(x) =
1 − 2x + 5x2

(1 − 2x) (1 + x2)

3 x = 0 :� (2n+ 1) �ÛÜ�Vúª"

ëëë������YYY:

£1¤ ^*	{½�½Xê{�� f(x) �Ü©©ª©)µ

f(x) =
1− 2x+ 5x2

(1− 2x)(1 + x2)
= =

1 + x2 − 2x+ 4x2

(1− 2x)(1 + x2)

=
1 + x2

(1− 2x)(1 + x2)
+

−2x+ 4x2

(1− 2x)(1 + x2)
=

1

1− 2x
+
−2x
1 + x2

£2¤ 1�Ü©�Ðm

1

1− 2x
= 1 + 2x+ 22x2 + 23x3 + 24x4 + 25x5 + · · ·+ 22nx2n + 22n+1x2n+1 + o(x2n+1)

£3¤ 1�Ü©�Ðm

−2x
1 + x2

= −2x ( 1− x2 + x4 + · · ·+ (−1)nx2n + o(x2n ) )

= −2x+ 2x3 − 2x5 + · · ·+ 2(−1)n+1x2n+1 + o(x2n+1)

£4¤ Ü¤

f(x) =
1

1− 2x
+
−2x
1 + x2



= 1 + 0 + 22x2 + (23 + 2)x3 + 24x4 + (25 − 2)x5

+ · · · + 22n x2n + ( 22n+1 + 2(−1)n+1 ) x2n+1 + o(x2n+1)

= 1 +

n∑
k=1

( 22kx2k + ( 22k+1 + 2(−1)k+1 ) x2k+1 ) + o(x2n+1)

(5µ�K¥��KÒI�[%éþ�( �"Æ)k�UØ�%Ñ�"XJ���L�ªØ��
é§��g´�(§�±�Ü©©ê"Uò�Ï����NÐ�g�©IO�c���"¤

4.(10©©©) ½Ân�¼ê f : R3 → R �

f(x, y, z) =

{ x y z
x2 + y2 + z2

� (x, y, z) 6= (0, 0, 0)

0 � (x, y, z) = (0, 0, 0)

£££1¤¤¤.(6©©©) O�Ñ f 3: (0, 0, 0) ?n� �ê fx(0, 0, 0) , fy(0, 0, 0) , fz(0, 0, 0) .
£££2¤¤¤.(4©©©) n�¼ê f 3: (0, 0, 0) ?��íº y²\�(Ø"

ëëë������YYY:

£1¤. �â½Â

fx(0, 0, 0) = lim
x→0

f(x, 0, 0)− f(0, 0, 0)
x

= lim
x→0

x · 0 · 0
x2 + 02 + 02

− 0

x
= lim

x→0
0 = 0

fy(0, 0, 0) = lim
y→0

f(0, y, 0)− f(0, 0, 0)
x

= lim
y→0

0 · y · 0
02 + y2 + 02

− 0

x
= lim

y→0
0 = 0

fz(0, 0, 0) = lim
z→0

f(0, 0, z)− f(0, 0, 0)
x

= lim
z→0

0 · 0 · z
02 + 02 + z2

− 0

x
= lim

z→0
0 = 0

£2¤. n�¼ê f 3: (0, 0, 0) Ø��" y²Xe"���yyy:
£2.1¤ XJn�¼ê f 3: (0, 0, 0) ��§�â½Â

f(x, y, z) = f(0, 0, 0) + fx(0, 0, 0) x + fy(0, 0, 0) y + fz(0, 0, 0) z + (x2+y2+z2)
1
2 o( (x2+y2+z2)

1
2 )

= 0 + 0 x + 0 y + 0 z + (x2 + y2 + z2)
1
2 o( (x2 + y2 + z2)

1
2 )

= (x2 + y2 + z2)
1
2 o( (x2 + y2 + z2)

1
2 )

£2.2¤ 3þª¥�\ x = y = z 6= 0§�

1

3
x =

x x x

x2 + x2 + x2
= f(x, x, x) = (x2 + x2 + x2)

1
2 o( (x2)

1
2 ) =

√
3 x o(x)

íÑ
1

3
=
√
3 o(x)

íÑ
1

3
= lim

x→0

1

3
=
√
3 lim
x→0

o(x) =
√
3 · 0 = 0

ù´�gggñññ . ¤±§ n�¼ê f 3: (0, 0, 0) Ø��"

5.(15©©©) � f : R→ R Ú g : R→ R ÑkëY����¼ê"?� x ∈ R , y ∈ R, � x 6= 0 �§½Â

h(x, y) = x f(
y

x
) + g(

y

x
) .

O�Ñ
x2 hxx(x, y) + 2 xy hyx(x, y) + y2 hyy(x, y) .



ëëë������YYY:

hx(x, y) = f(
y

x
) − y

x
f ′(

y

x
) − y

x2
g(
y

x
)

hy(x, y) = f ′(
y

x
) +

1

x
g′(
y

x
)

hxx(x, y) =
−y
x2
f ′(

y

x
) +

y

x2
f ′(

y

x
) +

y2

x3
f ′′(

y

x
) +

2y

x3
g′(
y

x
) +

y2

x4
g′′(

y

x
)

=
y2

x3
f ′′(

y

x
) +

2y

x3
g′(
y

x
) +

y2

x4
g′′(

y

x
)

hyx(x, y) = − y

x2
f ′′(

y

x
) − 1

x2
g′(
y

x
) − y

x3
g′′(

y

x
)

hyy(x, y) =
1

x
f ′′(

y

x
) +

y

x2
g′′(

y

x
)

Üå5�\L�ª
x hxx(x, y) + 2xy hyx(x, y) + y2 hyy(x, y)

= x2 (
y2

x3
f ′′(

y

x
) +

2y

x3
g′(
y

x
) +

y2

x4
g′′(

y

x
) )

+ 2xy ( − y

x2
f ′′(

y

x
) − 1

x2
g′(
y

x
) − y

x3
g′′(

y

x
) )

+ y2 (
1

x
f ′′(

y

x
) +

y

x2
g′′(

y

x
))

=
y2

x
f ′′(

y

x
) +

2y

x
g′(
y

x
) +

y2

x2
g′′(

y

x
)

− 2y2

x
f ′′(

y

x
) − 2y

x
g′(
y

x
) − 2y2

x2
g′′(

y

x
)

+
y2

x
f ′′(

y

x
) +

y3

x2
g′′(

y

x
)

= 0

¤¦L�ª��
x2 hxx(x, y) + 2xy hyx(x, y) + y2 hyy(x, y) = 0

6.(20©©©) �
F (x, y, z) = x3 + (y2 − 1) z3 − xyz .

£££1¤¤¤.(5©©©) y²µ �3 R2 ¥: (1 , 1) ����� D ±9 D þ���Û¼ê z = z(x, y) ÷v
F ( x, y, z(x, y) ) ≡ 0 , z(1, 1) = 1 .

£££2¤¤¤.(5©©©) ¦Ñ3: (1 , 1) ?¼ê z(x, y) ��~��¯���þ�ü �þ E .

£££3¤¤¤.(10©©©) � R3 ¥²¡ x+ 2y − 2z = 1 � z ©þ��� {�þP� N " �þ (E, 0) ´ R3

¥�þ" ¦Ñ N Ú (E, 0) �Y�{u"

ëëë������YYY:

£1¤. F (x, y, z) = x3 + (y2 − 1) z3 − xyz 3 R3 þkëY�¤k �ê"

F (1, 1, 1) = 13 + (12 − 1) 13 − 1 = 0

Fz
∣∣
(1, 1, 1)

= (y2 − 1) 3z2 − xy
∣∣
(1, 1, 1)

= 0− 1 = −1 6= 0



�âÛ¼ê½n§�3 R2 ¥: (1 , 1) ����� D ±9 D þ���Û¼ê z = z(x, y) ÷v
F ( x, y, z(x, y) ) ≡ 0 , z(1, 1) = 1 .

£2¤.

Fx
∣∣
(1, 1, 1)

= 3x2 − yz
∣∣
(1, 1, 1)

= 3− 1 = 2

Fy
∣∣
(1, 1, 1)

= 2y z3 − xz
∣∣
(1, 1, 1)

= 2− 1 = 1

∂z

∂x

∣∣
(1, 1, 1)

= −Fx
Fz

∣∣
(1, 1, 1)

= − 2

−1
= 2

∂z

∂y

∣∣
(1, 1, 1)

= −Fy
Fz

∣∣
(1, 1, 1)

= − 1

−1
= 1

¼ê z(x, y) 3: (1, 1) ?�¼ê�~��¯���þ�ü �þ´

E = − (2, 1)

| (2, 1) |
= ( − 2√

5
, − 1√

5
)

£3¤.

£3.1¤ ²¡ x+ 2y − 2z = 1 � z ©þ���{�´ N = ( −1, −2, 2 ) .

£3.2¤ N Ú (E, 0) �Y�{u�u

cos < N, (E, 0) > =
N · (E, 0)
|N | |(E, 0)|

=
( −1, −2, 2 ) · ( − 2√

5
, − 1√

5
, 0 )

| ( −1, −2, 2 ) | | ( − 2√
5
, − 1√

5
, 0 ) |

=
( −1, −2, 2 ) · ( −2, −1, 0 )
| ( −1, −2, 2 ) | |( −2, −1, 0 ) |

=
4

3
√
5

=
4
√
5

15

7.(10©©©) �½��ê n ≥ 3 "¦Ñ�»� 1 ���S� n >/¤U�����¡È" £5µ�¦�
Ñ)���[L§"XJ^��á¥vk²(�¤½n�,�Ø�ª§K�¦�Ñl�á¥½ÂÚ½n
ÑuíÑdØ�ª��[L§"¤

ëëë������YYY: ��ê n ≥ 3 �§�»� 1 ���S� n >/¤U�����¡È´

n

2
sin

2π

n
.

���[[[yyy²²²XXXeee "

£1¤ � K ´�»� 1 ���S� n >/§ K � n �>éA����%%%��� � x1, · · · , xn . §�
÷v ���ååå^̂̂��� µ

x1 + · · · + xn = 2π , x1 ≥ 0 , · · · , xn ≥ 0

eee¡¡¡���^̂̂ 888BBB{{{yyy²²²···KKK P( n ) : 3þã�å^�e§K �¡È¼ê

1

2
sinx1 + · · · + 1

2
sinxn .

�����:´:

x1 = · · · = xn =
2π

n

3d:?§K �¡È¼ê�����
n

2
sin

2π

n
.

kkkyyy···KKK P£££3¤¤¤ééé���"



£2¤ 3�å^�½Â�kkk...444888 þ§¼ê 1
2 sinx1 +

1
2 sinx2 +

1
2 sinx3 7k���:"

£3¤ d���:ØØØ333>>>...þþþ "
���yyy µ XJ3>.þ§ÏL·¶§�� x3 = 0 .

sinx1 + sinx2 + sinx3 = sinx1 + sin(2π − x1) = 0

ØØØ���UUU � P( 3) ¥���"

£4¤ Ïd§d���:777���SSS::: " ¤±§ÏL�å^�e^�4�¯K� .�KF¦ê{K�
�§|:

( sinx1 + sinx2 + sinx3 + λ ( x1 + x2 + x3 − 2π) )x1 = cosx1 + λ = 0

( sinx1 + sinx2 + sinx3 + λ ( x1 + x2 + x3 − 2π) )x2 = cosx2 + λ = 0

( sinx1 + sinx2 + sinx3 + λ ( x1 + x2 + x3 − 2π) )x3 = cosx3 + λ = 0

x1 + x2 + x3 = 2π , x1 ≥ 0 , x2 ≥ 0 , x3 ≥ 0

íÑ
cosx1 = cosx1 = cosx3

x1 + x2 + x3 = 2π , x1 ≥ 0 , x2 ≥ 0 , x3 ≥ 0

íÑ��)

x1 = x2 = x3 =
2π

3

d�¼ê
1

2
sinx1 +

1

2
sinx2 +

1

2
sinx3 =

3

2
sin

2π

3

þ¡£2¤£3¤£4¤Üå5íÑ P£££3¤¤¤´́́ééé���"

eee¡¡¡yyy²²²µµµbbb���···KKK P£££n¤¤¤´́́ééé���§§§KKK···KKK P £££n+1¤¤¤���´́́ééé��� "

£5¤ 3�å^�½Â�kkk...444888 þ§¼ê

1

2
sinx1 + · · · + 1

2
sinxn

7k���:"

£6¤ ·K P(n+1) ¥���:ØØØ333>>>...þþþ "
���yyy µ XJ·K P(n+1) ¥���:3>.þ§ÏL·¶§�� xn+1 = 0 "��� xn+1 = 0 ������

···KKK P £££n+1¤¤¤ÒÒÒ´́́···KKK P(n) " 8Bb�·K P(n) ´é� íÑ 3>.þ�����´ n
2 sin 2π

n .

ùùùgggñññuuuµ
n

2
sin

2π

n

�u ·K P(n+1) ¥ � x1 = · · · = xn+1 =
2π
n+1 ��

n+ 1

2
sin

2π

n+ 1

=
n

2
sin

2π

n
<

n+ 1

2
sin

2π

n+ 1

ùùù���'''���ØØØ���ªªª��� yyy²²²XXXeeeµ

£7¤

£7.1¤� 1 < x ≤ 2 �§ cos πx ≤ 0 íÑ

sin
π

x
− π

x
cos

π

x
≥ sin

π

x
> 0



£7.2¤� 2 < x �§ cos πx > 0, q π
2 > π

x > 0 íÑ

tan
π

x
>

π

x

£dØ�ª�yyy²²²XXXeee µ� π
2 > t > 0§�ê (tan t − t)′ = sec2 t − 1 = 1

cos2 t
− 1 > 0 §íÑ

tan t− t > tan t
2 −

t
2 ≥ limt→0 ( tan

t
2 −

t
2 ) = 0 . ¤

Ïd� 2 < x �§k

sin
π

x
− π

x
cos

π

x
= cos

π

x
( tan

π

x
− π

x
) > 0

(7.3) þ¡£7.1¤£7.2¤Üå5íÑ� x > 1 �§ x sin π
x ��¼ê

sin
π

x
− π

x
cos

π

x
> 0

Ïd� x > 1 �§ x sin π
x ´́́îîî���OOO¼¼¼êêê "^� n ≥ 3 íÑ n+1

2 > n
2 > 1 , Ïdþþþ¡¡¡£££6¤¤¤^̂̂������'''

���ØØØ���ªªª
n

2
sin

2π

n
<

n+ 1

2
sin

2π

n+ 1

���yyy "

£8¤ þ¡£6¤íÑ n
2 sin

2π
n Ø´ P(n+1)¥����:"Ïd§ P(n+1)¥����:777���SSS:::

" ¤±§ÏL�å^�e^�4�¯K� .�KF¦ê{K��§|: éuz� j = 1, · · · , n+ 1,

( sinx1 + · · · + sinxn+1 + λ ( x1 + · · · + xn+1 − 2π) )xj = cosxj + λ = 0

x1 + · · · + xn+1 = 2π , x1 ≥ 0 , xn+1 ≥ 0

íÑ
cosx1 = · · · = cosxn+1

x1 + · · · + xn+1 = 2π , x1 ≥ 0 , · · · xn+1 ≥ 0

íÑ��)

x1 = · · · = xn+1 =
2π

n+ 1

d�¼ê
1

2
sinx1 + · · · + 1

2
sinxn+1 =

n+ 1

2
sin

2π

n+ 1

þ¡£5¤£6¤£8¤Üå5íÑ P£££n+1¤¤¤´́́ééé���"


