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1.(10©©©) ¦4�

lim
x→0

sin ( x −
∫ x
0

√
1 + t2 dt )

x3

ëëë������YYY:

£1¤£2©©©¤. ^Cþ������

y = x −
∫ x

0

√
1 + t2 dt

L = lim
x→0

sin ( x −
∫ x
0

√
1 + t2 dt )

x3
= lim

y→0

sin y

y
lim
x→0

x −
∫ x
0

√
1 + t2 dt

x3

£2¤£2©©©¤. Ï�

lim
y→0

sin y

y
= 1

¤±

L = 1× lim
x→0

x −
∫ x
0

√
1 + t2 dt

x3

£3¤£3©©©¤. ^âââ777��� {K Ú

(

∫ x

0

√
1 + t2 dt )′ =

√
1 + x2

íÑ

L = lim
x→0

1 −
√

1 + x2

3x2

£4¤£3©©©¤. ^3 0:�ÛÜ���VVV Ðm.

L = lim
x→0

1 − ( 1 + 1
2x

2 + o(x2) )

3x2

= lim
x→0

− 1
2x

2 − o(x2)

3x2
=
− 1

2

3
− 0

= − 1

6

£5µ^Ù¦�{��±"¤

2.(10©©©) �¼ê f : [ 0 , 7 ] → R � f(x) = x3 − 6x2 + 9x − 1 . «m [ a , b ] ´ f(x) �î�üN«m��
´ 0 ≤ a < b ≤ 7 ¿� f ��3 [ a , b ] þ´î�üN�" ¦Ñ f(x) ��Ý����î�üN«m"

ëëë������YYY:

£1¤£2©©©¤.
f ′(x) = 3x2 − 12x+ 9 = 3(x2 − 4x+ 3) = 3(x− 1)(x− 3)

£1¤£2©©©¤. 3 (0, 1) þ§ f ′(x) > 0, q f 3 0 :! 1 :ëY§Ïd f ��3 [0, 1] þ´î�üN£þ
,¤�"

£2¤£2©©©¤. 3 (1, 3) þ§ f ′(x) < 0, q f 33 1 :! 3 :ëY§Ïd f ��3 [1, 3] þ´î�üN
£eü¤�"

£3¤£2©©©¤. 3 (3, 7) þ§ f ′(x) > 0, q f 33 1 :! 3 :ëY§Ïd f ��3 [3, 7] þ´î�üN£þ
,¤�"



£4¤£2©©©¤. [0, 1] ��Ý´ 1§ [1, 3] ��Ý´ 2§ [3, 7] ��Ý´ 4 .
¤± f(x) ��Ý� ���������îîî���üüüNNN«««mmm´́́ [3, 7] .

3.(10©©©) �î¼�m R3 ¥²¡ T ��§´ 2x − y + 3 z = 6 . ²¡ T � x ¶!y ¶!z ¶��:�gP�
A, B, C . ±�: (0, 0, 0) �¥%!�²¡ T ���¥¡P� S .
£1¤£5©¤. ¦n�/ ∆ABC �¡È"
£2¤£5©¤. ¦²¡ T �¥¡ S ��:��I"

ëëë������YYY:

£1¤£5©©©¤.

£1.1¤£3©©©¤.
A = (3,0,0) , B = (0,−6,0) , C = (0,0,2)

£1.2¤£1©©©¤.

(A−B)× (A− C) = (3, 6, 0)× (3, 0,−2)

= (3i− 6j)× (3i− 2k) = 6 j + 18 k + 12 i

£1.3¤£1©©©¤. n�/ ∆ABC �¡¡¡ÈÈÈ ´

1

2
| (A−B)× (A− C) | =

1

2

√
62 + 182 + 122 = 3

√
14

£2¤£5©©©¤.

£2.1¤£2©©©¤. �²¡ T �¥¡ S ��:� (a, b, c) . Kl�:��:��þ (a, b, c) �²¡ T � {�
n = (2,−1, 3) ²²²111 "Ïd�3 t ¦�

a = 2 t , b = − t , c = 3 t

£2.2¤£2©©©¤. �: (a, b, c) 3 ²²²¡¡¡ T þþþ . Ïd

2a− b+ 3c = 6

rþ¡£2.1¤�\��
4t+ t+ 9t = 6

t =
3

7

£2.3¤£1 ©©©¤. r£2.2¤�\£2.1¤��²¡ T Ú¥¡ S ������::: ��I´

( a , b , c ) = (
6

7
, − 3

7
,

9

7
)

£5µ^Ù¦�{��±"¤

4.(10©©©) ���¼ê z = z(x, y) ´d�§ F (x, y, z) = z3 + z ex − y = 0 ¤(½�Û¼ê"¦ z = z(x, y)
�¼ê�3: ( 0, 2) ?eü�¯���þ�ü �þ"

ëëë������YYY:

£1¤£3 ©©©¤. � (x, y) = (0, 2) �§

z3 + z − 2 = 0

(z3 − 1) + (z − 1) = 0

(z − 1)( z2 + z + 1 ) + (z − 1) = 0

(z − 1)( z2 + z + 2) = 0

(z− 1) ( (z +
1

2
)2 +

7

4
) = 0

¢ê)�k z = 1



£2¤£3 ©©©¤.
Fx|(0, 2, 1) = z ex|(0, 2, 1) = 1

Fy|(0, 2, 1) = − 1

Fz|(0, 2, 1) = 3z2 + ex|(0, 2, 1) = 3 + 1 = 4

£3¤£2 ©©©¤.

∂z

∂x
|(0, 2, 1) = − Fx

Fz
|(0, 2, 1) = − 1

4

∂z

∂y
|(0, 2, 1) = − Fy

Fz
|(0, 2, 1) = − −1

4
=

1

4

£4¤£1 ©©©¤. ¼ê z(x, y) 3: ( 0, 2) ?�FFFÝÝÝ ´

( − 1

4
,

1

4
)

£5¤£1 ©©©¤. z = z(x, y) �¼ê�3: ( 0, 2) ?eeeüüü���¯̄̄ ���þ�üüü    �þ´

(

√
2

2
, −

√
2

2
)

5.(10©©©) ¦��¼ê f(x, y) = xy 3: (1, 1) ����Võ�ª"

ëëë������YYY:

£££1¤¤¤£££4©©©¤¤¤. f(x, y) 3�½: ( 1 , 1 ) ����Võ�ª´

f(1, 1) +
1

1!
df(1, 1) +

1

2!
d2f(1, 1) = 1 + df(1,1) +

1

2
d2f(1,1)

£££2¤¤¤£££2©©©¤¤¤.
df(1, 1) = (y xy−1)|(1,1) (x− 1) + (xy lnx)|(1,1) (y − 1)

= x − 1

£££3¤¤¤£££3©©©¤¤¤.
d2f(1, 1)

= (y (y − 1) xy−2)|(1,1) (x− 1)2 + 2(xy−1 + y xy−1 lnx))|(1,1) (x− 1)(y − 1) + (xy (lnx)2)|(1,1) (y − 1)2)

= 0 (x− 1)2 + 2(1 + 0) (x− 1)(y − 1) + 0 (y − 1)2

= 2 (x− 1)(y − 1)

£££4¤¤¤£££1©©©¤¤¤. f(x, y) = xy 3: (1, 1) ?������� �Võ�ª´

1 + (x− 1) +
1

2
2 (x− 1)(y − 1) = 1 + x − 1 + xy − x− y + 1

= 1 − y + x y

6.(10©©©) � D ´d�� x + y = 2π , x ¶ Ú y ¶¤�¤�k.4«�"¦ D þ���¼ê f(x, y) =
sin x + sin y − sin (x+ y) ������ D ¥¤k:"

ëëë������YYY:

£1¤£2 ©©©¤. ëëëYYY ¼ê f(x, y) 3k.4«� D þ7k���M "Ïd

K = { (x, y) ∈ D | f(x, y) = M }

´�������� 8Ü"?� (a, b) ∈ K, (a, b) �U´ D �S:§��U´ D �>.:"( 5¿� f(x, y) 3
D �z�S:?k¤k� �ê"¤



£2¤£4 ©©©¤. XJ (a, b) ´ D �SSS::: §K

fx(a, b) = cos a− cos(a+ b) = 0

fy(ab) = cos b− cos(a+ b) = 0

íÑ
cos a = cos b = cos(a+ b)

q a+ b ≤ 2π , a > 0, b > 0 íÑ��)

a =
2π

3
, b =

2π

3

£3¤£2 ©©©¤. 3 D �>>>... þ
f(x, y) = 0 ,

3SSS::: ( 2π
3 ,

2π
3 ) ?

f(
2π

3
,

2π

3
) = sin

2π

3
+ sin

2π

3
− sin

4π

3
=

√
3

2
+

√
3

2
+

√
3

2
= 3

√
3

2
> 0

¤± D �>>>...þþþ???ÛÛÛ:::ØØØ333K ¥¥¥ "

£4¤£2 ©©©¤. K ´�������� 8Ü"Ïd

K = { (
2π

3
,

2π

3
) }

=§ D þ���¼ê f(x, y) = sinx+ sin y − sin(x+ y) ����� 3
√
3
2 � D ¥¤¤¤kkk::: ´

(
2π

3
,

2π

3
)

7.(10©©©)
£1¤£2©¤. Þ~`²: � z ´ (x, y) �¼ê§�´ (t, u) �¼ê�§ x ð�u t íØÑ ∂z

∂x ð�u
∂z
∂t .

£2¤£8©¤. �½�§

x2
∂z

∂x
+ y2

∂z

∂y
= z2 ,

�Cþ��

x = t , y =
t

1 + t u
, z =

t

1 + t W
.

y²:
∂W

∂t
= 0 .

ëëë������YYY:

£1¤£2©©© ¤. ��~fµ
z = x + y

���
x = t , y = t + u

K
z = t + t + u = 2 t + u

∂z

∂x
= 1 6= 2 =

∂z

∂t

£5µ3��K)�¥§���Ñ�~f�(§Ñ�±"¤

£2¤£8©©© ¤.

£2.1¤£1©©© ¤. ��

z =
t

1 + t W



íÑ
1

z
=

1 + t W

t
= W +

1

t

W =
1

z
− 1

t

£2.2¤£2©©© ¤. ^������óóóªªª {K

∂W

∂t
= Wt = (

1

z
− 1

t
)t = − 1

z2
zt +

1

t2

£2.3¤£3©©© ¤. ^������óóóªªª {K
zt = zx xt + zy yt

= zx × 1 + zy
1 (1 + t u) − t u

( 1 + t u )2

= zx + zy
1

( 1 + t u )2

= zx + zy
y2

t2

=
1

t2
( t2 zx + y2zy )

=
1

t2
( x2 zx + y2zy )

£2.4¤£1©©© ¤. r�§
x2 zx + y2 zy = z2

�\£2.3¤�

zt =
z2

t2

£2.5¤£1©©© ¤. r£2.4¤�\£2.2¤�

∂W

∂t
= − 1

z2
z2

t2
+

1

t2
= 0

8.(15©©©)
£1¤£3©¤. y²µ?� x ∈ ( − 1√

2
, 1√

2
) §k

2

∫ x

0

dt√
1 − t2

=

∫ 2 x
√
1 − x2

0

dt√
1 − t2

£2¤£12©¤. y²µ?� x ∈ ( − 1
4√6

, 1
4√6

) §k

2

∫ x

0

dt√
1 − t4

=

∫ 2 x
√

1 − x4

1 + x4

0

dt√
1 − t4

ëëë������YYY:

£1¤£3©©© ¤.

£1.1¤£1©©© ¤. � x ∈ ( − 1√
2
, 1√

2
)§ -

θ =

∫ x

0

dt√
1 − t2

= arcsinx ∈ ( − π

4
,
π

4
)

sin θ = x

£1.2¤£1©©© ¤.

sin(2θ) = 2 sin θ cos θ = 2 sin θ
√

1− sin2 θ = 2x
√
1− x2

£1.3¤£1©©© ¤. Ï�

2θ ∈ ( − π

2
,
π

2
)



¤±

2θ = arcsin ( 2 x
√
1− x2 )

r£1.1¤�\þª��

2

∫ x

0

dt√
1 − t2

=

∫ 2x
√
1 − x2

0

dt√
1 − t2

£5µ^Ù¦�{��±"¤

£2¤£12©©© ¤.

£2.1¤£1©©© ¤. � x ∈ ( − 1
4√6

, 1
4√6

) , -

A(x) =

∫ x

0

dt√
1 − t4

¦��

( A(x) )′ =
1√

1 − x4

£2.2¤£6©©©¤. EÜ¼ê��¼ê

( A (
2x
√
1 − x4

1 + x4
) )′

=
1√

1 − ( 2x
√
1 − x4

1 + x4 )4

( 2
√
1 − x4 + 2 x −4x3

2
√
1 − x4

) (1 + x4) − 2 x
√
1 − x4 4x3

( 1 + x4)2

=
1√

( 1 + x4)4 − 16x4(1− x4)2
2√

1 − x4
( ( 1− x4 − 2x4)(1 + x4)− 4x4(1− x4) )

=
2√

1 − x4
1√

1 + 4x4 + 6x8 + 4x12 + x16 − 16x4(1− 2x4 + x8)
(1− 3x4 + x4 − 3x8 − 4x4 + 4x8 )

=
2√

1 − x4
1√

1 + 4x4 + 6x8 + 4x12 + x16 − 16x4 + 32x8 − 16x12
( 1 − 6 x4 + x8 )

=
2√

1 − x4
1√

1 + 36x8 + x16 − 12x4 + 2x8 − 12x12
(1− 6x4 + x8)

=
2√

1 − x4
1√

(1− 6x4 + x8)2
(1− 6x4 + x8)

£2.3¤£2©©© ¤. Ï�

x ∈ ( − 1
4
√

6
,

1
4
√

6
)

¤±

1− 6x4 + x8 > 1− 6
1

6
+ x8 = x8 ≥ 0√

(1− 6x4 + x8)2 = 1− 6x4 + x8

£2.4¤£1©©© ¤. r£2.3¤�\£2.2¤��

( A (
2x
√

1 − x4

1 + x4
) )′ =

2√
1 − x4

1

1− 6x4 + x8
(1− 6x4 + x8) =

2√
1 − x4

= (2A(x))′

( A (
2x
√
1 − x4

1 + x4
) − 2A(x) )′ = 0

£2.5¤£2 ©©© ¤. q��� x = 0 ���

A (
2× 0

√
1 − 04

1 + 04
) − 2A(0) = 0− 2× 0 = 0



d�©¥�½n�±íÑ é¤k x ∈ ( − 1
4√6

, 1
4√6

) §k

A (
2x
√
1 − x4

1 + x4
) − 2A(x) = 0

2 A(x) = A (
2x
√

1 − x4

1 + x4
)

r£2.1¤�\þª��

2

∫ x

0

dt√
1 − t4

=

∫ 2x
√

1 − x4

1 + x4

0

dt√
1 − t4

9.(15©©©) �¼ê P (x) 34«m [0, 1] þëY, P (0) = 0, P (1) = 1 , P (x) 3m«m (0, 1) S��§¿�3z:
?�ê P ′ (x) Ñ��ê" ?¿�½�¢ê A, �¢ê B, ��ê n . y²: 3m«m (0, 1) S�3î�4O�
n+ 1 �¢ê θ0 , θ1 , · · · , θn ¦�

( A + B )n =

n∑
k=0

1

P ′ ( θk )

n!

k! (n− k)!
An−k Bk

0 < θ0 < θ1 < · · · < θn < 1

ëëë������YYY:

£1¤£3©©© ¤. ½Â

a =
A

A + B
, b =

B

A + B

éu t = 1, · · · , n+ 1, ½½½ÂÂÂ

c0 = 0, c1 = an, ct =

t−1∑
k=0

n!

k! (n− k)!
an−k bk ∈ [ 0, 1 ]

AO

cn+1 =

n∑
k=0

n!

k! (n− k)!
an−k bk = (a+ b)n = 1n = 1

cn+1 = 1

£2¤£3©©© ¤. Ï� P (x) 3 [0, 1] þëY, P (0) = 0, P (1) = 1 , éuz� k = 1, · · · , n k ck ∈ [0, 1] § ¤±
^ëY¼ê�000���½½½nnn �± íÑ éuz� k = 1, · · · , n �3¢ê xk ∈ [0, 1] ¦�

P(xk) = ck

½Â
x0 = 0, xn+1 = 1

¤±�k
P(x0) = P (0) = 0 = c0

P(xn+1) = P (1) = 1 = cn+1

£3¤£2©©© ¤. éuz� k = 0, 1, · · · , n k

ck+1 − ck =
n!

k! (n− k)!
an−k bk > 0

¤±
0 = c0 < c1 < · · · < cn < cn+1 = 1

^̂̂��� P (x) 3 (0, 1) SSS P ′ (x) > 0 , Ú P (x) 3 [ 0, 1 ] þþþëëëYYY § íÑ P (x) 3 [0, 1] þ´îîî���444OOO �.
^£2¤¥ éuz� k = −1, 0, 1, · · · , n k P (xk) = ck ��

0 = x0 < x1 < x2 < · · · < xn < xn+1 = 1



£4¤£4©©© ¤. ^���©©©¥¥¥���½½½nnn íÑéuz� k = 0, 1, · · · , n �3

θk ∈ (xk, xk+1)

¦�
P(xk+1) − P(xk) = P′(θk) (xk+1 − xk )

0 = x0 < θ0 < x1 < θ1 < x2 < · · · < xn < θn < xn+1 = 1

£5¤£2©©© ¤. r£2¤�\£4¤��

ck+1 − ck = P ′(θk) (xk+1 − xk )

2rrr£££1¤¤¤���\\\ þª�� éuz� k = 0, 1, · · · , n k

n!

k! (n− k)!
an−k bk = P ′(θk) (xk+1 − xk )

1

P′(θk)

n!

k! (n− k)!
an−k bk = xk+1 − xk

£6¤£1©©© ¤. éu£5) l k = 0, 1, · · · , n ¦¦¦ÚÚÚ

n∑
k=0

1

P ′(θk)

n!

k! (n− k)!
an−k bk

=

n∑
k=0

(xk+1 − xk) = xn+1 − x0

= 1 − 0 = 1

r£1¤¥ a = A
A+B , b = B

A+B �\þª��

n∑
k=0

1

P′(θk)

n!

k! (n− k)!
An−k Bk = (A + B)n


