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1.(15©©©) ¦Ñ¼ê 1
2

ln 1 + x2

1 − x2
3 x = 0 ?��VÐmª"

ëëë������YYY:

£1) �±��Ú^�á1275�¥Ù�úªµ� t ∈ (−1, 1) �§

ln(1 + t) =
∞∑
n=0

(−1)n
tn+1

n+ 1

£2¤ t �\ x2 �: � x ∈ (−1, 1) �§

ln(1 + x2) =
∞∑
n=0

(−1)n
x2n+2

n+ 1

£3¤ t �\ −x2 �: � x ∈ (−1, 1) �§

ln(1− x2) =
∞∑
n=0

(−1)n
(−x2)n+1

n+ 1
= −

∞∑
n=0

x2n+2

n+ 1

£4¤lþ¡£2¤£3¤íÑ

1

2
ln

1 + x2

1 − x2
=

1

2
( ln(1 + x2)− ln(1− x2) )

=
1

2
(
∞∑
n=0

(−1)n
x2n+2

n+ 1
+

∞∑
n=0

x2n+2

n+ 1
)

=
∞∑
k=0

x2(2k)+2

2k + 1
=

∞∑
k=0

x4k+2

2k + 1

2.(15©©©) ü�K"

£££1¤¤¤.(8©©©) ¦ÑÃ¡È©
∫ +∞
0

√
x e−x dx ��"

£££2¤¤¤.(7©©©) ¦Ñ×È©
∫ 1

0
1√

x (1−x)
dx ��"

ëëë������YYY:

£1¤ ∫ +∞

0

√
xe−x dx =

∫ +∞

0

x
3
2
−1 e−x dx = Γ(

3

2
) =

1

2
Γ(

1

2
) =

1

2

√
π



£2¤ ∫ 1

0

1√
x(1− x)

dx =

∫ 1

0

x
1
2
−1(1− x)

1
2
−1 dx = B (

1

2
,

1

2
)

=
Γ(1

2
) Γ(1

2
)

Γ(1)
=

√
π
√
π

1
= π

3.(15©©©) ¦Ñ�?ê
∑∞

n=1 (n+ 1) xn �Âñ«m, 9ÙÚ¼ê"

ëëë������YYY:

£1¤
∑∞

n=1 n (n+ 1) xn−1 Âñ�»´

R = lim
n→∞

n(n+ 1)

(n+ 1)(n+ 2)
= 1

¤±d?ê�Âñ«m´ ( −1 , 1 ) .

£2¤� x ∈ (−1, 1) �§
∞∑
n=1

xn+1 =
1

1 − x
− 1− x

�¼ê3Âñ«mS�±Å�¦�, íÑ� x ∈ (−1, 1) �§

∞∑
n=1

(n+ 1) xn = − 1

(1− x)2
− 1

4.(15©©©) ?¿���½½½ r > 0. y²¹ëCþ y �Ã¡È©
∫ +∞
0

e−x y
2

cosx dxéu y ∈ [ r , +∞ )

´��Âñ�"

ëëë������YYY:

£1¤éuz��½� y ∈ [r,+∞) ∈ [r,+∞) § e−x y
2
éu x ´üN¼ê"

£2¤éu�� y ∈ [r,+∞) �§k

e−x y
2 ≤ e−x r

2

e−x r
2
� y Ã'§¿�� x → +∞ �§e−x r2 Âñu 0. ¤±§� x → +∞ �§ e−x y

2

éu y ∈ [r,+∞) ��Âñu 0.

(3) éu?¿ A > a 9�� y ∈ [r,+∞) §

|
∫ A

a

cosx dx| = | sin A − sin a | ≤ 2

��k."

Ïd§�â)|�X�O{§ ¹ëCþ y �Ã¡È©
∫ +∞
0

e−x y
2

cosx dx 3 [ r , +∞ )

þ��Âñ"

5.(10©©©) ¦Ñ¼ê�?ê
∞∑
n=1

(−1)n 1
nx+n

�Âñ�"

ëëë������YYY:



£1¤ �
ïÄ 1
nx+n

�üN5§r n ��¢Cþ y .

���½½½ x ≥ 0 , �Cþ y ≥ 1 �§

(yx + y)′y = x yx−1 + 1 ≥ 0 + 1 > 0

£2¤ ���½½½ x < 0, �Cþ y ªu +∞ �§ x yx−1 ªu 0 . Ïd, � y ¿¿¿©©©��� �§

(yx + y)′y = x yx−1 + 1 > − 1

2
+ 1 > 0

£3¤¤±, éu?Û ���½½½ � x ∈ R §� n ¿¿¿©©©��� �§ nx + n ´üNþ,�§Ïd
1

nx+n
´üüüNNNeeeüüü �§¿� 1

nx+n
ªªª���uuu 0 "

£4¤Ïd§ é?Û ���½½½ x ∈ R §�â4ÙZ[�O{§?ê
∞∑
n=1

(−1)n 1
nx+n

´Âñ

�"=§ ?ê
∞∑
n=1

(−1)n 1
nx+n

�Âñ�´ (−∞, ∞) .

6.(20©©©) 0Ïn�K"

£££1¤¤¤.(10©©©) � p ´ ������êêê �¢ê, (−∞, +∞) þ�¼ê f(x) ± 2π �±Ï, §3
[−π , π) �u cos ( p x ) . ¦Ñ f(x) �Fp�?ê, 9ÙÚ¼ê"

£££2¤¤¤.(3©©©) ²(�Ñlþ¡£1¤¥ cos ( p x ) �Fp�ÐmªíÑe¡�ª��[ííí
���LLL§§§ µ � t ∈ R, t

π
ØØØ´́́���êêê �, k

1

sin t
=

1

t
+

∞∑
n=1

(−1)n (
1

t+ nπ
+

1

t− nπ
) .

£££3¤¤¤.(7©©©) ²(�Ñlþ¡£2¤¥ 1
sin t
�ÐmªíÑe¡�ª��[ííí���LLL§§§µ∫ +∞

0

sin t

t
dt =

π

2
.

555µ��K£2¤£3¤��´£1¤£2¤£3¤�m�S3éXÚé�£�K¬0ÏUå"
£2¤£3¤¥��ªkõ«y²§�éu��K£2¤£3¤��Ø8�5`§XJvk²
(�ÑK8¥¤�¦�í�L§§KØU�©"

ëëë������YYY:

£1¤

£1.1¤ f(x) ´ó¼ê§¤±� n > 0 �§Fp�Xê bn = 0.

£1.2¤Fp�Xê

a0 =
2

π

∫ π

0

cos px dx =
2 sin pπ

pπ

£1.3¤� n > 0 �§^©ÜÈ©{¦ÑFp�Xê

an =
2

π

∫ π

0

cos px cos nx dx =
2

π

∫ π

0

cos px cos nx dx

=
1

π

∫ π

0

( cos(p+ n)x + cos(p− n)x )dx



=
1

(p+ n)π
sin(p− n)x+

1

(p− n)π
sin(p+ n)x

∣∣∣π
0

=
1

(p+ n)π
sin(p− n)π +

1

(p− n)π
sin(p+ n)π

=
1

(p+ n)π
sin pπ cos(−nπ) +

1

(p− n)π
sin pπ cosnπ

= (−1)n (
1

p+ n
+

1

p− n
)

sin pπ

π

£1.4¤ f(x) �Fp�?ê´

sin pπ

pπ
+

∞∑
n=1

(−1)n (
1

p+ n
+

1

p− n
)

sin pπ

π
cosnx

=
sin pπ

pπ
+

∞∑
n=1

(−1)n
2p sin pπ

p2 − n2
cosnx

£1.5¤f(x)3 [−π, π]þ©ãëY!©ãüN"Ïd§�â)|�X½n�µ 3 [−π, π]
þ f(x) �Fp�?ê�Ú¼ê´ cos px§ =

� −π ≤ x ≤ π �§kFp�Ðmª

cos px =
sin pπ

pπ
+

∞∑
n=1

(−1)n (
1

p+ n
+

1

p− n
)

sin pπ

π
cosnx

£2¤

3þ¡Fp�Ðmª¥§- x = 0 �

1 =
sin pπ

pπ
+

∞∑
n=1

(−1)n (
1

p+ n
+

1

p− n
)

sin pπ

π

p ØØØ´́́���êêêíÑ sin pπ 6= 0, Ïd

1

sin pπ
=

1

pπ
+

∞∑
n=1

(−1)n (
1

pπ + nπ
+

1

pπ − nπ
)

- t = p π ��µ � t
π

= p ØØØ´́́���êêê �§k

1

sin t
=

1

t
+

∞∑
n=1

(−1)n (
1

t+ nπ
+

1

t− nπ
)

£3¤

£3.1¤ ∫ +∞

0

sin t

t
dt = lim

A→+∞

∫ A

0

sin t

t
dt = lim

A→+∞
(

∫ k π
2

0

sin t

t
dt+

∫ A

k π
2

sin t

t
dt )

d? k À��ê¦�

k
π

2
≤ A < (k + 1)

π

2



∣∣∣ ∫ A

k π
2

sin t

t
dt
∣∣∣ ≤ ∫ A

k π
2

1

k π
2

dt =
1

k π
2

(A− k π
2

) ≤ 1

k π
2

π

2
→ 0

íÑ

lim
A→+∞

∫ A

k π
2

sin t

t
dt = 0

íÑ ∫ +∞

0

sin t

t
dt = lim

A→+∞

∫ k π
2

0

sin t

t
dt = lim

k→+∞

∫ k π
2

0

sin t

t
dt

£3.2¤

lim
k→+∞

∫ k π
2

0

sin t

t
dt =

∞∑
k=0

∫ (k+1)π
2

k π
2

sin t

t
dt =

∞∑
n=0

(

∫ (2n+1)π
2

2nπ
2

sin t

t
dt +

∫ (2n+2)π
2

(2n+1)π
2

sin t

t
dt )

=
∞∑
n=0

(

∫ nπ+π
2

nπ

sin t

t
dt +

∫ (n+1)π

nπ+π
2

sin t

t
dt )

Ù¥ ∫ (n+1)π

nπ+π
2

sin t

t
dt

t=−s
=

∫ −(n+1)π

−nπ−π
2

sin(−s)
−s

(−ds) =

∫ −nπ−π
2

−(n+1)π

sin s

s
ds

=

∫ −(n+1)π+π
2

−(n+1)π

sin s

s
ds =

∫ −(n+1)π+π
2

−(n+1)π

sin t

t
dt

�\þª�

lim
k→+∞

∫ k π
2

0

sin t

t
dt =

∞∑
n=0

(

∫ nπ+π
2

nπ

sin t

t
dt +

∫ −(n+1)π+π
2

−(n+1)π

sin t

t
dt )

t=y+nπ=z−(n+1)π
=

∞∑
n=0

(

∫ π
2

0

sin(y + nπ)

y + nπ
dy +

∫ π
2

0

sin(z − (n+ 1)π)

z − (n+ 1)π
dz )

=
∞∑
n=0

(

∫ π
2

0

sin(y + nπ)

y + nπ
dy +

∫ π
2

0

sin(z − (n+ 1)π)

z − (n+ 1)π
dz )

=
∞∑
n=0

(

∫ π
2

0

sin y cosnπ

y + nπ
dy +

∫ π
2

0

sin z cos((n+ 1)π)

z − (n+ 1)π
dz )

=
∞∑
n=0

(

∫ π
2

0

(−1)n
sin y

y + nπ
dy +

∫ π
2

0

(−1)n+1 sin z

z − (n+ 1)π
dz )

=
∞∑
n=0

∫ π
2

0

(−1)n
sin y

y + nπ
dy +

∞∑
n=0

∫ π
2

0

(−1)n+1 sin z

z − (n+ 1)π
dz

=
∞∑
n=0

∫ π
2

0

(−1)n
sin t

t+ nπ
dt +

∞∑
n=0

∫ π
2

0

(−1)n+1 sin t

t− (n+ 1)π
dt



=

∫ π
2

0

sin t

t
dt +

∞∑
n=1

∫ π
2

0

(−1)n
sin t

t+ nπ
dt +

∞∑
n=1

∫ π
2

0

(−1)n
sin t

t− nπ
dt

=

∫ π
2

0

sin t

t
dt +

∞∑
n=1

∫ π
2

0

( (−1)n
sin t

t+ nπ
+ (−1)n

sin t

t− nπ
) dt

£3.3¤� t ∈ [ 0 , π
2

] , n ≥ 1 �∣∣∣ ( (−1)n
sin t

t+ nπ
+ (−1)n

sin t

t− nπ
)
∣∣∣ =

2t | sin t|
−t2 + n2π2

≤ π

n2π2 − (π
2
)2∑∞

n=1
π

n2π2−(π
2
)2
Âñ§Úr?ê�O{íÑµ 3 [ 0 , π

2
] þ

∞∑
n=1

( (−1)n
sin t

t+ nπ
+ (−1)n

sin t

t− nπ
)

��Âñ§Ïd�±Å�È©�

∞∑
n=1

∫ π
2

0

( (−1)n
sin t

t+ nπ
+ (−1)n

sin t

t− nπ
) dt =

∫ π
2

0

∞∑
n=1

( (−1)n
sin t

t+ nπ
+ (−1)n

sin t

t− nπ
) dt

�<£3.2¤���ª�

lim
k→+∞

∫ k π
2

0

sin t

t
dt =

∫ π
2

0

sin t

t
dt +

∫ π
2

0

∞∑
n=1

( (−1)n
sin t

t+ nπ
+ (−1)n

sin t

t− nπ
) dt

=

∫ π
2

0

sin t (
1

t
+

∞∑
n=1

(−1)n (
1

t+ nπ
+

1

t− nπ
) ) dt

£3.4¤�<þ¡£2¤¥Ðmª��∫ π
2

0

sin t (
1

t
+

∞∑
n=1

(−1)n (
1

t+ nπ
+

1

t− nπ
) ) dt

=

∫ π
2

0

sin t
1

sin t
dt =

∫ π
2

0

1 dt =
π

2

£3.5¤r£3.1¤���ªÚ£3.3¤���ªÚ£3.4¤¥�ªë�å5Ò��∫ +∞

0

sin t

t
dt =

π

2



7.(10©©©) � f : ( 0, +∞) → R´üüüNNNeeeüüü�ëëëYYY¼ê£vvvkkkb½ ( 0, +∞) þ�¼ê f ′(x)
��3¤§ C Ú D Ñ´¢ê§ lim

x→0+
f(x) = C , lim

x→+∞
f(x) = D, 0 < a < b.

¦Ñ2ÂÈ© ∫ +∞

0

f( a x ) − f( b x )

x
dx

��"

555µ�K¥vvvkkkb½ ( 0, +∞) þ�¼ê f ′(x)��3"Ïd§XJ�K)�¥^�
�¼
ê f ′(x) ��35§KØU�©"

ëëë������YYY:

£1¤ ∫ +∞

0

f(ax) − f(bx)

x
dx = lim

c→0+, A→+∞

∫ A

c

f(ax) − f(bx)

x
dx

= lim
c→0+, A→+∞

(

∫ A

c

f(ax)

x
dx −

∫ A

c

f(bx)

x
dx )

= lim
c→0+, A→+∞

(

∫ aA

ac

f(t)

t
dt −

∫ bA

bc

f(t)

t
dt )

= lim
c→0+, A→+∞

(

∫ bc

ac

f(t)

t
dt +

∫ aA

bc

f(t)

t
dt −

∫ aA

bc

f(t)

t
dt −

∫ bA

aA

f(t)

t
dt )

= lim
c→0+, A→+∞

(

∫ bc

ac

f(t)

t
dt −

∫ bA

aA

f(t)

t
dt )

= lim
c→0+

∫ bc

ac

f(t)

t
dt − lim

A→+∞

∫ bA

bA

f(t)

t
dt

£3¤ f ´üNeü�, 0 < ac ≤ t ≤ bc íÑ

f(bc)

t
≤ f(t)

t
≤ f(ac)

t

íÑ ∫ bc

ac

f(bc)

t
dt ≤

∫ bc

ac

f(t)

t
dt ≤

∫ bc

ac

f(ac)

t
dt

íÑ

f(bc)

∫ bc

ac

1

t
dt ≤

∫ bc

ac

f(t)

t
dt ≤ f(ac)

∫ bc

ac

1

t
dt

íÑ

f(bc) ln
b

a
≤
∫ bc

ac

e−t

t
dt ≤ f(ac) ln

b

a

lim
x→0+

f(x) = C

íÑ

lim
c→0+

∫ bc

ac

f(t)

t
dt = C ln

b

a



£4¤ f ´üNeü�, 0 < aA ≤ t ≤ bA íÑ

f(bA)

t
≤ f(t)

t
≤ f(aA)

t

íÑ

f(bA)

∫ bc

ac

1

t
dt ≤

∫ bA

aA

f(t)

t
dt ≤ f(aA)

∫ bA

aA

1

t
dt

íÑ

f(bA) ln
b

a
≤
∫ bA

aA

f(t)

t
dt ≤ f(aA) ln

b

a

íÑ

lim
x→+∞

f(x) = D

íÑ

lim
A→+∞

∫ bA

aA

f(t)

t
dt = D ln

b

a

£5¤: þ¡£3¤£4¤ÜíÑ∫ +∞

0

f(ax) − f(bx)

x
dx = C ln

b

a
−D ln

b

a
= (C −D) ln

b

a


