PDE EXAM FOR THE 2024 SUMMER SCHOOL AT PKU

Problem 1.

(¢) Let w € H'(R™) be a solution of Dj(a;;(z)Diu) = 0 in R™, with [Ju|fecmny < C,
where a;; is measurable, bounded, and uniformly elliptic. Prove that u must be
a constant.

(i) Let v € C(R"™) be a solution of a;(z)D;ju = 0 in R", with ||u||fe@ny < C,
where a;; is measurable, bounded, and uniformly elliptic. Prove that u must be

a constant.

Problem 2. Let u € C*(R") be a strictly convex solution of det D?u = 1 in R™. Prove

that there is a constant matrix (a;;) with deta;; = 1 such that

u(x) = % Z a;;x;x; + Du(0) - x + u(0).

ij=1
Problem 3. Prove that the operator det!/ "(-) is concave in the set of non-negative

definite matrices, namley

det"/"(M + N) > det'/" (M) +detV"(N)  VM,N >0.

Problem 4. Let u : R” — R be a convex function satisfying u > 0 and «(0) = 0. Define
the sub-level set of u by Sy := {z € R" : u(x) < h}. Assume that:

(i) SY ~ Bj(0), namely there are two universal constants ri,73 > 0 such that
B.,(0) C S C By, (0);
(ii) There exists a constant 6 € (0,1) such that for any small & > 0, S}, C 05};
(iii) There exists a small constant o > 0 such that for any small h > 0, S C 25?1_[,) B2

Prove that there exist positive constants «, 5, and C' such that

C7Ha|"P < wu(x) < Clz|*™™  near the origin.



