
PDE EXAM FOR THE 2024 SUMMER SCHOOL AT PKU

Problem 1.

(i) Let u ∈ H1(Rn) be a solution of Dj(aij(x)Diu) = 0 in Rn, with ∥u∥L∞(Rn) ≤ C,

where aij is measurable, bounded, and uniformly elliptic. Prove that u must be

a constant.

(i) Let u ∈ C(Rn) be a solution of aij(x)Diju = 0 in Rn, with ∥u∥L∞(Rn) ≤ C,

where aij is measurable, bounded, and uniformly elliptic. Prove that u must be

a constant.

Problem 2. Let u ∈ C4(Rn) be a strictly convex solution of det D2u = 1 in Rn. Prove

that there is a constant matrix (aij) with det aij = 1 such that

u(x) =
1

2

n∑
i,j=1

aijxixj +Du(0) · x+ u(0).

Problem 3. Prove that the operator det1/n(·) is concave in the set of non-negative

definite matrices, namley

det1/n(M +N) ≥ det1/n(M) + det1/n(N) ∀M,N ≥ 0.

Problem 4. Let u : Rn → R be a convex function satisfying u ≥ 0 and u(0) = 0. Define

the sub-level set of u by S0
h := {x ∈ Rn : u(x) < h}. Assume that:

(i) S0
1 ≈ B1(0), namely there are two universal constants r1, r2 > 0 such that

Br1(0) ⊂ S0
1 ⊂ Br2(0);

(ii) There exists a constant θ ∈ (0, 1) such that for any small h > 0, S0
h/2 ⊂ θS0

h;

(iii) There exists a small constant σ > 0 such that for any small h > 0, S0
h ⊂ 2S0

(1−σ)h/2.

Prove that there exist positive constants α, β, and C such that

C−1|x|1+β ≤ u(x) ≤ C|x|1+α near the origin.
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