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1.(10©©©) � D ´d�� y = 0, y = 1, y = x, y = x+ 1 ¤�¤�k.4«�"¦�È©
∫∫
D

(4y − 2x) dxdy .

ëëë������YYY: ∫∫
D

(4y − 2x)dxdy

=

∫ 0

−1
dx

∫ x+1

0

(4y − 2x)dy +

∫ 1

0

dx

∫ 1

x

(4y − 2x)dy

=

∫ 0

−1
(2(x+ 1)2 − 2x(x+ 1))dx+

∫ 1

0

((2− 2x2)− 2x(1− x))dx

=

∫ 0

−1
(2x+ 2)dx+

∫ 1

0

(2− 2x)dx

= (x2 + 2x)|0−1 + (2x− x2)|10
= 0− ((−1)2 − 2) + (2− 1)− 0

= 2

2.(10©©©) � V ´d²¡ x = 0, y = 0, z = 0, x+ y+ z = 1¤�¤�o¡N"¦nÈ©
∫∫∫
V

1
(1+x+y+z)2 dxdydz .

ëëë������YYY: ∫∫∫
V

1

1 + x+ y + z
dxdydz

=

∫ 1

0

dx

∫ 1−x

0

dy

∫ 1−x−y

0

1

(1 + x+ y + z)2
dz

=

∫ 1

0

dx

∫ 1−x

0

−1

1 + x+ y + z
|1−x−y0 dy

=

∫ 1

0

dx

∫ 1−x

0

(
−1

2
− −1

1 + x+ y
) dy

=

∫ 1

0

(
−y
2
|1−x0 + ln(1 + x+ y)|1−x0 ) dx

=

∫ 1

0

(
−1 + x

2
+ ln 2− ln(1 + x))dx

=
−1

2
+
x2

4
|10 + ln 2− (1 + x) ln(1 + x)|10 + x|10

=
−1

2
+

1

4
+ ln 2− 2 ln 2 + 1

=
3

4
− ln 2

3.(10©©©) � E ´ý� { (x, y) ∈ R2 | x2 + y2

4 = 1, −1 ≤ x ≤ 1, −2 ≤ y ≤ 2}. ¦1�.�È©
∫
E
| x y | ds .



ëëë������YYY: E �ëê�§´ x = cos t , y = 2 sin t, 0 ≤ t ≤ 2π . dé¡5�∫
E

| x y |ds = 4

∫ π
2

0

xy
√

( (cos t)′ )2 + ( (2 sin t)′ )2 dt

= 4

∫ π
2

0

2 cos t sin t
√

( (sin t)2 + (2 cos t)2 dt

= 4

∫ π
2

0

sin 2t
√

1 + 3 cos2 t dt

= 4

∫ π
2

0

sin 2t

√
5

2
+

3

2
cos 2t dt

- u = cos 2t � du = − 2 sin 2t dt , ¤±þª�u

= −2

∫ −1
1

√
5

2
+

3

2
u du = 2

∫ 1

−1

√
5

2
+

3

2
u du = 2

2

3

2

3
(
5

2
+

3

2
u)

3
2 |1−1

=
8

9
(4)

3
2 − 8

9
(1)

3
2

=
56

9

4.(15©©©) � n ´��ê§l: (0, 0) �: (nπ, 0) �k�� Ln = { ( t, |sint| ) | 0 ≤ t ≤ nπ }. O�
Ñe¡1�.�È©3 n→∞ e�4�:

lim
n→∞

∫
Ln

ey
2−x2

cos(2xy) dx + ey
2−x2

sin(2xy) dy

ëëë������YYY:

£1¤Äk�y

∂ (ey
2−x2

sin(2xy) )

∂x
− ∂ (ey

2−x2

cos(2xy) )

∂y

= ey
2−x2

(−2x) sin(2xy) + ey
2−x2

cos(2xy) 2y − ey
2−x2

2y cos(2xy) − ey
2−x2

(− sin(2xy)) 2x

= 0

£2¤�
{zÎÒ§P
ω = ey

2−x2

cos(2xy) dx + ey
2−x2

sin(2xy) dy

In = { ( t, 0 ) | 0 ≤ t ≤ nπ }

R2 ´üëÏ«�§Ïd�â1�.�È©�´»Ã'�½n£�á181�½n2¤§þ¡£1¤íÑ∫
Ln

ω =

∫
In

ω =

∫ nπ

0

e−x
2

dx

£3¤�

En =

∫ nπ

0

e−x
2

dx

E2
n =

∫ nπ

0

e−x
2

dx

∫ nπ

0

e−x
2

dx =

∫ nπ

0

e−x
2

dx

∫ nπ

0

e−y
2

dy =
1

4

∫∫
[−nπ,nπ]×[−nπ,nπ]

e−x
2−y2 dx dy

íÑ
1

4

∫∫
x2+y2≤(nπ)2

e−x
2−y2 dx dy ≤ E2

n ≤
1

4

∫∫
x2+y2≤(

√
2 nπ)2

e−x
2−y2 dx dy

^4�I (r, θ) O�

1

4

∫∫
x2+y2≤R2

e−x
2−y2 dx dy =

1

4

∫ 2π

0

dθ

∫ R

0

e−r
2

r dr =
1

4
2π (−1

2
e−r

2

)|R0 =
π

4
(1− e−R

2

)



íÑ
π

4
(1− e−(nπ)

2

) ≤ E2
n ≤

π

4
(1− e−(

√
2nπ)2)

^ En ≥ 0 íÑ √
π

4
(1− e−(nπ)2) ≤ En ≤

√
π

4
(1− e−(

√
2nπ)2)

íÑ

lim
n→∞

En =

√
π

2

Úþ¡£2¤�åíÑ

lim
n→∞

∫
Ln

ey
2−x2

cos(2xy) dx+ ey
2−x2

sin(2xy) dy = lim
n→∞

∫
Ln

ω = lim
n→∞

∫ nπ

0

e−x
2

dx = lim
n→∞

En

=

√
π

2

5.(10©©©) � S ´¡ {(x, y, z) ∈ R3 | x2 + z2 = 1, x ≥ 0, z ≥ 0, 0 ≤ y ≤ 1}. ¦1�.¡È©
∫∫
S

x dS .

ëëë������YYY: z =
√

1− x2. ∫∫
S

x dS =

∫∫
S

x
√

1 + z2x + z2y dS

=

∫ 1

0

∫ 1

0

x

√
1 + (

−2x

2
√

1− x2
)2 + 0 dxdy

=

∫ 1

0

dy

∫ 1

0

x√
1− x2

dx

= −
√

1− x2
∣∣∣1
0

= 1

6.(10©©©) ¦1�.¡È©
∫∫

x2+y2+z2=1 	ý

x dydz + y dzdx + z dxdy .

ëëë������YYY: '�¯��{´^pdúª��∫∫
x2+y2+z2=1 	ý

x dydz + y dzdx + z dxdy

=

∫∫
x2+y2+z2≤1

(
∂x

∂x
+

∂y

∂y
+

∂z

∂z
) dxdydz

=

∫
x2+y2+z2≤1

3 dxdydz = 3 ü ¥N�NÈ = 4π

£5µe^Ù¦�{O�§�©Ú�©"¤

7.(15©©©) b�²¡���IX1���¥k�^� L = { ( x , y(x) ) | x ≥ 0 }§ Ù¥ y(0) = 1§ y(x) ´
î�4~�!��!��¼ê"?� L þ�:M § L 3M :������� � x ¶u: A . b½lM � A ���
ã��Ýððð � 1 . ¦Ñ y = y(x) ¤÷v���~�©�§§¿�)Ñù��§�Ð�¯K y(0) = 1 .

ëëë������YYY:

£1¤�M = (x, y(x)). L 3M :�����I (X , Y ) ÷v���§

Y − y = y′(x)(X − x)

d��� x ¶u: A = ( x− y
y′(x) , 0 )

£2¤lM = (x, y(x)) = (x, y) � A = ( x− y
y′(x) , 0 ) ��ã��Ý´√

(
y

y′(x)
)2 + y2



^� /lM � A ��ã��Ýð� 10 íÑ√
(

y

y′(x)
)2 + y2 = 1

y2

(y′(x))2
+ y2 = 1

(y′(x))2 =
y2

1− y2

£3¤^^�/ y(x) ´î�4~�!��!��¼ê0 íÑ y′(x) < 0 § y = y(x) > 0 §Ïd

y′(x) = − y√
1− y2

y = y(x) ¤÷v���~�©�§´
dy

dx
= − y√

1− y2

£4¤©lCþ�

−
√

1− y2
y

dy = dx

^Ø½È©���{ y = sin t �±��

x = −
∫ √

1− y2
y

dy = −
√

1− y2 + ln(1 +
√

1− y2 ) − ln y + C

£5¤Ð�^� y(0) = 1 íÑ C = 0 . �\þ¡£4¤�

x = −
√

1− y2 + ln(1 +
√

1− y2 ) − ln y

8.(10©©©) ¦��~�©�§ y′′ + 4 y = sin 3x �Ï)"

ëëë������YYY:

£1¤ λ2 + 4 = 0 �ü�� 2 i, − 2 i "Ïd y′′ + 4 y = 0 �Ï)´

C1 cos 2 x + C2 sin 2 x

C1, C2 ´Õá�?¿~ê"

£2¤� a sin 3x ´��A)"K

(a sin 3x)′′ + 4 a sin 3x = sin 3x

−9a + 4 a = 1

a = − 1

5

£3¤Ïd y′′ + 4 y = sin 3x �Ï)´

C1 cos 2 x + C2 sin 2 x − 1

5
sin 3x

C1, C2 ´Õá�?¿~ê"

9.(10©©©) ü�K"

£££1¤¤¤.(5©©©) � D = R2 − { (x , 0) | x ≥ 0 } . �Ñ��¼ê T : D → R ÷v T 3D ¥z:��§¿
�

∂T

∂x
= − y

x2 + y2
,

∂T

∂x
=

x

x2 + y2
.

£££2¤¤¤.(5©©©) � Ω = R2 − { 0 } . y²Ø�3¼ê U : Ω → R ÷v U 3 Ω ¥z:��§¿�

∂U

∂x
= − y

x2 + y2
,

∂U

∂x
=

x

x2 + y2
.



ëëë������YYY:

£££1¤¤¤.
£1.1¤½Â

T : D = R2 − { (x , 0) | x ≥ 0 } → R

Xe: � (x, y) ∈ D , T (x, y) ´l x ¶��þ (x, y) �_�����Y�,

0 < T (x, y) < 2π .

dY�¼ê3 D þ´ü�½Â�§é (x, y) ´ëY�!���"äNL�ªµ

� (x, y) ∈ D ¿� x > 0, y > 0 �§ T (x, y) = arctan yx .

� (x, y) ∈ D ¿� x = 0, y > 0 �§ T (x, y) = π
2 .

� (x, y) ∈ D ¿� x < 0 �§ T (x, y) = arctan yx + π .

� (x, y) ∈ D ¿� x = 0, y < 0 �§ T (x, y) = 3π
2 .

� (x, y) ∈ D ¿� x > 0, y < 0 �§ T (x, y) = arctan yx + 2π .

£1.2¤XJ (x, y) ∈ D ¿� x 6= 0 �§ K T (x, y) = arctan yx + ��~ê"

∂T

∂x
=

∂(arctan yx )

∂x
=

1

1 + ( yx )2
−y
x2

= − y

x2 + y2

∂T

∂y
=

∂(arctan yx )

∂y
=

1

1 + ( yx )2
1

x
=

x

x2 + y2

£1.3¤XJ (x0, y0) ∈ D ¿� x0 = 0 �§ K3 (x0, y0)���m��¥k y 6= 0, T (x, y) = arccotxy + ��

~ê"
∂T

∂x
=

∂(arccotxy )

∂x
= − 1

1 + (xy )2
1

y
= − y

x2 + y2

∂T

∂y
=

∂(arctanxy )

∂y
= − 1

1 + (xy )2
−x
y2

=
x

x2 + y2

¤±3 D ¥z:k
∂T

∂x
= − y

x2 + y2
,

∂T

∂x
=

x

x2 + y2
.

£££2¤¤¤. �y{"

£2.1¤b��3¼ê U : Ω → R ÷v U 3 Ω ¥z:��§¿�

∂U

∂x
= − y

x2 + y2
,

∂U

∂x
=

x

x2 + y2
.

� C ´�± c(t) = ( cos t , sin t ) , 0 ≤ t ≤ 2π , ½��_����, K1�.�È©∫
C

∂U

∂x
dx+

∂U

∂y
dy =

∫ 2π

0

d(U(c(t))) = U(c(t))|2π0 = U(1, 0)− U(1, 0) = 0

£2.2¤ ,��¡ ∫
C

∂U

∂x
dx+

∂U

∂y
dy =

∫
C

− y

x2 + y2
dx+

x

x2 + y2
dy

=

∫ 2π

0

(− sin t)(− sin t) dt+ cos t cos t dt =

∫ 2π

0

dt = 2π .

ù��£2.1¤gñ"�y{¤á"


