
1. (24©) ¦e��ªµ

1) lim
x→+∞

(3
1
x − 1)x ; 2) lim

x→0+0
x ln 2x ; 3) lim

x→0

x−arcsinx
sin3 x

;

4) f(x) =
√
1 + x, x ∈ (−1, 1)§3 x0 = 0 ?Ðm��.�KF.{��3��Vúª"

1. )�µ

1) lim
x→+∞

(3
1
x − 1)x = lim

t→0+0

3t − 1

t
= lim

t→0+0

3t ln 3

1
= ln 3.

2) lim
x→0+0

x ln 2x = lim
x→0+0

ln 2x
1
x

= lim
x→0+0

1
x

− 1
x2

= lim
x→0+0

(−x) = 0.

3) lim
x→0

x− arcsinx

sin3 x
= lim

x→0

x− arcsinx

x3
= lim

x→0

1− 1√
1−x2

3x2
= lim

x→0

−x
(
√
1−x2)3

6x
= −1

6
.

4) f(x) = f(0) + f ′(0)x+
1

2!
f ′′(0)x2 +

1

3!
f ′′′(0)x3 +

1

4!
f (4)(ξ)x4, ξ ∈ (0;x)

f(x) = 1 +
1

2
x− 1

8
x2 +

1

16
x2 − 5

128
(1 + ξ)−

7
2x4.

2. (20©)

1) ¦ cos (∠(~a, ~b)), Ù¥ ~a, ~b �R3¥��"�þ§�k

(7~a− 5~b) ⊥ (~a+ 3~b), (~a− 4~b) ⊥ (7~a− 2~b).

2)®��� L 3²¡ P : x − y + z + 3 = 0 þ§���� L0 : x−11 = y−5
3 = z

1 R��

�"¦�� L ��§"

2.)�µ

1) dK�^��µ {
(7~a− 5~b) · (~a+ 3~b) = 0,

(~a− 4~b) · (7~a− 2~b) = 0.

�k {
7|~a|2 + 16~a · ~b− 15|~b|2 = 0,

7|~a|2 − 30~a · ~b+ 8|~b|2 = 0.

-x = |~a|
|~b|
, y = ~a·~b

|~a||~b|
, Kk {

7x2 + 16xy = 15,
7x2 − 30xy = −8.

)�x = 1, y = 1
2
, lkcos (∠(~a, ~b)) = y = 1

2
.

2) P��L, L0����þ©�~l, ~l0, ²¡P�{�þ�~n, Kk~l ⊥ ~l0, ~l ⊥ ~n, �k§

~l//~l0 × ~n = {1, 3, 1} × {1,−1, 1} = {4, 0,−4}.

��L, L0��:p0�3²¡PS§�p0�L0�²¡P��:"òL0�ëê�§

x = t+ 1, y = 3t+ 5, z = t

1



�\P��§��t = −1, �p0�I�(0, 2,−1). u´L��§�

x

1
=
y − 2

0
=
z + 1

−1
.

3. (21©)

1) ¦
∫ √

4− x2 dx ; 2) ¦
∫ 1

2π

0 (sinx)2n+1 dx, n ≥ 1 ;

3¤®� f 3 (−2, 2) þëY§¦ lim
h→0

1
h

∫ 1

0 (f(x+ h)− f(x)) dx.

3.)�
1)-x = 2 sin t (−1

2
π < t < 1

2
π), Kt = arcsin x

2
. lk

�ª =

∫
4(cos t)2dt = 2

∫
(1 + cos 2t) dt = 2t+ sin 2t+ C = 2arcsin

x

2
+

1

2
x
√
4− x2 + C.

2) PTÈ©�I2n+1. ^©ÙÈ©{��

I2n+1 = −
∫ 1

2
π

0

(sinx)2n d cosx =
(
−(sinx)2n cosx

)∣∣ 12π
0

+

∫ 1
2
π

0

cosx · (2n)(sinx)2n−1 · cosx dx

= 2n

∫ 1
2
π

0

(sinx)2n−1(1− (sinx)2) dx

= 2n(I2n−1 − I2n+1).

�n��

I2n+1 =
2n

2n+ 1
I2n−1.

dI1 = 1��§én ≥ 1, I2n+1 =
(2n)!!

(2n+1)!!
.

3) ( 5¿§�KØU^Úî4ÙZ[úª)∫ 1

0

(f(x+ h)− f(x)) dx =

∫ 1+h

h

f(t) dt−
∫ 1

0

f(x) dx =

∫ 1+h

1

f(x) dx−
∫ h

0

f(x) dx.

dëY¼êÈ©¥�½n�

1

h

∫ 1

0

(f(x+ h)− f(x)) dx =
1

h

∫ 1+h

1

f(x) dx− 1

h

∫ h

0

f(x) dx

= f(ηh)− f(ξh),

Ù¥ηh ∈ (1, 1 + h), ξh ∈ (0, h). �h→ 0�§ηh → 1, ξh → 0. 2d¼êf�ëY5��

lim
h→0

1

h

∫ 1

0

(f(x+ h)− f(x)) dx = f(1)− f(0).

4. (8©) ¦ò� r2 = 8 cos(2θ) 74¶^=�±¤�ÔN�L¡È£P�S¤"
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4.)�

S = 2 · 2π
∫ π

4

0

[r(θ) sin θ]
√

(r(θ))2 + (r′(θ)2) dθ. (1)

dr2 = 8 cos(2θ)�
2r · r′(θ) = −16 sin 2θ.

(Ü(1)ª��

S = 2 · 2π
∫ π

4

0

sin θ
√

(r(θ))4 + (r(θ)r′(θ)2) dθ

= 32π

∫ π
4

0

sin θ dθ

= (−32 cos θ)|
π
4
0 = 32(1−

√
2

2
).
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5. (8©) ®�¼ê f 3 [a, b] þëY§3 (a, b) þk���ê§|f ′′| 3 (a, b) þkþ.M .
Pl�[a, b] þ�¼ê, Ùã��L (a, f(a)) Ú (b, f(b)) ���ã"�y² ∀x ∈ (a, b)§k

|f(x)− l(x)| ≤ 1

8
M(b− a)2.

5.)�
dK�§∀x ∈ (a, b), l(x) = b−x

b−af(a) +
x−a
b−a f(b). dd��

l(x)− f(x) = b− x
b− a

(f(a)− f(x)) + x− a
b− a

(f(b)− f(x)). (2)

^f�.�KF{���VÐª��

f(a)− f(x) = (a− x)f ′(x) + 1

2
(a− x)2f ′′(ξ), (a < ξ < x),

f(b)− f(x) = (b− x)f ′(x) + 1

2
(b− x)2f ′′(η), (x < η < b).

�\(2) ª��

l(x)− f(x) = (b− x)(x− a)
2

(
x− a
b− a

f ′′(ξ) +
b− x
b− a

f ′′(η)

)
.

Ï�x−a
b−a > 0, b−x

b−a > 0, �üê�Ú�1, ¤±§

|l(x)− f(x)| ≤ (b− x)(x− a)
2

(
x− a
b− a

|f ′′(ξ)|+ b− x
b− a

|f ′′(η)|
)

≤ (b− x)(x− a)
2

M

≤ 1

2
M

(
b− x+ x− a

2

)2

=
1

8
M(b− a)2.

6. (8©) ®�¼ê f 3 [0, 1] þ����§�ëY"e�4�e�3§�Á¦Ù�§¿�`²
nd¶eØ�½�3§�Þ~`²:

lim
n→+∞

(∫ 1

0

(f(x))n dx

) 1
n

.

6.)�

Ï�f3«m[0, 1] þ��¼ê§�ëY"����M > 0. �x0 ∈ [0, 1]¦�f(x0) =
M . éu?¿ε > 0, df�ëY5�§�3�¹x0«m[c, d] ⊂ [0, 1], c < d, ¦�éu?
¿x ∈ [c, d]k

M − ε < f(x) < M.

éu?¿n > 1,

(M − ε)n(d− c) <
∫ 1

0

(f(x))n dx < Mn

4



dd��§

(M − ε) n
√
d− c <

(∫ 1

0

(f(x))n dx

) 1
n

< M. (3)

Ï� lim
n→+∞

n
√
d− c = 1, ¤±§�3N0 ∈ N, ¦��n > N0�§

n
√
d− c > M − 2ε

M − ε
.

�(3)ª(Ü��§�n > N0�§

(M − 2ε) <

(∫ 1

0

(f(x))n dx

) 1
n

< M.

d4�½Â��§

lim
n→+∞

(∫ 1

0

(f(x))n dx

) 1
n

=M.

7. (6©) �y²µé?¿ u, v > 0, u 6= v§kØ�ª:

2

u+ v
<

lnu− ln v

u− v
<

1

2
(
1

u
+

1

v
).

7.)�
Ï�f(x) = 1

x
3(0,+∞)þk, f ′′(x) = 2 1

x3
> 0. ¤±f3(0,+∞)þ�î�eà�¼ê"é

þãØ�ª�y²§�Ø��v < u. 3«m(v, u)þ§-x0 = 1
2
(u + v). deà5���

éx 6= x0k
f(x) > f(x0) + f ′(x0)(x− x0).

�Äf3[v, u]þ�È©§��

lnu− ln v =

∫ u

v

1

x
dx > f(x0)(u− v) + f ′(x0)

∫ 1
2
(u−v)

− 1
2
(u−v)

x dx =
2

u+ v
· (u− v).

,�>�Ø�ª�d 1
x
�eà5�(f3[v, u]�m�ã�3ë�ã�à:���e�)��(�

�áþq�vkJ�eà¼êù�5�)"

þ¡�y�Ø�ª��±z���¼ê�Ø�ª�/2y²µ-x = u
v
, u > v > 0, K

þ¡�y�Ø�ª�du

2
x− 1

x+ 1
< lnx <

x2 − 1

2x
, ∀x > 1.

N´d�ê5���"

8. (5©) Á�ÑRþ��ð��ëY¼êf§¦Ù÷v∫ +∞

−∞
f(x) dx = 1,

∫ +∞

−∞
xf(x) dx = 1,

∫ +∞

−∞
x2f(x) dx = 10.

8. )�: f(x) := 1√
2πσ

e−
(x−µ)2

2σ2 . d
∫ +∞
0

e−x
2
dx = 1

2

√
π§��∫ +∞

−∞
f(x) dx =

∫ +∞

−∞

1√
2πσ

e−
x2

2σ2 dx =

∫ +∞

−∞

1√
2π
e−

x2

2 dx = 2

∫ +∞

0

1√
π
e−x

2

dx = 1.
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∫ +∞

−∞
xf(x) dx =

∫ +∞

−∞
x · 1√

2πσ
e−

(x−µ)2

2σ2 dx =

∫ +∞

−∞
(x+ µ) · 1√

2πσ
e−

x2

2σ2 dx

=

∫ +∞

−∞
x · 1√

2πσ
e−

x2

2σ2 dx+

∫ +∞

−∞
µ · 1√

2πσ
e−

x2

2σ2 dx

= µ.

∫ +∞

−∞
x2f(x) dx =

∫ +∞

−∞
x2 · 1√

2πσ
e−

(x−µ)2

2σ2 dx =

∫ +∞

−∞
(x+ µ)2 · 1√

2πσ
e−

x2

2σ2 dx

=

∫ +∞

−∞
x2 · 1√

2πσ
e−

x2

2σ2 dx+

∫ +∞

−∞
µ2 · 1√

2πσ
e−

x2

2σ2 dx

= σ2

∫ +∞

−∞
x2 · 1√

2π
e−

x2

2 dx+ µ2.

é?¿a > 0,∫ a

0

x2 · e−
x2

2 dx = −
∫ a

0

x de−
1
2
x2 =

(
−xe−

1
2
x2
)∣∣∣a

0
+

∫ a

0

e−
1
2
x2 dx.

∫ +∞

−∞
x2 · 1√

2π
e−

x2

2 dx = lim
a→+∞

2√
2π

∫ a

0

x2 · e−
x2

2 dx = 1.

�k ∫ +∞

−∞
x2f(x) dx = σ2 + µ2.

�µ = 1, σ = 3, Kf(x) := 1
3
√
2π
e−

(x−1)2

18 ÷vK��¦"
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