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1. Introduction

In this short note, we are going to calculate the Hessian of the support functions in
the local coordinate system on the round sphere. Firstly, we define the support function
of a convex body, M , as a function on Sn, i.e.

H(z) := z · y(z), z ∈ Sn,

where y : Sn → M is inverse Gauss map. Extending this definition to Rn+1\{0} by the
equation H(z) = |z|H(z/|z|), we obtain a homogeneous function of degree one. It is easy
to see that we can recover the coordinate functions of M by the equations

yi =
∂H

∂zi
, for i = 1, 2, · · · , n+ 1.

Since yi are functions of homogeneity of degree zero, they are completely determined by
their values on the hyperplanes zi = −1 for i = 1, 2, · · · , n+ 1. In the following, we will
restrict H(z) to the plane zn+1 = −1 and compute its Hessian.

In the celebrated work of Cheng-Yau [CY], they claimed that for an orthonormal frame
of the sphere Sn, restricting H(z) to Sn and taking its Hessian {Hij} with respect to this
frame, we have(

1 + |x|2
)n

2
+1

det

(
∂2H

∂xi∂xj

)
(x1, · · · , xn,−1)

= det (Hij +Hδij)

(
x1

(1 + |x|2)1/2
, · · · , xn

(1 + |x|2)1/2
,

−1

(1 + |x|2)1/2

)
.(1.1)

In the following, we will give a detail calculation to (1.1).

2. Calculation

We consider the following local parameterized of Sn:

ϕ : Rn → Sn,

with

(x1, · · · , xn) 7→
(

x1

(1 + |x|2)1/2
, · · · , xn

(1 + |x|2)1/2
,

−1

(1 + |x|2)1/2

)
.
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This can be seen as the reverse of the stereographic projection at the center of Sn. Note
that

zi =
xi

(1 + |x|2)1/2
, i = 1, 2, · · · , n,

zn+1 =
−1

(1 + |x|2)1/2
.

Hence, we have

dzi =
n∑

j=1

(1 + |x|2)δij − xixj

(1 + |x|2)3/2
dxj, i = 1, 2, · · · , n,

dzn+1 =
n∑

j=1

xj

(1 + |x|2)3/2
dxj.

Then the induced metric on Sn is

g =
n∑

k=1

(dzk)
2 + (dzn+1)

2

=
n∑

i,j,k=1

(
(1 + |x|2)δki − xkxi

(1 + |x|2)3/2
dxi

)(
(1 + |x|2)δkj − xkxj

(1 + |x|2)3/2
dxj

)
+

n∑
i,j=1

xixi

(1 + |x|2)3
dxidxj

=
n∑

i,j,k=1

(1 + |x|2)2δkiδkj − 2(1 + |x|2)δkixkxj + x2
kxixj

(1 + |x|2)3
dxidxj +

n∑
i,j=1

xixi

(1 + |x|2)3
dxidxj

=
n∑

i,j=1

1

1 + |x|2

(
δij −

xixj

1 + |x|2

)
dxidxj,

i.e.

(2.1) g =
n∑

i,j=1

1

1 + |x|2

(
δij −

xixj

1 + |x|2

)
dxidxj.

Hence, we know the coefficients matrix is

gij =
1

1 + |x|2

(
δij −

xixj

1 + |x|2

)
, i, j = 1, 2, · · · , n.

Denote ∂xk
:= ∂

∂xk
. For any i, j, k ∈ {1, 2, · · · , n}, we have

∂xk
gij = ∂xk

(
1

1 + |x|2

(
δij −

xixj

1 + |x|2

))
=

−2xk

(1 + |x|2)2

(
δij −

xixj

1 + |x|2

)
+

1

1 + |x|2

(
2xixjxk

(1 + |x|2)2
− δikxj

1 + |x|2
− δjkxi

1 + |x|2

)
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= −2xkδij + δikxj + δjkxi

(1 + |x|2)2
+

4xixjxk

(1 + |x|2)3
.

It is easy to see that the inverse matrix of the coefficients matrix is

gij = (1 + |x|2)(δij + xixj), i, j = 1, 2, · · · , n.

Indeed, a direct calculation yields

gikgkj =
n∑

k=1

(δik + xixk)

(
δkj −

xkxj

1 + |x|2

)

=
n∑

k=1

(
δikδkj −

δikxkxj

1 + |x|2
+ δkjxixk −

x2
kxixj

1 + |x|2

)
= δij −

xixj

1 + |x|2
+ xixj −

|x|2xixj

1 + |x|2
= δij.

By definition, the Christoffel symbols of g are

Γk
ij =

1

2
gkl

(
∂xi

glj + ∂xj
gil − ∂xl

gij
)

=
n∑

l=1

1

2
(1 + |x|2)(δkl + xkxl)

(
− 2xiδlj + δlixj + δijxl

(1 + |x|2)2
+

4xixjxl

(1 + |x|2)3

− 2xjδil + δijxl + δljxi

(1 + |x|2)2
+

4xixjxl

(1 + |x|2)3

+
2xlδij + δilxj + δjlxi

(1 + |x|2)2
− 4xixjxl

(1 + |x|2)3

)
=

n∑
l=1

1

2
(δkl + xkxl)

(
−2xiδjl − 2xjδil

1 + |x|2
+

4xixjxl

(1 + |x|2)2

)
=

−xiδjk − xjδik
1 + |x|2

+
2xixjxk

(1 + |x|2)2
+

−2xixjxk

1 + |x|2
+

2xixjxk|x|2

(1 + |x|2)2

= − xi

1 + |x|2
δjk −

xj

1 + |x|2
δik.

Then the Levi-Civita connection in the local coordinate is

∇∂xi
∂xj

= Γk
ij∂xk

= − xi

1 + |x|2
∂xj

− xj

1 + |x|2
∂xi

.

Next, we denote u(x1, · · · , xn) := H(x1, · · · , xn,−1). We differentiate H on Sn respect
to {∂x1 , · · · , ∂xn}. By the definition of vector fields, we know that

Hi := ∇∂xi
H =

∂

∂xi

(H ◦ ϕ(x1, · · · , xn))
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=
∂

∂xi

(
H

(
x1

(1 + |x|2)1/2
, · · · , xn

(1 + |x|2)1/2
,

−1

(1 + |x|2)1/2

))
=

∂

∂xi

(
(1 + |x|2)−1/2H(x1, · · · , xn,−1)

)
=

∂

∂xi

(
(1 + |x|2)−1/2u(x1, · · · , xn)

)
= (1 + |x|2)−1/2ui − (1 + |x|2)−3/2xiu,

where ui :=
∂u

∂xi

. Then the Hessian of H is

Hij := HessH(∂xi
, ∂xj

) = ∇∂xi
∇∂xj

H −
(
∇∂xi

∂xj

)
H

=
∂

∂xi

(
(1 + |x|2)−1/2uj − (1 + |x|2)−3/2xju

)
+

xi

1 + |x|2
(
(1 + |x|2)−1/2uj − (1 + |x|2)−3/2xju

)
+

xj

1 + |x|2
(
(1 + |x|2)−1/2ui − (1 + |x|2)−3/2xiu

)
= (1 + |x|2)−1/2uij − (1 + |x|2)−3/2xiuj − (1 + |x|2)−3/2xjui

+ 3(1 + |x|2)−5/2xixju− (1 + |x|2)−3/2uδij

+ (1 + |x|2)−3/2xiuj − (1 + |x|2)−5/2xixju

+ (1 + |x|2)−3/2xjui − (1 + |x|2)−5/2xixju

= (1 + |x|2)−1/2uij + (1 + |x|2)−5/2xixju− (1 + |x|2)−3/2uδij,

where uij :=
∂2u

∂xi∂xj

. Note that the Riemann metric (2.1), we have

Hij +Hgij = (1 + |x|2)−1/2uij + (1 + |x|2)−5/2xixju− (1 + |x|2)−3/2uδij

+ (1 + |x|2)−1/2u · (1 + |x|2)−1

(
δij −

xixj

1 + |x|2

)
= (1 + |x|2)−1/2uij.

Hence, there is

det(Hij +Hgij) = (1 + |x|2)−n/2 detD2u.

Let {e1, · · · , en} be an orthonormal frame obtained by {∂x1 , · · · , ∂xn}, and note that

det(gij) = det

(
1

1 + |x|2

(
δij −

xixj

1 + |x|2

))
= (1 + |x|2)−n det

(
δij −

xixj

1 + |x|2

)
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= (1 + |x|2)−n

(
1− |x|2

1 + |x|2

)
= (1 + |x|2)−n−1,

where we used the fact that det(I + aaT ) = 1 + aTa. Hence the Hessian of H respect to
{e1, · · · , en} satisfies

det(Hij +Hδij) = det(gij)
−1 det(Hij +Hgij) = (1 + |x|2)n/2+1 detD2u,

which is just (1.1).
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