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Abstract. In this paper we study the inverse problem of determining an elec-

trical inclusion in a multi-layer composite from boundary measurements in 2D.

We assume the conductivities in different layers are different and derive a sta-
bility estimate for the linearized map with explicit formulae on the conductivity

and the thickness of each layer. Intuitively, if an inclusion is surrounded by
a highly conductive layer, then, in view of “the principle of the least work”,

the current will take a path in the highly conductive layer and disregard the

existence of the inclusion. Consequently, a worse stability of identifying the
hidden inclusion is expected in this case. Our estimates indeed show that the

ill-posedness of the problem increases as long as the conductivity of some layer

becomes large. This work is an extension of the previous result by Nagayasu-
Uhlmann-Wang[15], where a depth-dependent estimate is derived when an in-

clusion is deeply hidden in a conductor. Estimates in this work also show the
influence of the depth of the inclusion.

1. Introduction. Electrical impedance tomography (EIT) arises in medical imag-
ing given that human organs and tissues have quite different conductivities [12].
It has been developed to be an inverse method which consists in determining the
electrical properties of a medium by making voltage and current measurements at
the boundary of the medium. In the mathematical literature, this is also known
as Calderón’s problem [7]. More precisely, let Ω be an open bounded domain with
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smooth boundary in Rd. The conductivity equation can be described by the follow-
ing second order elliptic equation of divergence form:

(1) ∇ · (γ(x)∇u) = 0, x ∈ Ω ,

where γ(x) > 0 .
It is known that for an appropriate function f given on ∂Ω, there exists a unique

solution u(x) to the Dirichlet boundary value problem for (1) with u|∂Ω = f [10].
Thus, we can define a Dirichlet-to-Neumann operator Λγ : H1/2(∂Ω) → H−1/2(∂Ω),
by

Λγ(f) = γ(x)
∂u

∂ν

∣∣∣
∂Ω
,

where ν is unit exterior normal vector of ∂Ω. Here the boundary information is
encoded in the map Λγ . The map Λγ depends nonlinearly on γ, even though
equation (1) is linear. The famous Calderón problem [7] is to determine γ from the
knowledge of Λγ , meanwhile the EIT problem is notoriously known to be ill-posed.
A log-type stability was obtained by Alessandrini[1, 3] for the interior determination
and a Lipschitz-type stability was by Alessandrini [2], and Alessandrini-Gaburro
[4, 5], Sylvester-Uhlmann[17] for the boundary determination. The log-type stability
estimate was proved to be optimal by Mandache [14].

In several practical situations, the conductivity function is of the type γ(x) =
γ0(x) + γ1(x)χD, where D ⊂⊂ Ω is an inclusion with abnormal conductivity γ1(x).
Assuming that γ0 is known, we are interested in determining the shape of D by the
Dirichlet-to-Neumann map, denoted by ΛD. Under some appropriate conditions,
the uniqueness was proved by Isakov[11]. Numerical results, e.g. [8, 9, 18, 19],
showed that the deeper the inclusion, the worse the numerical reconstruction. Na-
gayasu, Uhlmann and Wang [15], by studying the linearized Dirichlet-to-Neumann
map, obtained a quantitative description of this phenomenon in a model case that
γ(x) = 1 + (k − 1)χD , k > 0 , k ̸= 1, and showed that the ill-posedness increases
when the depth of inclusion hidden in the conductor increases.

However, it is known that the crustal structure is multi-layered. Furthermore, in
practice, there are many multi-layered composite materials as well. The properties
in different layers are always different. Inspired by the result of [15], in this paper,
we show that when the conductivity in some middle layer increases, the ill-posedness
will increase as well. This result is an extension of Nagayasu-Uhlmann-Wang’s work,
where the two-layer case was studied. We will follow the method implemented in
[15] and use the Fourier series to analytically express the Dirichlet-to-Neumann
linearized map for three-layer and n-layer inclusions and then to derive stability
estimates. We would like to mention that there are some interesting results related
to the linearized map and the stability obtained in [13, 16]. Also, in [6], Alessandrini
and Scapin considered the depth dependent resolution in 2D.

To describe precisely the problem we have in mind, we set d = 2 and first consider
the three-layer case. Let Ω := BR(0), Bi := Bri(0), 0 < r1 < r2 < R, and

γ(x) = k1χB1
+ k2χB2\B1

+ χΩ\B2
,

where ki > 0 are different with ki ̸= 1. Define

LB1,B2
u0 := ∇ ·

((
k1χB1

+ k2χB2\B1
+ χΩ\B2

)
∇u0

)
.



Stability estimates in multi-layer structure 3

Given a smooth function ψ : ∂B1 → R, we introduce a perturbation Bs
1 of B1 as in

[15], namely, the boundary ∂Bs
1 is defined by

y = x+ sψ(x)νx , on ∂B1,

where νx is the unit exterior normal vector at x ∈ ∂B1. For f ∈ H1/2(∂Ω), let u0
be the solution to the reference problem{

LB1,B2
u0 = 0, in Ω,

u0 = f, on ∂Ω.

Likewise, let us be the solution to the perturbed problem{
LBs

1 ,B2
us = 0, in Ω,

us = f, on ∂Ω.

We define the linearized map of the Dirichlet-to-Neumann map at the direction
ψ, by

(2) dΛB1
(ψ) := lim

s→0

1

s
(ΛBs

1 ,B2
− ΛB1,B2

),

where ΛB1,B2
and ΛBs

1 ,B2
are the Dirichlet-to-Neumann maps corresponding to

LB1,B2
u0 = 0 and LBs

1 ,B2
us = 0 in Ω, respectively. Now, we state the stability

estimate in the case of three-layer inclusions.

Theorem 1.1. Let m > 0, M0 > 0, r0 > 0 and X0 > 1 be fixed. Suppose

M ≥M0, r1 ≤ r0
R

r1
≥ X0.

Then there exists a positive constant k̄ such that for k2 > k̄ and for any ψ ∈
Hm(∂B1) satisfying

∥ψ∥Hm(∂B1) ≤M and ∥dΛB1(ψ)∥L < 1,

we have

(3) ∥ψ∥L2(∂B1) ≤ CM(k2 + 1)
[
ln
(R
r1

)]m∣∣∣ ln ∥dΛB1
(ψ)∥L

∣∣∣−m

,

where the positive constant C depends only on m,M0, r0, X0, k1. Here and after,
∥ · ∥L denotes the operator norm on the space of bounded linear operators from
H1/2(∂Ω) into H−1/2(∂Ω).

Remark 1. Actually, we can take

k̄ = max
{
2

3m
2 + 1

2π− 1
2 ,
(
(− ln c)/(lnX0) + 16

)m}
,

for some constant c to be determined in the proof (see (27)). Moreover,

C ≤
4× 5

1
2 10

1
4π

1
2

(
k̄ + k1

)2(
k̄ − k1

)2 .

In particular, if X0 ≥ e and M2
0 r

−5
0 ≥ 1√

2
( e
8m )−2m, then c = 1

2 and so 16m ≤ k̄ ≤
17m.
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Remark 2. Estimate (3) clearly indicates that the determination of an inclusion
by boundary measurements is getting increasingly ill-posed when the inclusion is
hidden deeper inside of the conductor, i.e., R/r1 is large, and also when the con-
ductivity k2 becomes large. In particular, if k2 = ∞, then us will be a constant
in B2 \ Bs

1. Thus, it is impossible to uniquely determine ∂Bs
1 even using the full

Dirichlet-to-Neumann map ΛBs
1 ,B2

.

Next, for n-layer inclusions, we set Ω := BR(0), Bi := Bri(0), 0 < r1 < r2 <
· · · < rn < R, and

(4) LB1,B2,··· ,Bn
u0 := ∇ ·

((
k1χB1

+

n∑
i=2

kiχBi\Bi−1
+ χBR\Bn

)
∇u0

)
= 0,

where ki > 0 and ki ̸= 1, i = 1, 2, · · · , n. Let u0 and us be the solutions to the
problems {

LB1,B2,··· ,Bn
u0 = 0, in Ω,

u0 = f, on ∂Ω,

and {
LBs

1 ,B2,··· ,Bn
us = 0, in Ω,

us = f, on ∂Ω.

respectively. The linearized map dΛB1(ψ) is defined similarly as (2), namely,

dΛB1
(ψ) := lim

s→0

1

s
(ΛBs

1 ,B2,··· ,Bn
− ΛB1,B2,··· ,Bn

),

where ΛB1,B2,··· ,Bn
and ΛBs

1 ,B2,··· ,Bn
are the Dirichlet-to-Neumann maps corre-

sponding to LB1,B2,··· ,Bn
u0 = 0 and LBs

1 ,B2,··· ,Bnus = 0 in Ω, respectively. Then

Theorem 1.2. Let m > 0, M0 > 0, r0 > 0 and X0 > 1 be fixed. Suppose

M ≥M0, r1 ≤ r0
R

r1
≥ X0.

Then for any ψ ∈ Hm(∂B1) satisfies

∥ψ∥Hm(∂B1) ≤M and ∥dΛB1
(ψ)∥L < 1,

the following inequality

(5) ∥ψ∥L2(∂B1) ≤ CM
[
ln
(R
r1

)]m
|ln ∥dΛB1

(ψ)∥L |−m
,

holds, where C depends only on m,M0, r0, X0, k1, k2, · · · , kn. Moreover, if for some
l ∈ {2, 3, · · · , n}, kl satisfies

kl ≥ max
{
2

3
2m+ 1

2π− 1
2 ,
(
(− ln c)/(lnX0) + 16

)m}
with some appropriate constant c, then (5) can be written explicitly as

(6)

∥ψ∥L2(∂B1) ≤
Cn(k2 + k1)

2(k3 + k2) · · · (kn + 1)

(k2 − k1)2

×M
[
ln
(R
r1

)]m
|ln ∥dΛB1(ψ)∥L |−m

,

where Cn only depends on n.

Remark 3. Estimate (6) shows that the inverse inclusion problem in a multi-layer
medium is more unstable whenever the conductivity in any outside layer becomes
larger.
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The rest of the paper is organized as follows. In Section 2, we consider the
problem in the case of three-layer medium. The extension to the n-layer medium is
studied in Section 3.

2. The case of three-layer medium. In this section, we will derive the solution
to the conductivity equation with piecewise constant coefficients and estimate the
norm of linearized map dΛB1

(ψ). We then give a proof of Theorem 1.1.

2.1. Preliminary results for Fourier expression. In this subsection, we will
find the series solution to the Dirichlet problem, preparing for the expression of
dΛ(ψ). Since we are working in two dimensions, it is convenient to use the polar
coordinates: (x, y) = (ρ cos θ, ρ sin θ) ∈ R2 with ρ > 0 and θ ∈ [0, 2π). For any

function f ∈ L2(∂Ω), we denote f̃(θ) := f(R cos θ,R sin θ). Define the Fourier
coefficients and the Hm(∂Ω)-norm

fl =

∫ 2π

0

f̃(θ)e−ilθdθ , ∥f∥2Hm(∂Ω) =
R

2π

∑
l∈Z

(1 + l2)m|fl|2.

We can also write f̃(θ) = (2π)−1
∑

l∈Z fle
ilθ. For functions on other boundaries,

they are defined in the same way.
For f ∈ H1/2(∂Ω), suppose that u0 is the solution of the following Dirichlet

problem

(7)

{
LB1,B2

u0 = 0, in Ω,

u0 = f, on ∂Ω.

The Dirichlet-to-Neumann map ΛB1,B2
: H1/2(∂Ω) → H−1/2(∂Ω) associated with

LB1,B2 is defined by

ΛB1,B2
(f) :=

(
k1χB1

+ k2χB2\B1
+ χBR\B2

)∂u0
∂ν

∣∣∣
∂Ω
.

Notice that (7) can be rewritten as the following transmission problem

(8)


∆u0 = 0, in B1 ∪ (B2 \B1) ∪ (Ω \B2),

u0|+ = u0|−, on ∂Bi, i = 1, 2,

ki
∂u0

∂ν

∣∣∣
+
= ki+1

∂u0

∂ν

∣∣∣
−
, on ∂Bi, i = 1, 2,

u0 = f, on ∂Ω,

where k3 = 1 and ± stands for taking limit from outside or inside of the inclusion.
Next, we plan to express the solution of (8) in terms of the Fourier series. For

l ∈ Z+, we denote

S−1
l :=− 1

4l

∣∣∣∣∣∣∣∣
−(k2 − k1)r

l
1 (k1 + k2)r

−l
1 0 0

(k2 + 1)rl2 −(k2 − 1)r−l
2 −2rl2 0

(k2 − 1)rl2 −(k2 + 1)r−l
2 0 2r−l

2

0 0 Rl R−l

∣∣∣∣∣∣∣∣
=

1

2l

(
Rlr−l

2

(
(k2 − k1)(k2 − 1)rl1r

−l
2 − (k1 + k2)(k2 + 1)r−l

1 rl2

)
+R−lrl2

(
− (k2 − k1)(k2 + 1)rl1r

−l
2 + (k1 + k2)(k2 − 1)r−l

1 rl2

))
.(9)

Then
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Lemma 2.1. The series solution of (8) can be written explicitly as

u0(ρ cos θ, ρ sin θ)

=



1

2π

∞∑
l=1

Sl

2l

[(
(k2 − k1)(k2 − 1)rl1r

−2l
2 − (k1 + k2)(k2 + 1)r−l

1

)
ρl

+
(
(k1 + k2)(k2 − 1)r−l

1 r2l2 − (k2 − k1)(k2 + 1)rl1

)
ρ−l
]

·
[
fle

ilθ + f−le
−ilθ
]
+ f0, r2 < ρ < R,

1

2π

∞∑
l=1

Sl

l

[
− (k1 + k2)r

−l
1 ρl − (k2 − k1)r

l
1ρ

−l
]
·
[
fle

ilθ + f−le
−ilθ
]
+ f0,

r1 < ρ < r2,

1

2π

∞∑
l=1

Sl

l
(−2k2)r

−l
1 ρl

[
fle

ilθ + f−le
−ilθ
]
+ f0, 0 < ρ < r1.

(10)

Recall that

fl =

∫ 2π

0

f̃(θ)e−ilθ dθ.

Remark 4. We remark that if k2 = 1, then ∂B2 coincides ∂Ω and

S−1
l =

1

l

(
(k1 − 1)R−lrl1 − (k1 + 1)Rlr−l

1

)
,

which is the same formula derived in [15]. In this paper we are mainly concerned
about the instability caused by a large k2.

Proof. To simplify the notation, we denote u := u0. Note that

u(ρ cos θ, ρ sin θ) =
∑
l∈Z

ul(ρ)e
ilθ, θ ∈ [0, 2π).

By Fourier series, we obtain the following ordinary differential equation for ul, l ̸= 0,

(11) u′′l (ρ) +
1

ρ
u′l(ρ)−

l2

ρ2
ul(ρ) = 0.

Clearly, ρl is a solution of (11). Thus, its general solution is

ul(ρ) = aρl + bρ−l,

for arbitrary constants a and b. Next, we will try to determine the values of a and
b in each layer. We set

ul(ρ) =

{
ul(r1)r

−l
1 ρl, l > 0,

ul(r1)r
l
1ρ

−l, l < 0,
if 0 < ρ < r1,

and

ul(ρ) =

{
a1ρ

l + b1ρ
−l, if r1 < ρ < r2,

a2ρ
l + b2ρ

−l, if r2 < ρ < R.

We firstly consider the case where l > 0. Since u|− = u|+ and ki
∂u
∂ν

∣∣∣
−
= ki+1

∂u
∂ν

∣∣∣
+

on ∂Bi, it follows that

(12) ul(r1) = a1r
l
1 + b1r

−l
1 , on ∂B1,
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and

(13)


k1ul(r1)

l
r1

= k2

(
a1lr1

l−1 − b1lr1
−l−1

)
, on ∂B1,

a1r
l
2 + b1r

−l
2 = a2r

l
2 + b2r

−l
2 , on ∂B2,

k2

(
a1lr2

l−1 − b1lr2
−l−1

)
= a2lr2

l−1 − b2lr2
−l−1, on ∂B2.

When ρ = R, we have

(14) a2R
l + b2R

−l = ul(R) =
1

2π

∫ 2π

0

f̃(θ)e−ilθ dθ =
1

2π
fl, on ∂BR.

Combining (12), (13) with (14) yields the following linear system

(15)



−(k2 − k1)r
l
1a1 + (k1 + k2)r

−l
1 b1 = 0, · · · · · · · · · 1O

rl2a1 + r−l
2 b1 − rl2a2 − r−l

2 b2 = 0, · · · · · · · · · 2O

k2r
l
2a1 − k2r

−l
2 b1 − rl2a2 + r−l

2 b2 = 0, · · · · · · · · · 3O

Rla2 +R−lb2 =
1

2π
fl.

Then, 2O+ 3O and 3O− 2O yields

−(k2 − k1)r
l
1a1 + (k1 + k2)r

−l
1 b1 = 0,

(k2 + 1)rl2a1 − (k2 − 1)r−l
2 b1 − 2rl2a2 = 0,

(k2 − 1)rl2a1 − (k2 + 1)r−l
2 b1 + 2r−l

2 b2 = 0,

Rla2 +R−lb2 =
1

2π
fl.

Hence, recalling the definition of Sl, (9), and by the Cramer’s law, we have

a1 = −Sl

4l

∣∣∣∣∣∣∣∣
0 (k1 + k2)r

−l
1 0 0

0 −(k2 − 1)r−l
2 −2rl2 0

0 −(k2 + 1)r−l
2 0 2r−l

2
1
2πfl 0 Rl R−l

∣∣∣∣∣∣∣∣ = − 1

2π
fl ·

Sl

l
(k1 + k2)r

−l
1 ,

b1 = −Sl

4l

∣∣∣∣∣∣∣∣
−(k2 − k1)r

l
1 0 0 0

(k2 + 1)rl2 0 −2rl2 0

(k2 − 1)rl2 0 0 2r−l
2

0 1
2πfl Rl R−l

∣∣∣∣∣∣∣∣ = − 1

2π
fl ·

Sl

l
(k2 − k1)r

l
1,

a2 = −Sl

4l

∣∣∣∣∣∣∣∣
−(k2 − k1)r

l
1 (k1 + k2)r

−l
1 0 0

(k2 + 1)rl2 −(k2 − 1)r−l
2 0 0

(k2 − 1)rl2 −(k2 + 1)r−l
2 0 2r−l

2

0 0 1
2πfl R−l

∣∣∣∣∣∣∣∣
=

1

2π
fl ·

Sl

2l

(
(k2 − k1)(k2 − 1)rl1r

−2l
2 − (k1 + k2)(k2 + 1)r−l

1

)
,
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b2 = −Sl

4l

∣∣∣∣∣∣∣∣
−(k2 − k1)r

l
1 (k1 + k2)r

−l
1 0 0

(k2 + 1)rl2 −(k2 − 1)r−l
2 −2rl2 0

(k2 − 1)rl2 −(k2 + 1)r−l
2 0 0

0 0 Rl 1
2πfl

∣∣∣∣∣∣∣∣
= − 1

2π
fl ·

Sl

2l

(
(k2 − k1)(k2 + 1)rl1 − (k1 + k2)(k2 − 1)r−l

1 r2
2l
)
.

Thus, when l > 0, we have for r2 < ρ < R,

ul(ρ) =
1

2π
fl ·

Sl

2l

[(
(k2 − k1)(k2 − 1)rl1r

−2l
2 − (k1 + k2)(k2 + 1)r−l

1

)
ρl

+
(
− (k2 − k1)(k2 + 1)rl1 + (k1 + k2)(k2 − 1)r−l

1 r2
2l
)
ρ−l
]
,

for r1 < ρ < r2,

ul(ρ) =
1

2π
fl ·

Sl

l

[
− (k1 + k2)r

−l
1 ρl − (k2 − k1)r

l
1ρ

−l
]
,

and for 0 < ρ < r1,

ul(ρ) =
1

2π
fl ·

Sl

l
· (−2k2) · r−l

1 ρl .

For l < 0, we have ul(ρ) = ul(r1)r
l
1ρ

−l, for 0 < ρ < r1, which is the only term
different from the case of l > 0. Consequently, we obtain

k1ul(r1)
(−l
r1

)
= k2

(
a1lr1

l−1 − b1lr1
−l−1

)
on ∂B1 ,

so 1O in (15) becomes

(k1 + k2)r
l
1a1 − (k2 − k1)r

−l
1 b1 = 0 .

Thus, it suffices to replace −(k2 − k1) by (k1 + k2) in the expression of u for l > 0.
It follows that, for r2 < ρ < R,

ul(ρ) =
1

2π
fl ·

S−l

2l

[(
− (k1 + k2)(k2 − 1)rl1r

−2l
2 − (k2 − k1)(k2 + 1)r−l

1

)
ρl

+
(
(k1 + k2)(k2 + 1)rl1 − (k2 − k1)(k2 − 1)r−l

1 r2
2l
)
ρ−l
]
,

and

ul(ρ) =
1

2π
fl ·

S−l

l

[
(k2 − k1)r

−l
1 ρl + (k1 + k2)r

l
1ρ

−l
]
, r1 < ρ < r2 ,

and

ul(ρ) =
1

2π
fl ·

S−l

l
· (2k2)

( ρ
r1

)−l
, 0 < ρ < r1 .

The proof of Lemma 2.1 is completed.

2.2. Estimates of the linearized map dΛB1(ψ). In this subsection, we will de-
rive the expression of dΛB1

(ψ) and obtain the estimate of ∥dΛB1
(ψ)∥L . We now

introduce a function

U := lim
s→0

us − u0
s

,

where us is the solution of {
LBs

1 ,B2us = 0, in Ω,

us = f, on ∂Ω.
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By (2), we have

(16) dΛB1
(ψ)(f) =

∂U

∂ν

∣∣∣∣
∂Ω

, ∀f ∈ H1/2(∂Ω).

By the computation on [15, Page 5], using y = x+ sψ(x)νx on ∂B1, we have that,
as s→ 0,

1

s

(
us(y)|± − u0(x)|±

)
→ U(x)

∣∣∣∣
±
+ ψ(x)

∂u0
∂ν

(x)

∣∣∣∣
±

on ∂B1,

and

1

s

(
∂us
∂νy

(y)

∣∣∣∣
±
− ∂u0
∂νx

(x)

∣∣∣∣
±

)
→ ∂ρU(x)

∣∣∣∣∣
±

− r−2
1 ψ̃′(θ)∂θu0(x)

∣∣∣
±
+ ψ̃(θ)∂2ρu0(x)

∣∣∣
±

on ∂B1. Notice that

∂2ρu0(x)
∣∣
± = − 1

r1
∂ρu0(x)

∣∣∣∣
±
− 1

r12
∂2θu0(x)

∣∣∣∣
±

on ∂B1.

Hence, we can show that U is the solution of
∆U = 0 in Ω \ ∂B1,

U |+ − U |− = k2−k1

k1
ψ(x) ∂u0

∂ν

∣∣
+

on ∂B1,

k2
∂U
∂ν

∣∣
+
− k1

∂U
∂ν

∣∣
− = r−2

1 (k2 − k1)∂θ

(
ψ̃(θ)∂θu0|+

)
on ∂B1,

U = 0 on ∂Ω,

where ψ̃(θ) = (2π)−1
∑

l∈Z ψle
ilθ.

Noticing that

k2 − k1
k1

ψ
∂u0
∂ν

∣∣∣∣
+

= − (k2 − k1)

2π2r1

∑
p∈Z

∞∑
l=1

Sl

(
ψp−lfl + ψp+lf−l

)
eipθ,

and

r−2
1 (k2 − k1)∂θ

(
ψ̃(θ)∂θu0|+

)
=

(k2 − k1)k2
2π2r21

∑
p∈Z

p

∞∑
l=1

Sl

(
ψp−lfl − ψp+lf−l

)
eipθ,

we rewrite the Dirichlet problem above as
(17)

∆U = 0, in Ω \ ∂B1,

U |+ − U |− = − (k2 − k1)

2π2r1

∑
p∈Z

∞∑
l=1

Sl

(
ψp−lfl + ψp+lf−l

)
eipθ, on ∂B1,

k2
∂U
∂ν

∣∣∣
+
− k1

∂U
∂ν

∣∣∣
−
=

(k2 − k1)k2
2π2r21

∑
p∈Z

p
∞∑
l=1

Sl

(
ψp−lfl − ψp+lf−l

)
eipθ, on ∂B1,

U = 0, on ∂Ω.

Similar as the above, we can obtain the series solution of (17) when r1 < ρ < R.
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Lemma 2.2. When r1 < ρ < R, the series solution of (17) is given by

U(ρ cos θ, ρ sin θ) =
(k2 − k1)

2π2r1

∞∑
l=1

Tl
l
(Rlρ−l −R−lρl)

×
∞∑
p=1

Sp

[
(k1 + k2)

(
ψ−l+pf−p e

−ilθ + ψl−pfp e
ilθ
)

− (k2 − k1)
(
ψ−l−pfp e

−ilθ + ψl+pf−p e
ilθ
)]
,

where

Tl :=
−l

(k2 − k1)rl1R
−l + (k1 + k2)r

−l
1 Rl

.

Proof. Let

U(ρ cos θ, ρ sin θ) =
∑
l∈Z

Ul(ρ)e
ilθ, θ ∈ [0, 2π).

Similar to Lemma 2.1, we obtain when l > 0,
Ul(ρ) = c1ρ

l + c2ρ
−l, r1 < ρ < R,

Ul(ρ) = Ul(r1)
( ρ
r1

)l
, 0 < ρ < r1,

where c1, c2 are arbitrary constants.
Set

A := − (k2 − k1)

2π2r1

∞∑
j=1

Sj

(
ψl−jfj + ψl+jf−j

)
,

B :=
(k2 − k1)k2

2π2r21
l

∞∑
j=1

Sj

(
ψl−jfl − ψl+jf−j

)
.

Hence, by the transmission and boundary conditions on ∂B1 and ∂Ω, we have
c1r

l
1 + c2r

−l
1 − Ul(r1) = A, on ∂B1,

k2
(
c1lr

l−1
1 − c2lr

−l−1
1

)
− k1Ul(r1)

l
r1

= B, on ∂B1,

c1R
l + c2R

−l = 0, on ∂Ω,

that is, {
−(k2 − k1)r

1
1c1 + (k1 + k2)r

−l
1 c2 = k1A− r1

l B, on ∂B1,

Rlc1 +R−lc2 = 0, on ∂Ω,

which gives c1 = Tl

l R
−l
(
k1A− r1

l B
)
,

c2 = Tl

l

(
−Rl

)(
k1A− r1

l B
)
.

Hence,

Ul(ρ) =
Tl
l

(
k1A− r1

l
B
)(
R−lρl −Rlρ−l

)
, r1 < ρ < R.

Since

k1A− r1
l
B =

(k2 − k1)

2π2r1

∞∑
j=1

Sj

(
− (k1 + k2)ψl−jfj − (k1 − k2)ψl+jf−j

)
,
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it follows that for r1 < ρ < R,

∞∑
l=1

Ul(ρ)e
ilθ

=
(k2 − k1)

2π2r1

∞∑
l=1

Tl

l

(
Rlρ−l −R−lρl

)
·

∞∑
p=1

Sp

(
(k1 + k2)ψl−pfp + (k1 − k2)ψl+pf−p

)
eilθ.

Similarly, when l < 0, we have, for r1 < ρ < R,

−∞∑
l=−1

Ul(ρ)e
ilθ

=
(k2 − k1)

2π2r1

−∞∑
l=−1

T−l

l
(Rlρ−l −R−lρl) ·

∞∑
p=1

Sp

(
(k1 + k2)ψl+pf−p − (k2 − k1)ψl−pfp

)
eilθ

=
(k2 − k1)

2π2r1

∞∑
l=1

Tl

l
(Rlρ−l −R−lρl) ·

∞∑
p=1

Sp

(
(k1 + k2)ψ−l+pf−p − (k2 − k1)ψ−l−pfp

)
e−ilθ.

Thus, we obtain Lemma 2.2.

Therefore, we have the series expression of dΛB1
(ψ) thanks to Lemma 2.2, which

is

(18) dΛB1(ψ)(f)(R cos θ,R sin θ) =
∂U

∂ρ

∣∣∣∣
∂Ω

=
∑
l∈Z

λle
ilθ, θ ∈ [0, 2π),

where λ0 := 0 and for l > 0

λ−l :=
k1 − k2
π2

(Rr1)
−1Tl

∞∑
p=1

Sp

[
(k1 + k2)ψ−l+pf−p − (k2 − k1)ψ−l−pfp

]
,

λl :=
k1 − k2
π2

(Rr1)
−1Tl

∞∑
p=1

Sp

[
(k1 + k2)ψl−pfp − (k2 − k1)ψl+pf−p

]
.

Then, with the help of the expression of dΛB1
(ψ), we can estimate its norm. The

method used in next lemma is similar to that of [15]. Lemma 2.3 and Corollary 1
below will not be used in the proof of Theorem 1.1. But it is interesting to see how
the norm of the linearized Dirichlet-to-Neumann map depends on conductivities
and radii.

Lemma 2.3. The bounded operator dΛB1
(ψ) : H1/2(∂Ω) → H−1/2(∂Ω) satisfies

the following estimate:
(19)

∥dΛB1
(ψ)(f)∥H−1/2(∂Ω) ≤

25/2C|k1 − k2|
(k1 + k2)(k2 + 1)π

(Rr1)
−1

(1− (r1/R)2)

×

[ ∞∑
l=1

l
(r1
R

)2l ∞∑
p=1

p
(r1
R

)2p
(|ψ−l−p|2 + |ψ−l+p|2 + |ψl−p|2 + |ψl+p|2)

]1/2
× ∥f∥H1/2(∂(Ω)) ,

where C is explicitly given in (20). Note that C remains bounded as k2 → ∞.
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Proof. First by (9) we have

2l|S−1
l | =

∣∣∣∣Rlr−l
2

(
(k2 − k1)(k2 − 1)rl1r

−l
2 − (k1 + k2)(k2 + 1)r−l

1 rl2

)
+R−lrl2

(
− (k2 − k1)(k2 + 1)rl1r

−l
2 + (k1 + k2)(k2 − 1)r−l

1 rl2

)∣∣∣∣
= (k1 + k2)(k2 + 1)

(
R

r1

)l

×

∣∣∣∣∣1− k1 − k2
k1 + k2

(r1
R

)2l
+
k1 − k2
k1 + k2

k2 − 1

k2 + 1

(
r1
r2

)2l

− k2 − 1

k2 + 1

(r2
R

)2l∣∣∣∣∣ .
Noticed that

lim
l→+∞

∣∣∣∣∣1− k1 − k2
k1 + k2

(r1
R

)2l
+
k1 − k2
k1 + k2

k2 − 1

k2 + 1

(
r1
r2

)2l

− k2 − 1

k2 + 1

(r2
R

)2l∣∣∣∣∣ = 1 ,

which means that there exists a sufficiently large l0 ∈ Z+, such that for l > l0,∣∣∣∣∣1− k1 − k2
k1 + k2

(r1
R

)2l
+
k1 − k2
k1 + k2

k2 − 1

k2 + 1

(
r1
r2

)2l

− k2 − 1

k2 + 1

(r2
R

)2l∣∣∣∣∣ > 1

2
.

Let

c0 := min
1≤l≤l0

∣∣∣∣∣1− k1 − k2
k1 + k2

(r1
R

)2l
+
k1 − k2
k1 + k2

k2 − 1

k2 + 1

(
r1
r2

)2l

− k2 − 1

k2 + 1

(r2
R

)2l∣∣∣∣∣ ,
and for S−1

l ̸= 0 for all l > 0, we know c0 > 0. Setting

(20) C := (min{1/2 , c0})−1,

we obtain

|Sl| ≤
2lC

(k1 + k2)(k2 + 1)

(r1
R

)l
.

Similarly, we can prove

|Tl| =
l

k1 + k2

(r1
R

)l 1

1− ((k1 − k2)/(k1 + k2))(r1/R)2l

≤ l

k1 + k2

1

1− (r1/R)2

(r1
R

)l
.

So, it follows from (18) that

|λ±l| ≤
2C|k1 − k2|

(k1 + k2)(k2 + 1)π2

(Rr1)
−1l(r1/R)

l

(1− (r1/R)2)

∞∑
p=1

p
(r1
R

)p

(|ψ±l−p||fp|+ |ψ±l+p||f−p|),

for any positive integer l. Hence, we have

∥dΛB1
(ψ)(f)∥2H−1/2(∂Ω) = 2πR

∑
l∈Z

(1 + l2)−1/2|λl|2 ≤ 2πR

∞∑
l=1

l−1(|λ1|+ |λ−l|)2

≤ 8C2|k1 − k2|2

(k1 + k2)2(k2 + 1)2π3

R−1r−2
1

(1− (r1/R)2)2

∞∑
l=1

l
(r1
R

)2l
×

[ ∞∑
p=1

p
(r1
R

)p
(|ψ−l−p||fp|+ |ψ−l+p||f−p|+ |ψl−p||fp|+ |ψl+p||f−p|)

]2
.
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By the Cauchy-Schwarz inequality, we then derive[ ∞∑
p=1

p
(r1
R

)p
(|ψ−l−p||fp|+ |ψ−l+p||f−p|+ |ψl−p||fp|+ |ψl+p||f−p|)

]2

≤

[ ∞∑
p=1

p
(r1
R

)2p
(|ψ−l−p|2 + |ψ−l+p|2 + |ψl−p|2 + |ψl+p|2)

]

×

[ ∞∑
p=1

p(|fp|2 + |f−p|2 + |fp|2 + |f−p|2)

]

=

[ ∞∑
p=1

p
(r1
R

)2p
(|ψ−l−p|2 + |ψ−l+p|2 + |ψl−p|2 + |ψl+p|2)

]
2
∑
p∈Z

|p||fp|2

≤

[ ∞∑
p=1

p
(r1
R

)2p
(|ψ−l−p|2 + |ψ−l+p|2 + |ψl−p|2 + |ψl+p|2)

]
4π

R
∥f∥2H1/2(∂Ω) ,

which concludes the proof of this lemma.

Corollary 1. We have the estimate

∥dΛB1
(ψ)∥L ≤ 16C|k1 − k2|

π1/2(k1 + k2)(k2 + 1)

1

(1− (r1/R)2)3
r
1/2
1 R−3∥ψ∥L2(∂B1) ,

where C is the constant obtained in Lemma 2.3.

Proof. First note that

|ψl|2 ≤
∑
l∈Z

|ψl|2 =
2π

r1
∥ψ∥2L2(∂B1)

and

∞∑
j=1

jtj =
t

(1− t)2
, ∀ |t| < 1 .

Hence, it follows from (19) that

∥dΛB1
(ψ)∥L ≤ 25/2C|k1 − k2|

(k1 + k2)(k2 + 1)π

(Rr1)
−1

(1− (r1/R)2)
2

√
2π

r1
∥ψ∥L2(∂B1)

∞∑
j=1

j
(r1
R

)2j
=

16C|k1 − k2|
(k1 + k2)(k2 + 1)

√
π

(Rr1)
−1r

−1/2
1

(1− (r1/R)2)

r21/R
2

(1− (r1/R)2)2
∥ψ∥L2(∂B1)

=
16C|k1 − k2|

(k1 + k2)(k2 + 1)
√
π

1

(1− (r1/R)2)3
r
1/2
1 R−3∥ψ∥L2(∂B1) ,

and the corollary is established.

2.3. Proof of Theorem 1.1. In this subsection, we will give a detailed proof of
Theorem 1.1 based on the method in [15]. Firstly, we need the following two useful
lemmas.

Lemma 2.4. For any j ∈ Z, we define gj := eijθ on ∂Ω. Then

(21)

∫
∂Ω

dΛB1(ψ)(g±l)g±pdS = 4(k2 − k1)
2r−1

1 SlTpψ∓(l+p),

(22)

∫
∂Ω

dΛB1(ψ)(g±l)g∓pdS = −4(k2 − k1)(k2 + k1)r
−1
1 SlTpψ∓(l−p),

where l, p are arbitrary integers.
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Proof. We prove this lemma by straightforward calculations. We begin with the
case of f = gl, g = gp. By (18), it yields∫

∂Ω

dΛB1(ψ)(gl)gpdS = R

∫ 2π

0

dΛB1(ψ)(gl)gpdθ = 2πRλ−p.

Then, in view of the formula of λl, we have

λ−p =
2

π
(k2 − k1)

2(Rr1)
−1SlTpψ−(l+p),

since here fl =
∫ 2π

0
eilθe−ilθdθ = 2π. In other words, we have derived∫

∂Ω

dΛB1(ψ)(gl)gpdS = 2πRλ−p = 4(k2 − k1)
2r−1

1 SlTpψ−(l+p).

Next we consider the case where f = g−l, g = g−p. Similarly, by (18), we have
that ∫

∂Ω

dΛB1
(ψ)(g−l)g−pdS = R

∫ 2π

0

dΛB1
(ψ)(g−l)g−pdθ = 2πRλp,

and

λp =
2

π
(k2 − k1)

2(Rr1)
−1SlTpψl+p,

which immediately implies∫
∂Ω

dΛB1(ψ)(g−l)g−pdS = 2πRλp = 4(k2 − k1)
2r−1

1 SlTpψl+p.

In conclusion, we have established (21). The relation (22) can be derived similarly.

Now we turn to the estimates of ψj ’s.

Lemma 2.5. We can show that

|ψ0| ≤ C(k1, k2)
R3

r1
∥dΛB1

(ψ)∥L , |ψ±1| ≤ C(k1, k2)
R4

r21
∥dΛB1

(ψ)∥L

and

|ψ±l| ≤
C(k1, k2)

l

Rl+1

rl−1
1

∥dΛB1
(ψ)∥L , ∀ l ≥ 2 ,

where

(23) C(k1, k2) =
4× 10

1
4π(k2 + k1)

2(k2 + 1)

(k2 − k1)2
.

Proof. For any integer j, we define gj := eijθ on ∂Ω. Note that

∥g±l∥H1/2(∂Ω) = (1 + l2)
1
4 (2πR)

1
2 , ∀ l ≥ 1.

By the duality property, we have∣∣∣∣∫
∂Ω

dΛB1
(ψ)(gj)gj′dS

∣∣∣∣ ≤ ∥dΛB1
(ψ)(gj)∥H−1/2(∂Ω)∥gj′∥H1/2(∂Ω)

≤ ∥dΛB1
(ψ)∥L ∥gj∥H1/2(∂Ω)∥gj′∥H1/2(∂Ω)

= 2π(1 + j2)
1
4 (1 + j′

2
)

1
4R∥dΛB1

(ψ)∥L ,
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where j, j′ ̸= 0 are arbitrary integers. Moreover, we can estimate

2

|Sl|
≤ (k1 + k2)(k2 + 1)

l

(
R

r1

)l ( |k1 − k2|
k1 + k2

|k2 − 1|
k2 + 1

(r1
r2

)2l
+ 1

+
|k1 − k2|
k1 + k2

(r1
R

)2l
+

|k2 − 1|
k2 + 1

(r2
R

)2l)
≤ 4(k1 + k2)(k2 + 1)

l

(
R

r1

)l

,

which gives us

(24)
1

|Sl|
≤ 2(k1 + k2)(k2 + 1)

l

(
R

r1

)l

,

and

(25)
1

|Tl|
=
k1 + k2

l

(
R

r1

)l [
1− k1 − k2

k1 + k2

(r1
R

)2l]
≤ 2(k1 + k2)

l

(
R

r1

)l

.

Then, in (22), we take l = p = 1 and obtain

|ψ0| =
r1

4|k2 − k1|(k2 + k1)

1

S1T1

∣∣∣∣∫
∂Ω

dΛB1(ψ)(g1)g−1dS

∣∣∣∣
≤ 2

√
2π(k1 + k2)(k2 + 1)

|k1 − k2|
R3

r1
∥dΛB1

(ψ)∥L .

Similarly, in (22), choosing l = 2, p = 1 gives

|ψ±1| =
r1

4|k2 − k1|(k2 + k1)

1

T1S2

∣∣∣∣∫
∂Ω

dΛB1
(ψ)(g±2)g∓1dS

∣∣∣∣
≤ 10

1
4π(k1 + k2)(k2 + 1)

|k1 − k2|
R4

r21
∥dΛB1(ψ)∥L .

Next, letting l = p ≥ 1 in (21), we have

|ψ∓2l| =
r1

4(k2 − k1)2
1

SlTl

∣∣∣∣∫
∂Ω

dΛB1
(ψ)(g±l)g±ldS

∣∣∣∣
≤ 2π(k2 + k1)

2(k2 + 1)

(k2 − k1)2
(1 + l2)

1
2

l2
R2l+1

r2l−1
1

∥dΛB1(ψ)∥L

≤ 4
√
2π(k2 + k1)

2(k2 + 1)

(k2 − k1)2
1

2l

R2l+1

r2l−1
1

∥dΛB1
(ψ)∥L .

Likewise, taking l ≥ 1, p = l + 1 in (21) yields

|ψ∓(2l+1)| =
r1

4(k2 − k1)2
1

SlTl+1

∣∣∣∣∫
∂Ω

dΛB1(ψ)(g±l)g±(l+1)dS

∣∣∣∣
≤ 2π(k2 + k1)

2(k2 + 1)

(k2 − k1)2
(1 + l2)

1
4 (1 + (l + 1)2)

1
4

l(l + 1)

R(2l+1)+1

r
(2l+1)−1
1

∥dΛB1
(ψ)∥L

≤ 4× 10
1
4π(k2 + k1)

2(k2 + 1)

(k2 − k1)2
1

2(l + 1)

R(2l+1)+1

r
(2l+1)−1
1

∥dΛB1
(ψ)∥L

≤ 4× 10
1
4π(k2 + k1)

2(k2 + 1)

(k2 − k1)2
1

2l + 1

R(2l+1)+1

r
(2l+1)−1
1

∥dΛB1(ψ)∥L .
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Hence, we can choose

C(k1, k2) = max

{
2
√
2π(k1 + k2)(k2 + 1)

|k1 − k2|
,
10

1
4π(k1 + k2)(k2 + 1)

|k1 − k2|
,

4
√
2π(k2 + k1)

2(k2 + 1)

(k2 − k1)2
,
4× 10

1
4π(k2 + k1)

2(k2 + 1)

(k2 − k1)2

}

=
4× 10

1
4π(k2 + k1)

2(k2 + 1)

(k2 − k1)2
,

where
√
2 = 4

1
4 < 10

1
4 and |k22 − k21| < (k2+ k1)

2 used. The proof is completed.

By lemmas established above, we are ready to prove Theorem 1.1 similar to [15].

Proof of Theorem 1.1. Repeating the argument used in the proof of [15, Theo-
rem 1.1], we can prove this theorem. For readers’ convenience, we give a sketch of
the argument here. We first consider the case that A := ∥dΛB1

(ψ)∥2L is sufficiently

small. In this situation, combining Lemma 2.5, estimate
∑

l∈Z
(
1 + l2

)m |ψl|2 ≤
2π
r1
M2, and following the computation on [15, page 10], we can derive

(26)
∑
l∈Z

|ψl|2 ≤ F (t) := 5C(k1, k2)
2r41(R/r1)

2
[
(2πM2/r1)

1/2m
t−1/2m+1

]
A+ t,

where 0 < t < 2 × 3−2mπM2r−1
1 . Furthermore, one can show that there exists t0

satisfying 0 < t0 < 2× 3−2mπM2r−1
1 such that

F (t0) ≤ C2M
2r−1

1 (log(R/r1))
2m(− logA)−2m,

where C2 is explicitly given by

C2 = 5C(k1, k2)
2
+ 26m+1π

(see [15, (3.6)]). Next, it follows immediately from (26) that

∥ψ∥L2(∂B1) =

(
r1
2π

∑
l∈Z

|ψl|2
)1/2

≤
( r1
2π
F (t0)

)1/2
≤
(
C2

2π

)1/2

M

(
ln
R

r1

)m

(− lnA)−m

for 0 < A < min{A0, 1}, where A0 is the same constant obtained in [15, page 11].
On the other hand, in the case A0 ≤ A < 1, we can use the formula of A0 (see [15,
page 11]) to derive that

∥ψ∥L2(∂B1) ≤ ∥ψ∥Hm(∂B1) ≤M

≤ (− lnA0)
m
M(− lnA)−m ≤ Cm

3 M

(
ln
R

r1

)m

(− lnA)−m,

where C3 = (− ln c)/(lnX0) + 16. Recall that X0 is the constant satisfying X0 ≤
R/r1. We thus obtain the estimate (3).

Now we would like to pay attention to how the constant C in (3) is estimated.
Note that

C = max
{
(C2/2π)

1/2, C3
m
}
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with

(27) c := min

{[( e

8m

)2m
M2

0 r
−5
0 (lnX0)

2m
]2
,
1

2

}
,

and C(k1, k2) is given in (23). From (23), we see that

C2 =
80× 101/2π2(k2 + k1)

4(k2 + 1)2

(k2 − k1)4
+ 26m+1π.

Now, if

k2 ≥ max
{
23m+ 1

2π− 1
2 ,
(
(− ln c)/(lnX0) + 16

)m}
=: k̄,

then

C3
m ≤ (k2 + 1) < (C2/2π)

1/2 and C2 ≤ 2π2 · 80× 101/2(k2 + k1)
4

(k2 − k1)4
(k2 + 1)2.

Hence, we can obtain

C ≤ 4× 5
1
2 10

1
4π

1
2 (k2 + k1)

2

(k2 − k1)2
(k2 + 1).

Since (k2+k1)
2

(k2−k1)2
is monotonically decreasing in k2, we immediately conclude that

C ≤ 4× 5
1
2 10

1
4π

1
2 (k̄ + k1)

2

(k̄ − k1)2
(k2 + 1) for k2 > k̄ .

Remark 5. If there is no lower bound assumption for k2 in the proof of Theorem
1.1, we can let k2 = 1 and, therefore, r2 = R. We observe that the solution in
Lemma 2.1 is the same as in the two-layer case [15]. Estimate (24) becomes

1

|Sl|
≤ 2(k1 + 1)

l

(
R

r1

)l

,

which implies that C(k1, k2) is same as the estimate in [15]. In other words, in this
situation we obtain the same estimates as those in [15].

3. The case of n-layer inclusions. In this section, we set Ω := BR(0), Bi :=
Bri(0), 0 < r1 < r2 < · · · < rn < R,

LB1,B2,··· ,Bn
u0 := ∇ · ((k1χB1

+ k2χB2\B1
+ · · ·+ knχBn\Bn−1

+ χBR\Bn
)∇u0),

where ki > 0, and ki ̸= 1, i = 1, 2, · · · , n. Now the Dirichlet boundary problem is

(28)

{
LB1,B2,··· ,Bn

u0 = 0 in Ω,
u0 = f on ∂Ω.

From the method used in Section 2, we know that the key step is to evaluate the
determinant of the matrix for the linear system derived from the method of Fourier
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series, i.e.

(29)



Rlx1 +R−lx2 = 1
2πfl,

rlnx1 + r−l
n x2 − rlnx3 − r−l

n x4 = 0,
kn+1r

l
nx1 − kn+1r

−l
n x2 − knr

l
nx3 + knr

−l
n x4 = 0,

rln−1x3 + r−l
n−1x4 − rln−1x5 − r−l

n−1x6 = 0,

knr
l
n−1x3 − knr

−l
n−1x4 − kn−1r

l
n−1x5 + kn−1r

−l
n−1x6 = 0,

...

−(k2 − k1)r
l
1x2n−1 + (k1 + k2)r

−l
1 x2n = 0,

where we choose kn+1 = 1. Denoting the determinant in (29) by Dn(R
l, R−l), that

is,

Dn(R
l, R−l) :=∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Rl R−l 0 0 · · · 0 0

rln r−l
n −rnl −r−l

n · · · 0 0

kn+1r
l
n −kn+1r

−l
n −knrln knr

−l
n · · · 0 0

0 0 rln−1 r−l
n−1 · · · 0 0

0 0 knr
l
n−1 −knr−l

n−1 · · · 0 0

...
...

...
...

. . .
...

...

0 0 0 0 · · · −rl2 −r−l
2

0 0 0 0 · · · −k2rl2 k2r
−l
2

0 0 0 0 · · · −(k2 − k1)r
l
1 (k1 + k2)r

−l
1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Then we can show that

Theorem 3.1. The determinant Dn(R
l, R−l) satisfies the following bound:

(30) |Dn(R
l, R−l)| ≤ 2n(k1 + k2)(k2 + k3) · · · (kn + kn+1)X

l,

where X := R
r1
.

Proof. We prove (30) by induction. Firstly, calculating D1, D2, D3 directly, we have

D1(R
l, R−l) = (k1 + k2)R

lr−l
1 (k2 − k1)R

−lrl1,

D2(R
l, R−l)

= Rlr−l
2

(
− (k2 + k3)r

l
2(k1 + k2)r

−l
1 − (k2 − k3)r

−l
2 − (k2 − k1)r

l
1

)
−R−lrl2

(
− (k2 − k3)r

l
2(k1 + k2)r

−l
1 − (k2 + k3)r

−l
2 − (k2 − k1)r

l
1

)
= Rlr−l

2 D1(−(k2 + k3)r
l
2, (k2 − k3)r

−l
2 )−R−lrl2D1(−(k2 − k3)r

l
2, (k2 + k3)r

−l
2 ),
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D3(R
l, R−l)

= Rlr−l
3

(
− (k3 + k4)r

l
3r

−l
2

(
− (k2 + k3)(k1 + k4)r

l
2r

−l
1 − (k2 − k3)− (k2 − k1)r

−l
2 rl1

)
− (k3 − k4)r

−l
3 rl2

(
− (k2 − k3)(k1 + k2)r

l
2r

−l
1 − (k2 + k3)− (k2 − k1)r

−l
2 rl1

))
−R−lrl3

(
− (k3 − k4)r

l
3r

−l
2

(
− (k2 + k3)(k1 + k2)r

l
2r

−l
1 − (k2 − k3)− (k2 − k1)r

−l
2 rl1

)
− (k3 + k4)r

−l
3 rl2

(
− (k2 − k3)(k1 + k2)r

l
2r

−l
1 − (k2 + k3)− (k2 − k1)r

−l
2 rl1

))
= Rlr−l

3 D2(−(k3 + k4)r
l
3, (k3 − k4)r

−l
3 )−R−lrl3D2(−(k3 − k4)r

l
3, (k3 + k4)r

−l
3 ).

In general, we can show the recurrence formula:

(31)
Dn(R

l, R−l) =Rlr−l
n Dn−1(−(kn + kn+1)r

l
n, (kn − kn+1)r

−l
n )

−R−lrn
lDn−1(−(kn − kn+1)r

l
n, (kn + kn+1)r

−l
n ).

To establish (30), it is easy to see that

|D1| = (k1 + k2)X
l
[
1− k1 − k2

k1 + k2

( 1

X2l

)]
≤ 2(k1 + k2)X

l.

For D2, we have

|D2| =
∣∣∣Rlr−l

2 D1(−(k2 + k3)r
l
2, (k2 − k3)r

−l
2 )−R−lrl2D1(−(k2 − k3)r

l
2, (k2 + k3)r

−l
2 )

∣∣∣
≤

∣∣∣Rlr−l
2 D1(−(k2 + k3)r

l
2, (k2 − k3)r

−l
2 )

∣∣∣+ ∣∣∣R−lrl2D1(−(k2 − k3)r
l
2, (k2 + k3)r

−l
2 )

∣∣∣
≤ Rlr−l

2 · 2(k1 + k2)
(k2 + k3)r

l
2

rl1
+R−lrl2 · 2(k1 + k2)

(k2 + k3)r
−l
2

rl1

≤ 4(k1 + k2)(k2 + k3)X
l.

By induction and using (31), we obtain

|Dn| ≤ 2n(k1 + k2)(k2 + k3) · · · (kn + kn+1)X
l,

and hence the proof.

Proof of Theorem 1.2. Combining (30) with kn+1 = 1 and the definition of Sl

in (9) gives

1

|Sl|
=

|Dn|
4l

≤ 2n−2(k1 + k2)(k2 + k3) · · · (kn + 1)X l

l
,

which is used to replace (24). Estimate (25) remains unchanged. Following the
proof of Lemma 2.5, we can derive similar estimates as in Lemma 2.5 except that
C(k1, k2) is replaced by

C(k1, k2, · · · , kn) =
Cn(k2 + k1)

2(k3 + k2) · · · (kn + 1)

(k2 − k1)2
,

where Cn is a constant number depends only on n. The rest of the proof of The-
orem 1.2 is similar to that of Theorem 1.1. The only modification is that C2 now
is given by C2 = 5C(k1, k2, · · · , kn)2 + 26m+1π. Observe that in the proof of The-
orem 1.1, we estimate C2, C3 in terms of k2 + 1. Here, k2 + 1 is replaced by
(k3 + k2) · · · (kn + 1).
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4. Conclusion. In this paper, we establish the stability estimates of the linearized
problems for the inverse three-layer and n-layer inclusions problems. Our first result
is the stability estimate for the case of three-layer inclusions. The estimate demon-
strates that the stability deteriorates when the unknown inclusion is hidden deeply
inside the domain or the conductivity outside of the inclusion is large. Following
the same strategy, we also prove a similar estimate for the case of n-layer inclusions
in which the explicit dependence of constant on conductivities kj ’s is derived. The
estimate shows the phenomenon of deteriorating stability when the conductivity of
any layer outside of the unknown inclusion increases. Moreover, in our estimates,
like the main conclusion of [15], the influence of the depth of the unknown inclusion
in the stability estimate is also observed.
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