A HIGHER-DIMENSIONAL PARTIAL LEGENDRE TRANSFORM
LING WANG

ABSTRACT. In this short note, we outline the application of a higher-dimensional
partial Legendre transform in the study of Monge-Ampeére equations. The main
focus includes presenting interior regularity results for certain degenerate Monge-
Ampere equations established by Rios, Sawyer, and Wheeden [RSWI], the global
smoothness of the eigenfunctions of the Monge-Ampeére equation obtained by Le
and Savin |[LS2], and a Bernstein-type theorem for some singular Monge-Ampére
equations due to Huang, Tang, and Wang [HTW]. Additionally, we discuss possible
extensions of this approach to fourth-order equations at the end of the note.

1. INTRODUCTION

In this short note, we introduce a higher-dimensional partial Legendre transform
associated with a convex solution w. This transform is a natural generalization of the
classical two-dimensional partial Legendre transform and serves as a powerful tool for
deriving interior estimates for certain degenerate Monge-Ampere equations.

The two-dimensional partial Legendre transform has been widely applied in the
study of Monge-Ampere equations, including Monge-Ampere type fourth-order equa-
tions and linearized Monge-Ampere equations [WZIl Wa]. For a comprehensive
overview of these applications, we refer to the survey by the author and Zhou [WZ2].
However, the study of the higher-dimensional partial Legendre transform remains
relatively sparse. One possible reason is that, unlike the two-dimensional case, the
transformed equations in higher dimensions often retain some nonlinearity, mak-
ing their analysis still more challenging. Nevertheless, by imposing certain nonde-
generacy conditions on part of the Hessian matrix of the convex function u, some
progress has been made using the higher-dimensional partial Legendre transform; see
[RSW1l RSW2, [LS2] HTW]. The main purpose of this note it to outline the role of
the higher-dimensional partial Legendre transform in these works. Before presenting
the main results, we first define the higher-dimensional partial Legendre transform
and derive some useful identities that will aid our analysis.

We consider a convex solution u to the Monge-Ampere equation

(1.1) det D*u = f(x,u, Du), x €,

where f is smooth and nonnegative in {2 x R x R", and {2 is a convex domain in R".
The partial Legendre transform in the a’-variable is given by

WY yn) = sup (2 y' — (@', yn))
Date: March 25, 2025.



2 LING WANG

where the supremum is taken with respect to ' for fixed y,, i.e., for all 2’ such
that (2/,y,) € Q. This definition is generalized two-dimensional partial Legendre
transform. When v € C?(Q) is strictly convex in the z’-variable, the mapping

P (2, x,) = (Dpu(z), x,)
is injective, and we denote the image of €2 under P as Q*. In this case, we have
u(y) =2 Dpu—u(z) in Q.

This follows directly from the strict convexity of u with respect to the a’-variable
IGPJ.
By direct computations, we have

OYn OYn
= = 1
oz’ 0 oz, ’
oy’ 2 oy 2
% — DZ"”’ 8xn — D.T'J?7Lu7
and
0, 0r, ]
oy’ T Oy,
o’ _
oy (D2u)™!,
Ox; ni 2 \—1 .
9y =U"(det Dyu), i=1,2,---,n—1,

where {U%} is the cofactor matrix of D?u.
Using these transformations, we find that

* * y —
Uy = —Ug, and uy = x;, 0 =1,2,-+- ;n—1,
and
n n—1 :
2 2 \—1 * Oy, Ox; um™
Dyu* = (D7u)™, Uy = — g = —Ug,z, — E Ugszy 5
— ox; Oy, — det DZ,u
1 1=
Since

det Di,u* = (det D2u)~' = 1/U™,
it follows that

—ur n—1 Um
YnYn 2
—_Un¥n |y, + Up.o. ———— | det D% u
det D;,u* nn ; T det D2 u x
n
= Z Ug,z, U™ = det D*u.
i=1

Then combining ([1.1)), we have
(1.2) F(Dy* Y,y - Dyu* —u*,yf, —uy, ) det Dou* +uy = 0.

YnYn
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The organization of this note is as follows. In Section 2] we present the interior reg-
ularity of degenerate Monge-Ampere equations arising from prescribed Gaussian cur-
vatures. Next, in Section [3, we demonstrate the global smoothness of the eigenfunc-
tions of the Monge-Ampere operator. Then, a Bernstein-type theorem is established
in Section [4 Finally, in Section [5] we discuss possible extensions to Monge-Ampere
type fourth-order equations.

2. REGULARITY OF DEGENERATE MONGE-AMPERE EQUATIONS

In this section, we investigate the regularity of solutions to the generalized Monge-
Ampere equation,

(2.1) det D*u = f(x,u, Du) ~ (|z,|*™ + ¢(2)) K (z,u, Du),

where K is a smooth and positive function defined on 2 x R x R", v is smooth and
positive on 2, m is a positive integer, and ¥'/?™ is Lipschitz continuous. This type of
equation arises in prescribed Gaussian curvature problems, which have been exten-
sively studied using various methods. We briefly review some historical developments
here.

When f > 0, equation is elliptic, and its theory is well developed. For instance,
if f = f(z), Caffarelli, Nirenberg, and Spruck [CNS] established the existence of a
unique smooth convex solution u to the Dirichlet problem for in 2 with smooth
data, provided that 0f2 has positive Gaussian curvature. However, if f is allowed to
vanish in ©, regularity may fail dramatically. For example, if u(z) = |z|**%, then by
rotation invariance and homogeneity, holds with f = c¢,|z|?>. Consequently, u
is a C%= solution and cannot possess higher regularity, even though f is an analytic
function that vanishes to the least possible order. The best possible regularity for
the degenerate Dirichlet problem was established by Guan [Gu2|] and later refined by
Guan, Trudinger, and Wang [GTW]; for nonnegative and smooth f, they proved the
existence of a unique convex solution u € C*1(Q) to the Dirichlet problem for (2.1)
in the Alexandrov sense.

In two dimensions, Guan [Gul] demonstrated that a C*'(Q) solution u to is
smooth if f vanishes to finite order in a specific sense and if one principal curvature
of u is bounded away from zero. This result highlights the rank of the Hessian of u as
a crucial obstacle to regularity, even in subelliptic cases. In higher dimensions, Rios,
Sawyer, and Wheeden [RSW1] extended Guan’s regularity theorem by employing a
higher-dimensional partial Legendre transform. They showed that a convex solution
u € C*1(Q) to is smooth if f vanishes to finite order in a certain sense and if
at least n — 1 of the principal curvatures of u remain bounded away from zero (fewer
than n — 1 nonvanishing principal curvatures are insufficient).

In the following, we present the method developed by Rios, Sawyer, and Wheeden,
which employs the higher-dimensional partial Legendre transform to establish specific
regularity properties of solutions. The main result is stated as follows.
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Theorem 2.1. Let u € C*1(Q) be a convex solution to [2.1)). If we further assume
that the determinant of the Hessian with respect to the variables ¥’ = (1, ..., 2, 1),
denoted by det D% u, is positive everywhere in ), then u € C®(Q).

In proving Theorem [2.1] we follow the approach of Rios, Sawyer, and Wheeden
[RSW1]|, which extends Guan’s two-dimensional result [Gul]. To proceed, we first
introduce some definitions and theorems.

Definition 2.2. Let A(z) = [a;(7)]};=; be a symmetric nonnegative matriz with
bounded measurable coefficients defined in a domain 2 C R™. We say that a vector
field T =3"" O‘i(x)a%i’ with bounded coefficients «;, is subunit with respect to A(x)
i ) af
n 2 n
<Z al(:r)@) S Z aij(x)fifj, €T € Q, f € R™.
i=1 ij=1

Definition 2.3. Let A(z) = [ay;(7)]};=; be a symmetric nonnegative Lipschitz matriz
defined in a domain Q C RY. We say A(x) is subordinate in € if

2
n "9 n

=1 \i=1 9V ij=1

Note that (2.2) can be rephrased as
[0eA)]” < CAly), yeq,

where B < A means A — B is nonnegative semidefinite. We will use ([2.2) mainly
when N = n, in which case A(x) is subordinate in € if and only if there is ¢ > 0 such

that the vector fields associated to the rows ofd,A(x), namely ¢\, a%gaij ()52, are
subunit with respect to A(z) in Q for 1 <j<n, 1</ <n.
Definition 2.4. Let A(z) = [ai;(z)]};=; be a symmetric nonnegative semidefinite
matriz with bounded measurable coefficients defined in a domain Q@ C R™. We say
that
o, (v )
Lu := — | aij(x)=—

Z Ox; aj(x)@:nju

i,j=1
is a-subelliptic in Q for a > 0, if there is a positive function C(-,-,-,-,-) defined

on P(2) x [0,00) x [0,00) X [0,00) X [0,00), increasing in each variable separately,
such that for all m-tuples T = (T4, --- ,Ty,) of bounded subunit (with respect to A(x))
vector fields, all bounded functions f, g, and all compact subsets K of €2, every weak
solution uw € W2(Q) to the divergence form equation

Lu=f+T-g
satisfies
Jullce(ry < C (K, [ull 2y, | f Lz, 18] oo (), m) -
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Definition 2.5. We say that L = V' A(x)V is a-elliptic extendible in Q for a > 0, if
for every xy and £y with xo € 01 CC 2, there exists a symmetric smooth nonnegative
subordinate matriz B(x) in Q satisfying:

(1) B(x) vanishes in a neighborhood N CC Qy of o,
(2) B(x) is elliptic in Q\ Qy,
(3) The perturbed operator

L.=V'(A(z)+ B(z) +el)V
is a-subelliptic in 2, uniformly for 0 < e < 1.
We will need the following extension of a theorem in [Gul].

Theorem 2.6. Suppose p = (pg)i<i<n, Vv = (v)1<e<n, € C*Y(Q), and that p is a
weak solution of the system

"9 ( 0 >
_ S ’ ) = <<
(2.3) 2 o a;;(z,v,p) axjpg he(z,v,p,Dp), 1<{<N,

where a;; € C™(T), T is a subdomain of @ x RN xRN, A(z,v,p) = [a;;(z, v, p)|},—
18 symmetric, nonnegative semidefinite, and subordinate in relatively compact subdo-
mains of T, h = (hy)1<<ny € C®°(T x R™™) and where

Dv =¥(x,v,p),
for ® € C=(I'). Let

L VAT =3 2 (a1 )

ij=1

be the scalar linear operator with a;;(z) = a;j(x,v(z),p(z)). Suppose that L is a-
elliptic extendible in Q for some a > 0, that

(2.4) trace A(z) > ¢>0 in €,
and that h has the product decomposition
M
hé(xa v, P, Dp) - HZ,O(‘IJ Vv, p) + Z Hf,u(xa Vv, p)(I)g“u(l’, v, p, Dp)7 1 S 14 S N7
pn=1

with Hy,, and ®4,, smooth functions of their arguments, and where the vector fields

9
Oa:k

are subunit with respect to /~1f07" 1<u<<M 1<l¢<N,1<k<n. Then the
functions p and v are both smooth in Q.

HZ,M(J:7 V(fL’), p(ZL‘))
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The reverse Holder norm ||a||gy,, of a nonnegative function a on the real line is
given by the least constant C' such that

1
supa(s) < C—/a(s) ds,
sel ’[| I
for all intervals I.
Theorem 2.7. Let A(z) = [ay;(2)]} =, with a;; € L>(Q), satisfying for some ¢, C' >
0:

c(&+a@?lE) <(A@), ) < C (& +a@)E), Yre £=(¢ &) R
where the coefficient a(x) satisfies ||aljcor) < C, |la(2’,-)||ra. < C, and the non-
degeneracy ||la(z',")||= > ¢ > 0 for 2’ = (z1, - ,2,-1) € R""'. Then the operator
L =V'A(z)V is a-subelliptic in Q with o > 0 depending only on ¢, C.
Proof of Theorem[2.1]. Denote v = %u* for some ¢ € {1,2,...,n—1}. Differentiating
(1.2) with respect to y, yields

a 2 %
a—w (f det Dy/u ) + 'Uynyn = 0
Since
n—1
2 K, *xik  x
0,0 det Dyu” = Z Uy "y,
k=1
we obtain

0= 8iyg (f det D2 u*) + vy,y,

0
Oy
0
_ayi

A fUs 0
0 1)’

where U}, denote the cofactor matrix of D} u*. Thus, U, = (det DZu)"'D2u. In
order to apply Theorem [2.6) with x there replaced by y, we consider the linear operator

0 ( * ’ * o I *ij 0 ) &
ayz f(Dy’u <y>7yn’y Dy’u (y) u (y)7y7 Uyn(y>>Uy/ (y)ayj + 3%217

(fouU b, ) + Vg,

YeYk

(fU;fkvyk) + Vyyn -

Hence we know

V/AV =

here A is given by

i (f (Dyw*(y), Yns ¥ - Dyuw*(y) — u*(y), ¥, —uy, (¥)) Uz (y) 0)
0 1)’
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and the function f satisfies

f o~ (™™ + 9 (Dyu(y), yn)) KDy (y), yn, y' - Dy (y) — u(y), ', —uy, (1))

We now verify the hypotheses of Theorem [2.6, The lower bound ¢ = 1 in the trace
(2.4) is obvious. Note that since Uy, = (det D2 u)~"D}u is positive definite by as-
sumption, the quadratic form of A has a lower bound

§-AE > cflE +&, VE=(E,6) ER™

The standard inequality |Df| < C'v/f now shows that A is subordinate in relatively
compact subdomains of its domain. Thus in order to apply Theorem 2.6] it only
remains to prove that V' AV is a-elliptic extendible in Q*.

So for fixed point yo € Q0*, without loss of generality, we may suppose that f =0
at yo and that in fact yo = 0. We choose 6 > 0 sufficiently small and a smooth
nonnegative function n(y’), such that n = 0 for |y/| < §, n > 0 for |¢/| > 2§ and

n(y') 2w is Lipschitz (i.e. all zeroes of 7 vanish to order at least 2m). Then we define

B Ny ) -1 0
o 0o o)’

where [,,_; denotes the (n — 1) x (n — 1) identity matrix. Clearly the operator
V(A + B)V is elliptic in Q*\ Bas since |y,|*™ + n(y') is positive there, and V'(A +
B)V = V'AV in B;. The inequality |Dn| < C'/n shows that B is subordinate in (*.
We further observe using ([2.1)) that

¢ (& +a(y)?IE]P) <€A+ B+eDE < C (€ +a(p)’lE])

for 0 < e < 1, where

(2.5) a:(y) = \/Iynl2m +P(Dyur(y), yn) +n(y') +¢

since Uy, is positive definite and K is positive in Q*. We now claim that a.(y) satisfies
the hypotheses of Theorem [2.7] uniformly in 0 < & < 1, namely that

lacllcor e < C,
(2.6) lae(/, Mgz < C,
lae(y/, )| > ¢ > 0.

With this established, Theorem completes the proof that V' AV s a-elliptic
extendible in 2*. Then Theorem shows that Ju*, 1 < ¢ < n — 1 are smooth in
Q*. Since % = det D?u > 0, we conclude that u is smooth in ©, and this completes
the proof of Theorem [2.1

So it remains to prove . It is enough to prove the case ¢ = 0 since we may
replace ¢ by 1 +¢ in (2.5). We now write a(y) for a.(y). The first inequality in (2.6)
follows immediately from the fact that D, u* is Lipschitz, since then so also are the
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functions |y, |, Y(D,u*, yn)2m and n(y) 2= , and hence their 2™ length as a vector in
R?; a(y) is the m™ power of this length. The RH,, inequality,

supa(y', s) / (v, s)ds,
sel ’[|

for all intervals I and points 3/, is easier to check separately in the two cases

sup |s|™ > sup \/¥(y/, ),

sel sel
sup [s|™ < sup V¥ (v/, 5),
sel sel

where we have set @Z(y’ Un) = V(Dyu*(y), yn) +1(y'). Indeed, in the first case

supa(y, s) <C’sup| " < C— /| ™ ds < —/a(y’,s)ds
el 7| 11 Jr

sel
supa(y’,s) < C'sup \/U(y',s).

sel sel

Let s, € I be such that \/9(y/, s1) = SUD,e /(. s). Then we observe that
1™ < Csup |s|™ < CV (Y, 51)

sel

In the second case,

implies
s > 1.
Since U(y, yn)2m = [Y(Dyu*(y), yn) + n(y’)]ﬁ is Lipschitz, we have

Py ) 2 0 51)™

for y, in an interval J of length at least c¢|/| that contains s; and is contained in /.

Then we conclude,
1 1 ~
m/a(y’,s) ds > m/ Vu(y,s)ds
I

2]
>
|I‘ 22ﬂ1@b(y 81)
I
> cu sup a(y', s)
|]1 sel
> csupa(y’, s).
sel

The nondegeneracy inequality in (2.6)) follows from a(y) > |y.|™. O
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3. SMOOTHNESS OF THE EIGENFUNCTIONS OF MONGE-AMPERE EQUATIONS

In this section, we prove the global smoothness of the eigenfunctions of the Monge-
Ampere operator (det D?u)'/". The eigenvalue problem for this operator was first
investigated by Lions [Li], who demonstrated that there exists a unique (up to positive
multiplicative constants) nonzero convex eigenfunction v € C*1(Q)NC>(Q) satisfying
the problem

5.1 (det D?u) " = Mu| in Q,
' u=0 on 0f2.

We note that A, called the Monge-Ampere eigenvalue of {2, has an interesting sto-
chastic interpretation given by Lions [Li]. The question of obtaining global higher
derivative estimates up to the boundary for the eigenfunction u is a well-known open
problem, see for example Trudinger and Wang’s survey paper [TW3].

In the two-dimensional case, Hong, Huang, and Wang [HHW] resolved this ques-
tion affirmatively. In higher dimensions, Savin [Sa] established the global C?(Q)
estimate for the eigenfunction u. Later, using Savin’s C?-estimate from [Sa] and per-
turbation arguments [Cal [CC], Le and Savin [LS2] obtained basic boundary Holder
second derivative estimates for solutions to det D*u ~ d3,, which in turn led to global
C?# estimates up to the boundary for eigenfunctions of the Monge-Ampere operator
(det D?u)/™. Finally, by employing the higher-dimensional partial Legendre trans-
form, they resolved the problem of global smoothness of the eigenfunction u in all
dimensions.

In the following, we will present their arguments related to the higher-dimensional
partial Legendre transform. We begin by stating the main theorem.

Theorem 3.1. Let Q be a bounded and uniformly convexr domain in R". Assume

00 € C* and u satisfies (3.1). Then u € C®(Q).

As stated earlier, we first need to establish the global C?# estimates for the eigen-
function u, which is both essential and intricate. For the details, we refer to the
original paper [LS2], and we simply state the result here for later use.

Theorem 3.2 ([LS2, Theorem 1.3]). Let Q2 be a bounded and uniformly convex domain

inR™. Assume 0Q) € C*P with 5 € (O 2 ), and u satisfies (3.1). Thenu € C%P(0Q).

) n+2

To prove Theorem , we first perform a Hodograph transform and reduce
to a similar equation in the upper half-space. Then, we apply the partial Legendre
transform in the nondegenerate x’ coordinates. The structure of the equation satisfied
by the transformed function allows us to utilize the C*# estimates for the Monge-
Ampere eigenfunctions obtained in Theorem [3.2] along with Schauder estimates for
linear equations with Holder coefficients modeled by a degenerate Grushin-type op-
erator. These steps yield the desired global C'*° regularity.

We first write an equation in the upper half-space that is locally equivalent to (3.1)).
After a dilation we may assume that A = 1. The Monge-Ampere eigenfunctions are
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C® in the interior of €2, so it remains to prove their C*° smoothness near the boundary
092. Assume that 0 € 92 and e, is the inner normal of 92 at 0. We make the rotation
of coordinates

Yn = —Tpi1, Ynt1 =T, UYp =2, (1<k<n-—1).

In the new coordinates, the graph of u near the origin can be represented as y,, 11 =
u(y) in the upper half-space R} = {y € R" : y, > 0}. The tangent plane at 0 is
given by

Tptl — UnTy — Uk = 0.

After the above rotation of coordinates, it is given by

Yn U,
—Yn — UnYny1 — UkYr =0, OF Ypi1 +—+ —yp = 0.
Uy Uy
Hence
~ ~ U
Uy, = — > 0 (near 0), u,, =——.
Ug,, Up,

Note that the Gauss curvature is invariant under the transform, hence
det D*n  detD?u |u|™
1+ |Dul?)

(L+ D)™ (L+[Dul)®
Now, we obtain the following equation in a neighborhood of the origin in the upper
half-space {y, > 0}:

n+2 1
~ ~ 9\ nt2 1+|Dﬂ|2 2 1\ n+2 N

D% = K(1+ |Du»)"s = n(— T _ gt
det (L4 1Duf) = =yl 1 + |Dul? [nl u2 YnUp

Near the origin, the boundary 02 is given by z,, = ¢(2’) in the original coordinates.
Thus, the boundary condition for @ is u = ¢ on {y, = 0}. Thus, locally, we have for
some small rq > 0 (now relabeling y by x)

{det D*u = 2™u"* in B

(3.2) U= on {z, =0} N B,,.

Since u € C*#(Q) by Theorem we have u € 02’5(§:;) for some small g > 0, and
U, > c. It remains to show that solutions of with ¢ € C'™ are smooth up to the
boundary in a neighborhood of the origin. For simplicity of notation, we relabel u
from (3.2) as u. Now, we apply the partial Legendre transformation to the solutions
u of (3.2]). Combining , we know that if u satisfies , then u* (which is convex

in ¢’ and concave in y,) satisfies
{yz(—u*)’“r2 det DYu* +uy, =0 in By,

3.3 "
53 u'=¢" on{y, =0} N B,

where oo = n. Moreover u* € 02’5(§;), —uy > cand ¢* € C*.



A HIGHER-DIMENSIONAL PARTIAL LEGENDRE TRANSFORM 11

In order to obtain the smoothness of u* from (3.3]), we should establish Schauder
estimates for its linearized equation. We consider linear equations of the form

n—1
(3.4) s Z a"vij + Vpy = 28 f(2)
ij=1
with @” uniformly elliptic
My < (aij)1§z‘,j§n—1 < AIL,_;.
We define the distance d, between two points y and z in the upper half-space by

24« 24«

do(y,2) =y — 2|+ |yn® — 2a?

2

If function w is C7 respect to d, (with vy € (O, T

)), we write

we Cl(BY)

and define
-~ lw(y) —w(z)] _
[w]cg(ﬁf) - yvi:gf W7 Hw”cg(ﬁr) - Hw”Loo(E;r) + [w]cz(ﬁf)'
y#£z

Then we have
Proposition 3.3 (Schauder estimate). Assume that v solves in F; and
v=p) on{x,=0} HF;.
IfaV, f € CQ(F;) with 3 < %, and p € C*7, then
Du, D*v € C)(Bj ).

The proof of Proposition is standard, and we refer to Section 6.3 of |[LS2] for
the detailed proof. By repeatedly differentiating in the z’ direction, we readily
obtain Schauder estimates for higher derivatives. Below, m = (my, ..., m,_1) denotes
a multi-index with m; being nonnegative integers.

Corollary 3.4. If in Proposition © € OF27 for some integer k > 0 and
D7 D7 f e CH(BY) Vm with |m| <k,
then
DD™v, D*D"v € C’;(E;/Q) V'm with |m| < k.
Now, we are ready to prove Theorem |3.1
Proof of Theorem[3.1]. Recall u* satisfies :
{yﬁj(—u;)mr2 det DY u* +uy, =0 in By,
u* = ¢* on {y, =0} N By,
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with a =n, u* € C’Q"B(F:), —uy > cand ¢* € C™.
Fix k < n. Then v = uj, solves the linearized equation
n—1
(35) yg Z aijvij + Upp = ygf(y) in Bg_
ij=1
where - -
@ = (~u)"U, Fy) = 0+ 2)(-u) "y, det Dy,
and U} denotes the cofactor matrix of D2u*. Since u* € C*P (BY) we obtain
Du*, D2u* € C1(By) for some small v > 0, hence ¥, f € C1(B, ).

By Proposition , D%y € C up to the boundary in E;/Q which in turn implies
Dya”, D, f € CY (F;/Q). Now we may apply Corollary and iterate this argument
to obtain that D;’?Dénu* with [ € {0, 1,2} are continuous up to the boundary in B;r/2
for all multi-indices m > 0. In order to obtain the continuity of these derivatives for
all values of [ we differentiate the equation for v* and use that o = n is a nonnegative
integer. Then each derivative D;’}Dénu* with [ > 3 can be expressed as a polynomial
involving powers of y,, and derivatives DZ,DZnu* with s < [, thus u* € C*® (E;/Q) as
desired.

4. BERNSTEIN THEOREM FOR A SINGULAR MONGE-AMPERE EQUATION

In this section, we prove a Bernstein theorem for the singular Monge-Ampere type
equation in the half-space, as established by Huang, Tang, and Wang [HTW]. This
type of Bernstein theorem arises from investigating the regularity of the free boundary
in the Monge-Ampere obstacle problem. Specifically, Huang, Tang, and Wang [HTW]|
studied the regularity of free boundaries for the fully nonlinear elliptic equation of
Monge—-Ampere type:

(4.1) {det D2U = fX{D>0} in Q,

v =1 on 0f),

where () is a bounded domain in R”, f and vy are positive functions on 2, and y is
the characteristic function.
After applying the classical Legendre transform,

u(z) = ?leelg{x cy—v(y)}, z€Q:=Du(Q),

equation (4.1) transforms into the following Monge-Ampere equation with a point
singularity:

(4.2) det D*u = g(Du) + ¢*éy in QF,
where g(Du(z)) = ﬁ at y = Du(z), and ¢* = |[{v = 0}| is a constant. By duality,
we know

0u(0) = {v = 0}.
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Hence, heuristically, to establish the regularity of the free boundary d{v = 0}, it
suffices to obtain the regularity of u in the spherical coordinates (since u is most
likely singular at 0).

In spherical coordinates (6, 7), we make the change

(0, r)

0,r) = . s=r2,
(0,r) ="
which transforms (4.2)) into
(4.3)
n)2 n(n+2) ¢s n n
(5) Gos + ( 4+ )% §<891 T 5Cs€n71
d %gséh <0101 + C + %Sgs e <610n71 .
et : : : =g
%Csenfl <919n71 T gen—lenfl +¢+ %SCS

Then the regularity of the free boundary d{v = 0} is thus reduced to that of ¢ in
(4.3). A standard approach to obtain regularity is to use a blowup argument, which
simplifies equation (4.3]) to the following equation:

2
¢znmn + %% wxnxl e wwnxn,1

wmnm wmm e %wnfl

det = constant in R,

wﬁnkal wzlwnfl o 'wfnflwnfl

where R} = R" N {z,, > 0}. Hence, a key step is to classify all solutions to the above
equation in the half-space.

For simplicity, we relabel 1) as © and assume the right-hand side constant is 1, i.e.,
we consider the following singular Monge-Ampere equation in the half-space:

U
Uy T 025 Ugpoy 0 Uy
Uz, x1 Ugyzy = Uzizy_q
(4.4) det : o . =1 inR%.
Uzpzn—1  Uzizp_y """ Uzy_qzn_

We now state the following Bernstein theorem.

Theorem 4.1. Letu € CY1(RY) be a solution to (&.4) with constant b > —1. Assume
that Du(0) = 0, u,, (2/,0) = 0 Va’ € R"', and equation (4.4) is uniformly elliptic.
Then u s a quadratic polynomial of the form

n—1

1 1
(4.5) u(z) = 5 Z CijTi%j + éc,mxf“

i,j=1

n—1

where {c;; ij=1 s posilive definite and cp, > 0.
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To prove the Bernstein theorem, we should make use of the Holder continuity for
the following degenerate elliptic equation:

(4.6) O (220,0) + Z 8, (ai;(x)0v) + Z bi(z)dv = f(x) in R".

We assume that the coefficients a;; and b; satisfy the following conditions:

(i) a;; are measurable and satisfy
CHEP < a;;&:&5 < C.lE?, VEeR™

where C is a positive constant.
(ii) by = -+ =b,—1 = 0 and b,, is a positive constant.

Proposition 4.2. Let v € C*(Bf") N L>=(B{") be a solution to ([.6). Assume condi-
tions (i), (ii), and f € LY(By) for some ¢ > (n+ 1)/2. Then v is continuous up to
{z, = 0}, and there exists o € (0,1) such that

(47) |u<x>—u<az>|sc(sup\u|+||fum(3;>) r " Vi€ B,
Bl

where o and C' are positive constants depending only on n, b, q, C..

The Holder continuity of solutions for degenerate elliptic equations has been studied
by many authors. For proofs of Proposition , we refer the reader to [FP] and
[HHH]. To apply Proposition to the singular Monge-Ampere equation (4.4), we
make a higher-dimensional partial Legendre transform to change equation (4.4) to
the form (4.6)).
We know that u* satisfies
u*

(4.8) Uy o+ bf +det D)u* =0 inR7Y.

In equation , the singular term ZL: is separate from the nonlinear part det Di,u*.
This is a very helpful property. Moreover, the Monge-Ampere operator det Di,u* is
of divergence form. Hence equation is of the same form as . Moreover, we

assume that u € C™! such that (4.4]) is uniformly elliptic. We have the following key
estimate.

Lemma 4.3. Let u* € CYY(R7Y) be a solution to (£.8) with b > —1. Assume that
us (y',0) =0, Vy' € R and Dj,u* is positive definite. Then % € C*(R%) for
some « € (0,1), and we have the estimate

*
Yn

Yn

u

(4.9) <C

Cx(Rn—1x[0,1])

Dy

. 2 ,%\—1
for a constant C' depending only on b, n, Loo(z2)’ and H(Dy,u ) HLOO(M).
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Proof. Let z, = 1y2, 2’ = y/. Then equation (8] is changed to

b+1 .
2y, + uf +det DZu* =0 in R

ZnZn 2 Zn

Denote v = u} . Differentiating the above equation in z, gives

n—1

azn (vazn) + Z azi (aijvzj) +

ij=1

b+1

5 Uz =0 inR}.

Here {a;; f]_zll is the cofactor matrix of D?u*. By assumption, Di,u* is positive
definite. Hence M\ < {a;;} < AI for two positive constants A, A depending only on

HDE,U*HLOO(M) and H(Dz,u*)_lHLw(Ri). Moreover,

2u;, !
* n * / oo n
v(z) =ul = e = 2/0 uy (Y, tyn) dt € L7(RY).

Therefore, all the conditions in Proposition [4.2] are satisfied.
By Proposition , we obtain the Holder continuity of v. Note that v(z) = .
hence we obtain ({4.9)). O

Lemma 4.4. Let u € CY(R?Y) be a solution to ([&4) with constant b > —1. Assume
that uxn(a:’_,O) = 0, Vo' € R"L, and equation (4.4) is uniformly elliptic. Then
u € C*%(R%) for some a € (0,1).

Proof. Let u* be the partial Legendre transform of u. Then u* satisfies equation (4.8))
and the assumptions of Lemma Hence by Lemma , %‘ € CQ(M). Recall

that “wﬂ = —%. We therefore have

W) g, (@)
T Tn U

a Yn Yn
By the partial Legendre transform, y,, = ,,, ¥ = Dyu. It follows that

ly' — | = |Dou(r) — Dyu(@)| < | D?ul|poozn)lo — .

'SCW—M%

Hence 2= € C® (R%), and we have the estimate

Ug,,

<C

Co(Rh—1x[0,1])

Tn

for a constant C' depending only on b, n, and || D*u|| e (gn)-

We make an even extension of u(z) with respect to the variable z,, and still denote
it by u(z). Regard 1? as a known function, which is Holder continuous. Then we
can write equation (4.4) in the form

F(x, D*u) = 1.
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By our assumption, F is fully nonlinear, uniformly elliptic, and is C'* smooth in z.

Since Fn is concave in D?u, by the Evans-Krylov estimate, we also conclude that
u € C**(R"). O

With the aid of Lemma we can now prove Theorem [4.1]
Proof of Theorem[{.1]. Let u be the solution in Theorem (.1} Let

be a blowdown sequence of u. Since (4.4]) is uniformly elliptic for u, it is also uniformly
elliptic for ¥ with the same ellipticity constants. The uniform ellipticity implies that
there is a constant C' > 0 , independent of m, such that

(4.10) C7H < Mym < CI,

where [ is the unit matrix and M, denotes matrix in equation (4.4). Hence the first
entry in the matrix M,m satisfies
m

u
uy o+ b= =f,

TnTn
x
n

for a function f satisfying C~! < f < €. We can solve the above equation, regarding
it as an ode with variable z,,,

(4.11) u™ (2 x,) = u™ (2, 0) —I—/ r? (/ sPf(a' ) s) ds) dr.
0 0
In (4.11)) we have used the initial condition «™(2’,0) = 0. Note that (4.10]) implies
that u™(2/,0) = O(]2'|?). Hence from (4.11)) we have u™(x) = O(|2'|*) near 0.
Hence by the assumptions in Theorem [4.1], u™ satisfies the conditions in Lemma

[4.4] uniformly in m. Therefore, by Lemma [4.4 we have

D*u(z) — D*u(0)]| = i D2m(£>—D2m ‘:

| D?u(z) u(0)] om D% ( u™(0)[ =0
for any given point € R7. That is, D*u(z) = D*u(0), Vo € R’}. Hence u is
a quadratic polynomial. By the assumption u,, (z/,0) = 0, V2’ € R""!, we have
Cin = 0 in the polynomial (4.5)). |

The following example shows that the Bernstein Theorem [4.1}is not unconditionally
true.

Example 4.5. Let

$37b

1 Loy, @
ulw) = 3las + o o)+ grian + gEt

where b > 1. By direct computation, u satisfies equation (4.4)).
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5. FURTHER DISCUSSIONS

In this section, we will explore potential applications of the higher-dimensional par-
tial Legendre transform to Monge-Ampere type fourth-order equations and linearized
Monge-Ampere equations. It is worth noting that successful attempts have already
been made in the two-dimensional case, as demonstrated in works such as [WZ1l,[Wal.
Building on these results, we aim to extend the application of this transform to higher
dimensions, providing new insights and tools for analyzing these equations.

We study the regularity of the following fourth-order equations of Monge-Ampere

type

(51) Z Uijwij = O,

ij=1

where {U"} is the cofactor matrix of D*u for an unknown convex function, w;; :=
3w

Ox;0x;’ and

52) . :{ [det D?u]~(=9 9 € 0,1),

log det D?u, 0 =1.

When 6 = 1/(n + 2), this equation corresponds to the *affine maximal hypersurface
equation™ in affine geometry [Ch]. When 6 = 0, it reduces to *Abreu’s equation®,
which arises in the study of extremal metrics on toric manifolds in Kéhler geometry
[Ab] and is equivalent to

82 i
Z 89518% 0,

where {1} is the inverse matrix of D?u.

The regularity of has been extensively studied (see [TWIl, [TW2] [Dol, [Zh1l,
zh2 [CHLS, [Lell, Le2l [CW]) and is typically analyzed as a system coupling a Monge-
Ampere equation with a linearized Monge-Ampere equation. As a result, previous
studies heavily rely on the fundamental interior regularity results of Caffarelli and
Gutiérrez [CG] for the linearized Monge-Ampere equation, which were later extended
to boundary regularity and higher-order estimates in [LS1) IGNT. [GN2].

In this section, we explore the possibility of employing the higher-dimensional par-
tial Legendre transform to establish regularity results. Our primary focus is on the
case 0 € [0, 1] due to its rich geometric significance.
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In order to derive the equation under the partial Legendre transform, we consider
the associated functionals of (/5.1])

/[det D?u)? du, 0 € (0,1),
Q
Ag(u) = < /1ndet D*udzx, 0 =0,
Q
/(det D?u)Indet D*udz, 6 =1.
( Ja

Proposition 5.1. Let u be a uniformly convex solution to (5.1) in Q. Then in
O = P(Q), its partial Legendre transform u* satisfies

0 uy 0 0?
5.3 — || 2| U —uw* —w* =0
(5:3) y; [( det DS,U*) v aij ] * Oy,%w ’

. 6—1
* [ Yynyn
where w* = ( W) .

Proof. As

det D2y — — — 99 40— ot D2yt d
et D*u Do 9@ et Dy u* dy,
y/

we have

. 0
u
Ag(u) = — ) det DJu*d
o(u) /* ( det Dz,u*) Ly
= /Q (—uznyn)e(det Di/u*)l_g dy =: Aj(u*), 0 € (0,1);

*

u
Ap(u) = /* In <_Wé,u*> det Di,u dy =: Aj(u*);

ur ur
A = — ) n | ——n ) det D3 ut dy =: AX(u?).
1) /( deth,u*) n( det D2u" v dy = Aj()
Since v is maximal with respect to the functional Ay, u* is maximal with respect to
the functional Aj. It suffices to derive the Euler-Lagrange equation of Aj.
First, we consider 6 € (0,1). For ¢ € C§°(Q2*), by integration by parts,
dAj(u* + tp)
dt
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N 0 N -1

u u
— *Z] o _ YnYn _ 0 _ YnYn d )
/* v 9)( detpg,u*> ] [ ( detpf,,u*) ] 7Y

J YnYn
N 01
Denote w* = (— “ynyn ) . Then the equation, after the transformation, becomes

det Di,u*
B ( i 0 ) ”
Oy (w)7 Uy 3% * 5ynw =0

i.e. (5.3)). Similarly, for ¢ € C§°(2%),

*1]

2 %
dA (u + ty) _ / _detf)y,u ( Pynyn detD u* 2—1? Uy @z]) det Dg,u*
dt —0 R ws (det D} u)?
u*
1 _ YnYn U*IZ] i d
+hn ( det DZ;U*) vis Y
B Oy et D2 wt —uy U *,” Dij wy xi
= . +In| ——F5— U, eij dy,
. us det Dy,u

and the equation, after the transformation, becomes

a( 1*2Ja *) 82 *x
3yi( >Uy6 + w* =

ie. (5.3). Finally,
dA7(u* + tp)
dt t=0

= / 14+In|— Uy _ Pynyn det D 2’“ — Uy,y, U;'U Pij det D u*
* det D u* (det D7 ux)? v
_ u;n YUn l _ uZn Yn U*’l] d
+ ( det Dz,u*) " T et D} vis Y
ur ur iy
= — 141 —_ Ynln S— L— i —
/* ( i < detD;u*» (( det Djm) v i

ur ur
- YnYn 1Il o YnYn U*/Z_] d
" ( det Dg,u*) ( det Dg,u*) #ia Y-
Then the equation after transformation is

0 ( — 0 ) 0?
w ! . _ 0
0, e Uy ay] + é)ynw

which is equivalent to (5.3)). O
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Indeed, if we assume a condition analogous to that in Theorem [2.1] we can derive
an interior estimate for fourth-order equations in higher dimensions. This result can
be regarded as a natural extension of [WZI, Theorem 1.1], which established such
estimates in the two-dimensional setting.

Theorem 5.2. Let u € C*1(Q) be a convex solution to (5.1)) satisfying
(5.4) 0 < A < det D*u < A.

If we further assume that the determinant of the Hessian with respect to the vari-
ables ' = (x1,...,2n_1), denoted by det Du, is positive everywhere in Q. Then
for any Q' CC Q, there ezists a constant C > 0 depending on supg |u|, A, A, 0 and
dist(Q',092), such that

||U||C4,a(Q/) S C.
Sketch proof of Theorem[5.4 Since

ur 1
—— Y —detD?*u and UY = ———D*u
det Df/,u* Y detD2u T

we know by the assumptions that becomes a uniformly elliptic equation. Hence,
by the classical De Giorgi-Nash-Moser theory, we conclude that w* is Holder contin-
uous in Q*. Moreover, since

Ay

Er det D2u > 0,

we deduce that det D?u is also Holder continuous in €.

By combining the Schauder regularity theory for classical Monge-Ampere equa-
tions [Cal] with Caffarelli-Gutiérrez’s Holder estimates for linearized Monge-Ampere
equations [CG], we obtain that u € C,2%(Q). O

loc

Finally, we remark that for higher-dimensional linearized Monge-Ampere equations,
a result analogous to [Wa, Theorem 1.1] may hold. However, the situation is more
complicated than in the two-dimensional case, as we do not yet know how to transform
the cofactor matrix of the potential function ¢ in higher dimensions. This may make
it difficult to derive an explicit formula for the equation after the partial Legendre
transform. Nevertheless, inspired by the connection between Monge-Ampere type
fourth-order equations and linearized Monge-Ampere equations, as well as the two-
dimensional transformed equation (see [Wal (2.7)]), we conjecture that the leading
terms in the higher-dimensional transformed equations might take the form

a - Znyn @*7/4] iw* + 6_21,0*

Oy; det DZ,¢* ) ¥ Oy; oy2

for some suitable expression of w*. We leave this question to be explored in future
work.
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