AN ESTIMATE FOR THE LAPLACIAN OF PICK INVARIANT

LING WANG

In this short notes, we will derive an estimate for the Laplacian of Pick invariant of
an affine hypersphere along the line of [LSZ]. It was firstly obtained by W. Blaschke
[Bl] in n = 2. For higher dimensional affine spheres it was obtained by E. Calabi [Ca]
in the case of parabolic affine hyperspheres, and for arbitrary affine hyperspheres by R.
Schneider [Sc] (with a minor misprint of a constant) and also by Cheng and Yau [CY].
First, we state the main result as follows.

Theorem 1. On a locally strongly convex affine hypersphere, we have

@AJ > [|[VA|? +n(n —1)(n+ 1)J(J + L),

where Ly is the affine mean curvature, A =" Aijkwiijk 1s the Fubini-Pick tensor and
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To prove Theorem [, we need some lemmas. We firstly state and prove them in order.

1A

Lemma 2. A non-degenerate hypersurface is an affine hypersphere if and only if the
cubic form satisfies

Aijeg = Aijik
with respect to the Levi-Civita connection.

Proof. Note that
1
Aijkg — Aijig = 3 (GixBj + Gj.By — GuBji, — Gy Big) -
Hence, if there is A;j; = Aijik, we have B = LG, which implies that the hypersurface is
an affine hypersphere. The converse is trival since an affine hypersphere satisfies B = L1G
with Lq, a constant. O

Lemma 3. On a locally strongly convexr affine hypersphere, and with respect to any
orthonormal frame field, there is

nn—1
(1) %AJ =Y AL+ RL+D> Rby — (n+1)RLy,

where R;;, Rij, and R are Ricct curvature tensor, Riemann curvature tensor and scalar
curvature.
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Proof. Let v : M — A™*! be an affine hypersphere. Choose a local equiaffine frame field

{z;e1, - ,ent1} on M such that G;; = d;;. Since M is an affine hypersphere, we have
(2) Aijies = Aijik
(3) Rijr = Z (AimiAjmk — Ak Ajmi) — L1 (000 — irdji) -

Applying the Ricci identity, we have
AA i, = Z Aijen = Z Aijiir (@) used)

= Z Agjrie + Z Agjr Ry + Z Aj Ry + Z ARy (Ricci identity)
1 lr Lr lr

= Z Ajjr Ry + Z A Ryjig + Z ArjiRyi (Apolarity condition).
l,r lr lr

Then the Laplacian of the Pick invariant J is given by

A= s A az)
(4) = n D) [Z A”kl + Z Az‘jkAijk,ll}

- n — 1 [Z Azﬂkl + Z AijkAijT‘RT’lkl + Z (AijkAirl - Aileirk) Rejw| -

By (@), we know that
ZAijkAijT = Rpr — (n - 1)L15kr7

,J
and

Z (AijrAirt — AijiAik) = Ryji + L1 (61056 — 0ri051) -

Hence, we have
Z AijrAijr Ry = Z(er — (n — 1)L10py) Rier
(5) = Z Ry, —(n—=1)L Z Orr By
=Y R, —(n-1)LiR,

and

Z (AijrAirt — AijiAirk) Rejin = Z(Rrjkl + L (0n0k = 0rk051)) Borjia
(6) = Z R?jkl + Ll Z (57“16176 - 6rk6jl) RTjkl

= Z R%,, —2L\R



Inserting and @ into 7 we get

n(n

—1
T)AJ =3 AL+ RL+D> RN, — (n+ 1)RLy.

To get the final inequality we need the following lemma, which is due to Calabi.

Lemma 4. Let M be a C* n-dimensional Riemannian manifold. With respect to any
orthonormal frame field, the Riemannian curvature tensor Ry, Ricci curvature tensor
Ri;, and the scalar curvature R satisfying

1
§ 2 2

n

0 SRz SR

Proof. can be obtained easily by Cauchy-Schwarz’s inequality. It suffices to prove .
Before proving , we note that for n = 2, both terms of this inequality are identical,
then we only need to consider n > 3. Consider the conformal curvature tensor of Weyl,

1
Cijii = Rijii — p— (0 Rji + 01 Rix, — 0uRji — 01 Rir)

R
+ 0ik0i1 — 05101 ).
Then the conformal curvature tensor is traceless, which means that the contraction of
any two of the four indices of Cjj; gives the zero tensor. Define

et = Rijit — Cija-
Then we get from the definition of C' that
.2 4 9 2R?
. = R — .
Z( ”’d) n—QZ Y (n—=1)(n—-2)
,7,k,l 2,]
On the other hand, from the definition of R’ and the traceless of C, we have

Z Ry = Z ( ;jkl)2 + Z (Ciju)* + 2 Z CijrRij

igkl ikl ikl ikl
2 2
= Z (Riju)” + Z (Cijua)
1,5,k 1,3,k
2
> > (Riw)
igkl

4 ) 2R?
_n—QZZ:RU_ (n—1(n-2)

2
2
ZR%. (used (7))

n—1
3

v



Now, we are ready to give the proof of Theorem [I}

O

Proof of Theorem [l Choose a local equiaffine frame field {z;e;, -+, e,11} such that

Gi; = 0;j. Inserting and into , we conclude that

n(n —1) 1

n+
e n(n —1)
By Ricci curvature tensor,
Ri; = Z An AL + TBz'j + ELlGija
we have

R=G"Rjj =n(n—1)(J + Ly).
Hence, we find that
n(n —1)

AT > > A% +n(n—1)(n+1)J(J + L),

1,7,k,l
which is .
MAJ > [VA|? +n(n — 1) (n+1)J(J + Ly).
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