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1. WEEK 2 (3.1)
2
Problem 1.1. Calculate / do .
0o VE—2) (0
Solution. Let x = 2sinf. The integral becomes
[
0 9—4sin’0 3 Jo 1—4sin’0 3 32/

O

1 dx
Problem 1.2. Calculate )
0o V/(

1+22) (1 + 222)
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Solution. Let x = tanf. The integral becomes
/4 sec? 0d6 B m/4 de
o  V1+tan?6v1+ 2tan?6 0o Vcos2f +2sin’6

do
B /0 V2 —cos?26

1 / do
V2 Jo ,/1—%(:0829.
Let ¢ = 7w/2 — 0. The integral becomes
an -5 () (B}
V2 /4 s1n2gb V2 V2 2 V2 4

T

Problem 1.3. Calculate/ d )
Vi —1)(z—2)(z —3)

Solution. Let u = v/ — 3 or x = 3 + u?. The integral becomes

du
V@ @+

Let u = tan 6. The integral becomes

w/3 /3 /3
2/ de _2/ de _\/5/ d—9
/4 V2cos?f +sin’ 6 x/4 /2 — sin? 0 /4 /1 — %sin2 0
-v2{r(53) -7 (55}

»M:1

Problem 1.4. Calculate /\/sinxda:.

Solution.

[ Vezas = [ feos (2= 3) s
:/\/12—2sm2 (g-%)dx




:2/\/1—251n2g0dg0

= 2E(V2,¢).
[

27
Problem 1.5. Calculate / V2 +sin 26 d6.
0

Solution.

27 T
V2 +sin260d6 = 2/ V2 4+ sin 26 d6
0

0
:2/ \/2+0052 9—z>d9
—2/ \/—28111 0——)(16’

§
_2f/4 ,/1——sm 6.d0
9 i
—2\/_/ 1——8111 0d«9+2\/_/ 1——sm 6deo

\/67r \/_377'
aafe{)-o(41)

ISE] M:\

Problem 1.6. Calculate the perimeter of an ellipse

Solution. The ellipse x = acosf, 4y = bsinf, a > b > 0, has length

/2 w/2
L:4/ \/dx2—|—dy2:4/ \/a2c0526+b2sin29d6
w/2
/ \/a2 a? — b?) sin 0d6’—4a/ V1 —e2sin?6do,

2 = (a® —b?) Ja® = ¢?/a? is the square of the eccentricity of the ellipse. The

where e

result can be written as
L = 4aE (e, g) — 4aE(e).

For the special case of a circle, a = b = r, i.e., e = 0, and E(0) = 7/2, and we recover

[

the circumference of a circle: L = 27r.
3



Remark 1.7. The term elliptic integral was coined by Count Fagnano (1682-1766) in
1750. He discovered that the arclength of the lemniscate can be expressed in terms of an
elliptic integral of the first kind.

Problem 1.8. Culculate the arclength of a lemniscate.

Solution. The lemniscate is the curve:
(x2 + y2)2 — 2 (Iz . y2)2,
or in polar form
r? = a® cos 26.
From ds? = da? + dy? = dr? + r2d6?,

w/4 w/4 de )
L=4 ds:4a/ ———, (cos20 = cos“u
/7‘0 o Vcos20 ( )

_/7r/2 du 1 /”/2 du 1 F(l 7T)
o V2—sin®u V2 Jo /1 Lsin®u V2 Vv2'2)
Thus,
1 1 =«
L=4a - —F | —, = = a-2v/2(1.85407) = 5.244102a.
7 (53) (85107

O

Remark 1.9. (Historical note: The rectification of the lemniscate was first done by
Fagnano in 1718. The lemniscatus, L. ’decorated by ribbons’, was first studied in as-
tronomy in 1680 by Cassini, known as the ovals of Cassini, but his book was published in
1749, many years after his death. The curves were popularized by the Bernoulli brothers
in 1694.) Cassini considered more general forms of the lemniscate for whose points the
products of the distances to two foci is a constant:

dydy = b2,

CL2

b=t + 1 r?a? cos 26.

When b = \% centered at the origin, we get the ribbon-shaped curve.

Exercise 1.10 (Leave to the reader). Calculate the finite-amplitude pendulum.

Solution. The equation of motion is:

mlf = —mgsin .

Let p =6, we have
d_ g in 6
Pao = 177



which yields
2

—:%6089—1—0.

For the initial condition, ¢t = 0: 8 = 6, § = 0, we have

/2
— Tg\/cosﬁ — cos 6.

The period, T, is given by

a \/ 2_ /90 v/cos 8 — cos b

or, T = 4\/7/60\/m \/7/90 V/sin® ( 90/2 — sin®(6/2)

=4 / sm< )-sme0 sin u, k:—sm(o).
vl—kQSmu 2 2

T:4\/g-F<k,g>,

an elliptic integral. For the special case of smalloscillations, £ = 0, we get the classical

result:
)
T =2/ —
g

Hence



2. WEEK 3 (3.8)

Problem 2.1. Calculate the area of regions closed by the following curves.
(1) The cycloid: x = a(t —sint), y = a(l —cost) (0 <t < 2w, a > 0) and z-axis.
(2) The evolvent of sphere v = a(cost + tsint), y = a(sint — tcost) (0 < t <
27, a > 0) and x = a.
(3) The rhodonea curve r = asin 36.

3asin 6

Solution. (1)
2ma 27
S—/ ydx—/ a(l —cost) - a(l — cost)db
0 0

27
= a2/ (cos®t — 2cost + 1) df
0

= 3ma’.

v

F1GURE 1. Graph of the cycloid for a =1

(2)
27
(cost +tsint — 1)(cost — cost + tsint) dt

S:/(:E—a)dy:a2
27
(tsintcost + t?sin?t — tsint) dt

6

:a2

S— —



FIGURE 2. Graph of the evolvent for a = 1

1 (3
5:3-—/ a® sin® 30 d6

2 Jo
:3-a—2/g1_COS60d0
2/, 2

e

S = 1/3 9a2 sin® cos? 0 a0
2 Jo (sin3 0 + cos? 9)

:9_a2 Q—taHQQ 5 dtan 0
2 Jo (tan®*6+1)
B 3a% [2 1
2 (tan® 0 4 1)°
3a* —1 2 3a?
2 tan®d +1

dtané

5

0

v



F1GURE 3. Graph of the rhodonea curve for a = 1

iy

u
%D

w
s

FIGURE 4. Graph of the folium of Descartes for a = 1

Problem 2.2 (7.43). Find volumes of the solid of revolution obtained by rotating
the region closed by y = 2*(0 < x < h), y = 0 and * = h around z-azis, y-azis,
respectively.

Solution. Around z-axis:

h h -
V:7r/ y2dx:7r/ ztde = =h°.
0 0 )

8



Around y-axis: First way:

h h -
V= 7T/ (R* — 2*)dy = 7r/ (h* — 2*)2z dz = §h4.
0 0
Second way:

h h -
V:27T/ :cydx:27r/ 23dr = =h'.
0 0 2

0
Problem 2.3 (7.49). Calculate the arc length of the following curves.
(2) Archimedean spiral: = af (0 < 0 < 27).
(4) The evolvent of sphere x = a(cost + tsint), y = a(sint — tcost) (0 <t <

21, a > 0).

Solution. (2)
2 2
L:/ \/r2—|—r’2d0:a/ Vv1+02d6
0 0

2
- gem+ gln(H +V1+62)

0
= anV/1+ 472 + gln(élw + VI dr2).

FiGURE 5. Graph of the Archimedean spiral for a = 1

2m 2
L:/ \/dx2+dy2:a/ V/(tcost)? + (tsint)2dt
0 0

9




27
= a/ tdt = 27%a.
0

O

Problem 2.4 (7.51(4)). Calculate the area of the surface of revolution obtained by
rotating the curve y = sinx (0 < x < 7) around x-axis.

Solution.

dsS =2my\/y? + 1dz
= 2rsinxzV'1 4+ cos? x dz.

S:27T/ —V1+cos?2xdcosz
0
1
:47r/ VI+e2dt =2v2r + 2rIn(V2 + 1).
0

N. ~ Ln 1
o

FIGURE 6. y = sinz rotated around xz-axis

Problem 2.5. Find the area of the region determined by x* + xy +y?> = 1.

Solution. First way: From the equation, we have

T 3 2
Yi2(r) = 3 £y 1= 1332, 75 <z <

10

sl

3



Then

2/V3 2/v/3 3
s= [ @ -wea=2 [ J1-3ew
-2/V3 —2/V3 4

4 [ 2
\/g —/2 \/g
Second way: Let x = rcosf, y = rsinf, we have
oo
1 +sinfcosf’

Then

1 2m 1 2m do 2w do
S:—/ r2d8:—/ +:/ e ——
2 Jo 2 )y 14sinfcos6 o 2-+sinf

Third way: Note that

3 T\ 2
1:a:2+xy+y2=—x2~l—(y+—> .

4 2
Let
2 t int 1 t 0<t<?2
xr = —=cost, y =sint — — cost, <t < 2.
v ohY V3
Since
z(t)y'(t) — y(t)2'(t)
2 t( t+1‘t> (»1 t)(Q't)
= ——cost | cos —sint ) — [ sint — — cos ———sin
V3 V3 V3 V3
2
_ﬁ7
we have ) ,
1 g 1 T2 27
S:—/ rdy — dx:—/ —dt = —.
2y CWTvE =S YT

2
75

O

late its arc length.

Problem 2.6. Suppose that a curve is given by y = / Vsintdt, 0 <z < m. Calcu-
0

Solution. By the formula of arc length calculation, we have

L:/ﬂ\/1+f’2(:x)dx:/ﬂ\/l%—sinxdx
0 0

[ (s eos3)
= S1n — COS — i
o 2 2

11



/2 /2
=2 / sintdt+/ costdt
0 0

w/2
:4/ sintdt = 4.
0

O

Problem 2.7. Use Young’s inequality to prove when a,b > 1, there is ab < e* *+blnb.

Proof. Choosing f(z) =e* — 1, g(y) = In(y + 1), we have

a—1 b—1
(a—1)(b—1) S/ (ez—l)dzx—l—/ In(y +1)dy
0 0
=e" ' —(a—1)—1+blnb—(b—1)
=t 4blnb—a—b+1,

ie.
ab < e '+ blnb.
O
Exercise 2.8 (Leave to the reader). Use Minkowski’s inequality to show that
3 i 3
/ |f(z) —sinz|*dz < > and / |f(z) — cosz|?dr < =
4 ; 4
cannot be simultaneously true, where f € R[a,b].
Hint:
>
VT = (/ |sinx — cosx|2da:)
0
= (/ |(f(z) — cosx) — (f(x)—sinx)\de)
0 3 4 3
< (/ |f(x) —sinx\2dx) + (/ |f(z) —cosa:\2dx)
0 0
VBV
2 2
contradiction. 0

Problem 2.9. Find the minimum of the area enclosed by the parabola y* = 2x and
its chord (passing through the focus).

12




Solution. Since the focus of parabola 3% = 2z is (%, 0), we can assume that the equation
of a chord is x = ky + % Then

Y2 1 y2
5= [ (es) -5

k 1 1
=5 @ —y) - (e +y0) + 5 (=) — 5 (92 =) (2 + e +93)
where y;, y» are the intersection points of the parabola and its chord. By 3? = 2z, we

have

y? = 2ky + 1.
Hence, the Vieta theorem gives us that
1 + yo = 2k,
Y1-y2 = —L
Then )
S =5 (2= 1) [3k (v + 1) +3 = (45 + vae + 7))
1
=2V + 1 [3k -2k + 3 — (4k* +1)]
1
=gVki 1 (2k* + 2)
2 3
Z o (k? 1)
=2 ey
Hence 5
Smin = -
3
24
14
0.25 0 0.35 0|5 0.75 1 g

N |+

FIGURE 7. Graph of y? = 2z and x =
13
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Problem 2.10 (Wirtinger’s inequality). Suppose that f : R — R is a continuous
2

differentiable function with period 27, and satisfies f(z)dz = 0. Prove that

0
2T 27
/ 2d 2d
A (@) le f(2)de

“=” holds iff f(xr) = acosx + bsinz.

Proof. Firstly, we show there is a ¢ty € [0,7) such that f(t9) = f(to + 7). Indeed, if
f(0) = f(m), we can take to = 0. If f(0) # f(m), let g(x) = f(z) — f(x + 7), then

g(0)g(m) < 0, hence by the intermediate value theorem, we know that there exists a
to € [0, ) such that g(ty) =0, i.e. f(to) = f(to+ 7).
Next, let ¢ = f(to) = f(to + 7). It’s easy to calculate that (Leave to the reader!)

f&—ﬁ—@”%f—ﬁ—daﬁ@—mf:(U—@%m@—%W-
Note that (f — c¢)?cot (t — to) is continuous at ty and ty + 7, we have
/ fl(t)? dt — / (f(t) —¢)* dt > ((f — ¢)*cot (t — to)) f)” =0.
So
/ It dt—/ f()* dt > 2mc* > 0.
“=" holds iff c =0, and f'(t) = f(t) cot (t — ty), then f(t) = Asin (t — to). O

Problem 2.11 (Isoperimetric inequality). Prove the isoperimetric inequality in R?:
4t A < L?, “=" holds iff the curve is a circle.

Proof. Suppose that v(t) = (z(t),y(t)) : [0,27] — R? is a curve parameterized by arc

length. Wlthout loss of generality, we may assume that fo t)dt = 0. Then, by
Problem | we have

2 2
— 47 A :27T/ (2% 4+ y?) dt — 47T/ xy'dt
0 0

2m
:27r/ (x’2 -2+ (¥ — x)z) dt
0

27
227?/ (2 — %) dt > 0.
0

“=" holds iff x(t) = acost + bsint,y'(t) = z(t), thus it is a circle. O

14



Exercise 2.12. Suppose a flat plate of uniform density has the shape contained by
y=2a% y=1, and x =0, in the first quadrant. Find the center of mass.

Hint: We compute the moment around the y-axis:

! 1
My:/ z(1—2%)de = -,
0 4

and the total mass

! 2
M—/ (1—x2)dx:—,
0 3
and finally

3
g

R
N W

K
Il

Next we do the same thing to find ¥.

1
2
sz/ Y/ ydy = o
0

and

Y

3
5

NS

I
ol o
[\CRNGV]

since the total mass M is the same. O

Remark 2.13. Since the density is constant, the center of mass depends only on the
shape of the plate, not the density, or in other words, this is a purely geometric quantity.
In such a case the center of mass is called the centroid.

Exercise 2.14. Suppose that a water tank is shaped like a right circular cone with the
tip at the bottom, and has height 10 meters and radius 2 meters at the top. If the tank
is full, how much work is required to pump all the water out over the top?

Hint: Here we have a large number of atoms of water that must be lifted different
distances to get to the top of the tank. Fortunately, we don’t really have to deal with in-
dividual atoms—we can consider all the atoms at a given depth together. To approximate
the work, we can divide the water in the tank into horizontal sections, approximate the
volume of water in a section by a thin disk, and compute the amount of work required
to lift each disk to the top of the tank. As usual, we take the limit as the sections get
thinner and thinner to get the total work.

At depth h the circular cross-section through the tank has radius r = (10 — h)/5, by
similar triangles, and area 7(10 — h)?/25. A section of the tank at depth h thus has
volume approximately 7(10 — h)?/25Ah and so contains o (10 — h)?/25Ah kilograms of
water, where o is the density of water in kilograms per cubic meter; o =~ 1000. The force

due to gravity on this much water is 9.807(10 — h)?/25Ah, and finally, this section of
15
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FIGURE 8. A conical water tank

water molst be lifted a distance h, which requires h9.807(10 — h)?/25Ah Newton-meters
of work. The total work is therefore

9801 [
h(10 — h)2dh
- / (10 - h)

_ 9800007T ~ 1026254 Newton-meters.

W:
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3. WEEK 4 (3.15)

Problem 3.1 (8.1). Calculate the following improper integrals in infinite intervals.

T Ing
(1)/1 —(1—l—x)2 dx

Solution. (1)

+oo “+o0o
/ 1H—Idx:—/ ln:vd< ! >
1 (1+x)? 1 1+z

+o°+/+°° dx
1 z(z+ 1)

lnz
z+1

/0 d(3) _/1 dt
1 % /tlz+%+1 0o Vt2+t+1
_/1 dt

o3+

1 1
:ln[(t+§)+\/t2+t+1]
0
V3+3 2++3
=1In = =1In .
1+ 3 V3

17



(5) First way:
I, = /+Oo _dz
o (I+a2)"
T

oo +oo onx?
— + —— dx
L+ a2y, / (142%™
= 2n (In — [n+1) s

2n—1

= 2nl, = 2n— 1)1, ie I, = 5 I,.
n
+o0 d
I = / i arctan x|} > = T
0 1‘{‘%'2 2
_2n-3 1. 7 (2n-3)!
" n—2 20T 2 (2n—2)N

I { ?, n=1
= Ip =4 2n-3)!x
(2n—2)112> > 2.

Second way:

I —/+OO dz _/’5 dz
")y (4+a)n o J, secn2y

z 2 2
/2 sec” r — tan xd
= x
0

sec2n—2 g
2 tan?z
= n—l_/ le‘
o sechex
1 tanx 2 1
= I : — I,_
1—1_271—2 sec’2g|, 2n—2 !
2n — 3
S S )
2n — 2
Then
0 1+ 2?2 2
and
2n — 3 1 7 (2n—3)!
n = 1y == , n>2.
2n — 2 2 2 (2n—2)!

O

Problem 3.2 (8.2). Determine the convergence or divergence of the following im-
proper intergals.

18



/+°° sinz
o l+e®
+o0 1 «
/ <1 — cos —> dz, (a > 0).
1 T
+OO 1
/ <COS— + sin? — ) dz, (p > 1).
x

Hints. (1)
/(2N+1)7T Sinx dx S /(2N+1)7r Sinx_ dx
2NT 2 2NT 1 +e®
-~ 1< / WOOT dinz / o _sine
0 1+e*® 0 1+e*®

(6) Note that

1—c051:1-l+0<i> T — +o0.
r 2 z2 x2 )’
Then
Jn(l—cosl)awi-L T — +00.
€T a :L-Qafl’

(7) Note that
1 1 1 1
In (COS——l—Sinp —) =In (1+cos——1+sinp—>
T T T T
1 o1 1 1
=cos— —1+sin’ - +o — | tol—=
x x X xP
1 1 1 1 1
= —— ——|——+0 +o{(— ], T — +00.
2 x2? 2 P

Problem 3.3 (8.3). Determine the convergence or absolute convergence of the follow-
ing improper intergals.

400 :
(3) / B
1

¥ +smnx

(4) /1+oosin <Sh;x) da.

Hints. (3)

T sing q T sina d too sin’ x q
—— dz = xr — —— duz.
. xr*+sinx 1 xo 1 (x> +sinx)

19



O

Problem 3.4 (8.9). Suppose that f(x) € C(—o0,+00) is a periodic function with

21
pertod 2w, and / f(z) dz = 0. Prove that for any o > 0, the improper intergral
0

+oo
/ z~*f(z) dz converges.
1

Proof. Since f(x) is a continuous periodic function on R, we know that its intergral exists
on any finite closed intervals. Note that V X > 0, there exist k € Z and 0 < r < 27 such
that

X =2km +r.
Then

<|[ s adl ¢ | [ 50 an
_ jglf(x)(iz +-M/Qkﬂ+Tj1ag dz

0
_ /{ﬂ@c&—% " f(2) da
0

(ZXf@)dn

0

<2 1@l

+oo
Hence by the Dirichlet test rule, we know that the improper intergral / x %f(x) dx
1

converges. 0

Problem 3.5 (8.10). Suppose that f(x) is uniformly continuous on [0, +o00, and the
+oo

improper intergml/ f(z) dz converges. Prove that lim f(z) =0.
0

Tr—r+00

Proof. Prove by contradiction. Assume that lir}rﬂ f(z) # 0, i.e. there exists g9 > 0,
T—>+00
such that Vn € N, there is x, > n satisfying |f(z,)| > €o. Since f(z) is uniformly
continuous, we have that for £y/2, there exists a dy > 0, such that Vy : |y — z,| < dy,
€

F) = flaa)l < 5

20



Then

O 2 1) = 1F () = F(ea)| > T, ¥y € (@0 = G + o),

and f(y), f(z,) have the same sign in (x,, — 09, T, + d9). Therefore, we have

mnt 00,
da| > £0%
AR CLIES S
+oo
contradicts with the convergence of / f(z) dz. Thus, lirf f(z)=0. O
0 T—r+400

Problem 3.6 (8.14). Calculate the following improper integrals with discontinuous
integrand.

@ / T
(6) /0 S Gl

Solution. (1)
=2 z

2—a)\WI—x o 2-—=x 2

/01 dz Ay —w o
(6) (

w/2 /2

sin x
0 v/ cos xsin x

™2 sinx + cosx

o Vsinzcosz
™2 /2 d(sinz — cos x)
0 /1—(sinx— cosx)?

= V2r.

ile. I = \% O

COS ™

dz = " da.
0 VvV COST SINx

w/2
I = / Vtanz dz =
0

2] = dx

Problem 3.7 (8.16). Determine the convergence or divergence of the following im-
proper intergals.

(5) /Om sin(z+3) g,

xrP

Hints. Note that )

T

1

sin (l‘ + %) sin x cos COS Z sin <

xP - xP xP
21



O

Problem 3.8. Suppose that f(x) is integrable on any finite closed interval, and

lim f(z)=A, lim f(z)= B. Prove that ¥ a > 0, improper inegral
T——00

T—+00

+oo
/_ @t a)— @) dz

(o)

CONVETgeES.

Hints. For any M, N, we have

[era-rwia= [ seraw- [ @

= /J\;:Lf(x) dz — /MNf(x) dz
_ /N+af(x) dr — /M+af(x) dz

N M
— a(A—B), as M — —oo, N — +o0.

O

Problem 3.9. Suppose that f(x) is integrable on any finite closed interval, and

+oo
f? da converges. Prove that ¥ a > 0, improper inegral

—00

+o00
/ b o

00
CONVETgES.

Hints. For any M, N, by Cauchy-Schwarz’s inequality, we have

{/N |[f(@+a)f(z)] dxr < /N[f(9€+a)]2 dz - /N[f(x)P Az

M M M
N+a N
[ verd [P
M+a M
Then letting M — —oo, N — +00. O
T

+o0
Problem 3.10. Prove that/ dz converges.
0

1+ z6sin’ x

22




Hints. It suffices to show that

A T
F(A) = —d
(4) /0 1 + a6sin®z v

is bounded on [0, +00). Note that

nmw T n km T
————dx = ——— dzx
/0 14 26sin’ Z/(k ) 14 26sin’

k=1
n km
dx
< k
N ; " /(kl)n 1+ (k—1)576sin’x
- " dz
= k
; 7r/o 1+ (k—1)S70sin®z
n w/2 d
= Zka/ a —
1 o 1+ (k—1)%7n0sin“z
n w/2 de
< 2k
- ; 7r/0 1+4(k—1)6x422

Hence F'(nm) is bounded, which gives us that F'(A) converges.

0

Problem 3.11. Suppose that f(zx) is continuous on [0,4+00), and lim f(z) exists.

T—r+400

For 0 < a < b, calculate
7 flaz) — f(be)

0 i

dzx.

Hints. For 0 < r < R < 400, we have

/fax /faac /Rf

xT
aR f bR l‘
/br T

br f bR SC

aR



Then by the first mean value theorem for definite integrals, we have

br br
de:f@)/ E:f(f)lng (ar < & < br),

ar x T x

aR iy
Then letting r — 0, and N — +o0 yield

" flax) — f(bx)

T

dz = [£(0) — f(+o0)]In .

bR br
F@) 4o = f(n)/ % — f(n)lng (aR <1 < bR).

0 x a
O
Problem 3.12. Prove that for any o € R, there ia
/+oo dx oo
o (@+z2)(1+z2) 4
converges.
Hints. Note that by changing of variable, we have
/1 dx B /+oo x® dx
o (I+a)(1+22) i (14221 +a%)
OJ

Problem 3.13. Suppose that f(x) is integrable on any finite closed interval, and

+oo
Vp>1, / |f|P dz converges. Prove that

lim +oo|f(:lc—i—h) — f(x)|P dz = 0.

h=0 J_

Hints. Note that
“+o00

too -R
[ mwwwfwwmzf mwww¢WPM+/ @t k) — f@)P do

R

o —00

+/ |f(z+h) — f(x)]P dz.

—R

+oo
Since / |f|P do converges, we know that for Ve > 0, there exists R > 0 such that

[e.9]

| ifarn - e de <,

24




and

/%ﬂﬂx+m—fmwdx<§

R
Since
R
fim [ |fa+ 1) = S do =0,
we have .

/ﬁ]ﬂx+@—f@de<a
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4. WEEK 5 (3.22)

Problem 4.1 (8.17). Determine the conditional convergence or absolute convergence
of the following improper intergals.

+o0 2
(1) / Iz da.
0 x1

Hints. (1) When p > 0, the flaw points are 0 and +00. Then

—+00 : 1 . “+o00 .
\lnx\psmx dz = an’psmx dz + |1nx‘psmx dz.
0 0 zd 1 xd

x4

Note that ]
sin x
as z — 0.

~ )
4 xe—1

oo sin x
Hence when 1 < ¢ < 2, / | In z|? - dz converges absolutely; when 0 < ¢ < 1,
0 x
o0 :
sin
| Inz|? — da converges conditionally.
T

0
When p < 0, we know that 1 is also the flaw point, and there is

| Inz|P ~ , as x — L.

1
|z — 1]~
Hence for —1 < p < 0, we write

+oo : 1/2 - 3/2 :
/ |lnx|psmx dx :/ ]lnx|psmx dx—l—/ \lnx|psmx dz
0 0 1 x4

x4 x4

/2
+o0 3
sin x
+ / | Inz|? dz.
3/2 xd
oo sinx
Hence when 1 < ¢ < 2, / | Inz|P — dz converges absolutely; when 0 < ¢ < 1,
0 X
o0 :
sin x
/ | Inz|? — da converges conditionally. O
0 x

1
Problem 4.2 (8.21). Suppose that f(x) is monotonic on (0, 1], and/ f(z) dx con-
0

! Il (K
/0 f(zx) dx_éirrgoﬁ;f(ﬁ>
If we remove the condition that f(x) is monotonic on (0,1], is the conclusion still
true?

verges. Prove that
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Proof. Without loss of generality, we may assume that f(z) is monotonic decreasing on
(0,1]. Hence there is

ﬁ f(z) dz + @ < %Zf (Z) g/ fz) dz,
n k=1 0
which gives us that
[ o 555 (2)
0 k=1

If f(x) is not monotonic decreasing on (0, 1], then the conclusion may be wrong. For
example, we can consider the function

n?, x= 1
f(x) — 9 n7
0, others.
O
+oo
Problem 4.3 (8.22). Suppose that f(x) is monotonic on [0, +00), and f(z) dz
0
converges. Prove that
+oo
lim f(z)sin Az do = 0.
A—oo Jo
Hint. Consider
400 R 400
f(x)sin Az doz = / f(x)sin Az dz + (z)sin Az dz,
0 0 R
and use Exercise 12.14 in the notes of Mathematical analysis 1. 0]

Problem 4.4 (8.24). Suppose that f(x) is monotonic on [0,+00), and g(z) # 0 is
+oo

periodic and continuous on R with period T' > 0. Prove that / f(z) dx converges
0

+o0
if and only if f(z)|g(x)| dx converges.
0

Proof. “=" Since f(z) is monotonic on [0, +00), we may assume that f(z) > 0. Since
g(x is periodic and continuous on R, we know that there exists a M > 0 such that
lg(z)| < M, Vz € R. Then, we have

+oo —+o00

f(@)]g(x)| de < M f(z) dz < oc.

0 0
27
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“<=" Since g(z) # 0 is a continuous and periodic function with period 7" > 0, we
know there exist a A > 0 and [a,b] C (0,7) such that for any = € [a,b], there is
lg(z)| > A. Then we know

/0 l9()] dz > / 9(x)] dz > A(b — ).

Without loss of generality, we may assume that f(z) is monotonic decreasing and non-
negative. Then

kT kT
[ @l oz o) [ J)] dez AG- @07, k21
(k=T (k—1)T
Note that
(k+1)T T kT |
d k _— .
[ r@essonrs g [0 @) as
Then
(n+1)T n (k+1)T
/T f(x) d$:;/]ﬁ f(z) dz
T n kT
< — d
<G 2 S TP a
T nT
= m/o f(@)]g(z)| dz
— - f(z)|g(x)| dz, asn — oo,
0
which implies that +0<> (z) dx converges. O

0

+oo +00
Problem 4.5. Suppose that f(z) is differentiable, / f(z) da and/ f(z) do
0 0

converge. Prove that lim f(z) = 0.

T—+00
+oo
Hint. Firstly, using f'(x) dx converges to prove lirf f(x) = a exists (by Cauchy’s
0 T—>+00
+oo
convergence test and Heine’s theorem). Then, using () dz to show a = 0 (by
0
contradiction). O

28



1 1 1
Exercise 4.6. Suppose that F(x) = / (E - [ﬂ) dt. Prove that F'(0) = 7"
0

Hints: By changing of variable, t = f, we have

o= [ (- a=ef - ED o

R R T

where ¢(t) = t — [t] is a periodic function with period 7' = 1. Hence, by Riemann’s

theorem, we know
‘ F(x) 1 T +oo 1
/ — e . _—
F'(0) = lim — _T/o p(y) dy /1 dey

Hence

1
= [ ydy=-+.
0 2
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5. WEEK 6 (3.29)

Problem 5.1 (9.10). Discuss the convergence and divergence of the following series.
o (_1)w
(1) ;T (p > 0).

Problem 5.2 (9.16). Suppose that Zan converges, and Z(b” — byt1) converges

n=1 n=1

absolutely. Prove that Zanbn converges.

n=1

Problem 5.3 (9.21). Suppose that the sequence {a,} satisfies lim na, exists and
n—o0

oo oo
series E n(a, — an11) converges. Prove that series E a, converges.
n=1 n=1

Problem 5.4 (9.23). Suppose that non-constant function f(x) is nonnegative and con-
1

1 n
tinuous on [0, 1], and f(x) <1, x € [0,1]. ForVn € N, defining a,, = [/ f(z) dx] .
0

Prove that series Z(l — ay) diverges.

n=1
= 1
Problem 5.5. Suppose that a,, > 0 and Z — converges. Prove that
n=1 "

Qn
(a1 +ax + -+ ay,)?

n=1

converges, too.

1 1
Problem 5.6. Suppose that x,, = 1+ —=+-+-+—=—2v/n. Prove that lim x, exists.

Vil s
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[e.9]

Problem 5.7. Suppose that a, >0 and S = Zan converges. Prove that

n=1

n
> kay,
0 k=1
lim =0,
n— 00 n

and

= S

ial—i-Qag—l— -+ na,
(n+1)

n=1

Problem 5.8. Suppose that a,, > 0, Z a, converges and {a, — a,+1} is decreasing.

n=1
Prove that {a,} is decreasing and
1 1
lim — — =400
n=00 Up41 Qn,

Problem 5.9. Suppose that {a,} is positive and decreasing. If series Z T con-

oo

verges, prove that g a? also converges.

n=1

Problem 5.10.

(1) If for evrey sequence {b,} satisfying lim b, = 0, there is Zanbn converges.
n—oo

n=1

Prove that Z a, converges absolutely.

n=1
9 %)

(2) If for every convergent series an, we have that series Zanbn converges.

n=1 n=1
o0
Prove that E |y, — any1| must be convergent.
n=1
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6. WEEK 7 (4.5)

Problem 6.1. Suppose that {z,,} is positive, monotonic decreasing and Z Ty = +00.

n=1

Prove that

oo

—_Zn
E Tp€ “ntl = 400.
n=1

Proof. Firsr way: Clearly, {z,} converges. If z,, = a > 0, then z,/x,,1 — 1, and
hence e~n/*n+1 Jower bounded, say by b > 0, and hence

ane_m"/”"“ > bZa:n =00

Se={neN:27F < g, <271}
Then 3,23, cs, Tn = 00, and
IERITTES 35 DR e oY
k=0 neSy

Hence Y72 27%|Sy| = 33702, 27FSy| = oo, Also, if n,n+ 1 € S, then e~™/®n+1 >
e 2. Hence, if Sy = {j,7+1,...,¢}, then

er“”"/x"“>2xex"/x”“>2me > 275(| S — 1)e”

neSy

If x, — 0, set

Thus

ZZme’””/‘”"“>ZQ (|Sk| —1)e™ =0

k=0 neSk
Second way: Divide N into two Complementary sets of indices

1 1
A:{n€N|xn+1§§xn},B:{n€N|xn+1>§xn}.

If £ < [ are two elements of A then z; < %xk (here we need the fact the the given
sequence is decreasing). It follows that the k’'th element of A is < 27%z;. A can be
empty, finite, or infinite, but in any case is

an<oo

neA

E T, = 00

neB
32
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Then

° __Tn __ZTn _9
g Tp€e ntl > E T, *ntl > e E T, = 00
n=1 neB neB

Remark 6.2. The proof shows that under the given conditions,

Z ol ($n+1)

holds for any positive, monotonic decreasing function f : (0,00) — (0, 00).

Problem 6 3. Let f be an increasing function on [0,1] such that 0 < f(z) <1 and
fo dx = 0. Show that

/|f ) — alds <

Proof. Here we present a bit different, calculus-themed approach. In this answer, we will
assume that f : [0, 1] — [0, 1] is monotone-increasing. We also write I(f) = fol |f(z) —
x| dx for brevity.

Step 1 - Proof under extra assumptions. Assume further that f is piecewise-
smooth, f(0) =0, and f(1) = 1. Then by the formula [ |z|dz = %x!aﬂ + C, we have

l\DI»—

1

[ 1@ = sl @) - Do = |17 = slts) - 2)| =0

=5 [ 150 sl + 1

Now pick a € [0, 1] so that f(a)+«a = 1. (This is possible since z — f(x) + x increases
from 0 to 2. Then by triangle inequality,

[ 1@ el s nar < [+ 0+ nar=
Similarly, by writing |f(z) — x| = |(1 — f(z)) — (1 —2)| < (1 — f(2)) + (1 — ), we get
[ 0@ e @+ ndes [ @@ - 0@+ de =3,

Therefore fol |f(z) — z|(f'(z) + 1) dz < 1, which in turn implies I(f) < $ as required.

Step 2 - General case. For the general case, let f,, be the linear interpolation of
the points

In particular,

(070)7 (%’f(%))? T (nTil’ (%))
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Then by monotonicity,

1) =100 < [ 1hule) = f@lde =3 [ 1fule) = )] ds
§%Qﬂﬂ—@+§jﬂ@—f@#ﬂ+ﬂ—ﬂ%ﬂo
1

hence I(f,) — I(f) as n — oo and the desired inequality I(f) < 3 follows from the
previous step. 0]

Remark 6.4. Let y(t) = (f(t) +t, f(t) —t). Then fol @) —t(f'@) +1)dt = [ |yl dz
computes the area between the path v and the horizontal axis. Note that 7y is essentially
the —45°-rotation of the graph y = f(x) up to scaling.

top 10f
V=X y=2-X
0.8t C
05fF
0.8 C
- P
0.4 Yy =f(x) = N\, 0.5 1.0 15—~0
[ Y
0.2 05}
0.0 I
- 10}
00 02 04 08 0% 10 -

FiGure 9. Graph

Then the above bounds immediately follow from the fact that the graph of v defines a
function on [0, 2] which is squeezed between lines y = £x and y = £(2 — x).

Problem 6.5. Let f be an increasing function on [0,1] such that 0 < f(z) < 1 and
fol(f(x) —x)dx = 0. Show that

1 1
A|ﬂm—muxsz

Proof. Step 1. (Proof under extra assumptions) Assume that
e f:]0,1] — [0, 1] is continuous and non-decreasing;

o [ - =0
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e f(0) =0, and f(1) =1.
Then the set Uy = {z € [0,1] : f(z) > x} is open, hence it is written as the union of at
most countably many disjoint open intervals (a;,b;), ¢ = 1,2, ... Also, the continuity of

f forces that f(b;) = b;. So,

Lo [ If@)—alde =3 /( FCCRELE
(bi—a2)de =Y (b — ) _2“”

i v (aibi) i

< %(Zw@- —a»)z = LI

A similar argument shows that, for U_ = {z € [0,1] : f(z) < 2} we have

L= [ 15w - oldo < 5P

Moreover, from fol(f(a:) —z)dr = 0 we get I, = I_. Therefore, together with the
observationsfo1 |f(z) —x|de =21, =2 and |Uy|+ |U-| < 1, we conclude that

1

1
[ 176 ~ el < minflo, |01 < 3

These inequalities have a nice interpretation in terms of areas:

FiGure 10. Graph

Step 2. (General case by approximation) Now suppose f : [0,1] — [0,1] is
non-decreasing and satisfies fol( f(z) —x)dx = 0. Then it is not hard to find a sequence
fn(x) satisfying the conditions in Step 1 and f,(z) — f(z) for almost every z. So, by
the dominated convergence theorem,

[ 15— atde = i [ 150~ alar <}
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Actually, there is an extension of the above two problems. But the proof needs some
tools of real analysis. We still give proof here in case someone is interested in. Note that
in this case, the bound of RHS can not be improved to 1/4.

Exercise 6.6 (Hard!). f, g are monotonically increasing in [0,1] and 0 < f,g < 1.
fol(f — g)dz = 0. Prove that
1
1
0

Hint: Let f = L1, 9= %, then fol |f —g|dz = % Except for swapping f, g, this is the
only case to reach the maximum.
We can decompose f—g = (f—g)"—(f—g)~ where A" = max(0,h),h~ = —min(h, 0).
So [(f—g)"=[(f—9)".
f, g is monotone means f — g has bounded variation. In particular,
V(f=9) <V(f)+V(g) <2

So sup(f — ¢g)" +sup(f — g)~ < 1. To see this we can assume f(0) = ¢(0) =
0, f(1) = g(1) = 1 since we don’t assume f,g to be continuous. And for simplicity
assume supermum can be taken, say f(a)—g(a) = max(f—g), f(b) —g(b) = min(f —g).

Assume a < b otherwise swap f,g. Then

V-9 =W -9 +Vi(f -9+ Vi (f—9)
> (max —0) + (max — min) + (0 — min)

= 2(max — min)

= 2(sup(f — g)* +sup(f —g)7).
Then use

Ju-d=[ -9+ | G-or=2] gt

And we have
I <m(f>g) sup(f—g)and I <m(f <g)- sup(g— f)
with m(f > g) +m(f <g) <1, sup(f — g) +sup(g — f) < 1.

If
1> % mlf > g)sup(f — ) >
then
m(f <g)sup(g — f) < (1 —m(f > g))(1 — max(f —g))
<1+m(f>g)sup(f —g)— (m(f>g)+sup(f—g))
<1+I1-2VT=(1-VI?<1,
contradiction. O
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7. WEEK 8 (4.12)

Problem 7.1. Suppose that f € C(—o0,+00), let

Prove that {f,(z)} converges uniformly on any finite intervals.

Exercise 7.2. Assume f(x) is Riemann integrable in any closed subset of R, and

~ 1 k
:§ _f($+_)7n:1727"'7
n n
k=1

does function sequences {S,} converges uniformly on any closed subset of R %

Hint: First way: Prove it first for continuous f; uniform continuity will be helpful

here. For the full result, let [a,b] be given. If € > 0, there exists a continuous g on
b+1

la, b+ 1] such that / |f — g| < e. Use this and Problem
Second way: Sugpose [a,b] is given. Let € > 0. Then there exists 0 > 0 such that

Z(MJ — mj)ij <eg,
P
whenever the partion P of [a,b + 1] satisfies pu(P) < 6. Here u(P) is the mesh size of P
and m;, M; are the inf and sup of f over the jth subinterval determined by P.
Suppose 1/n < §. Let x € [a,b] and let z, = z + k/n. Then {zx : Kk =0,...,n} can
be extended to a partition P of [a,b+ 1] with u(P) < 4. Thus

- / T dt‘

fla+k/n) — f(£)dt

< Z/xk 1’ (2 + k/n) — F(1)|dt

k=1

<ZMk—mk %gz —mj)Ax; <e.
P
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Problem 7.3. Suppose that fi(x) is integrable on [a,b], and let
Jor1(z /fn )dt, n=1,2,

Prove that { f.(z)} converges uniformly to 0.

Problem 7.4. Suppose that f € C(—o0,+00), and |f(z)| < |z|, V& # 0. Define
fix) = f(x), fale) = f(fi(2), -, ful®) = f(far(2)),---. Porve that {fn(z)}

converges uniformly on [—A, A].

Problem 7.5. Suppose that there exists M > 0 such that |fo(z)| < M and

Zlfn — (@) <M, m=0,1,2,---

Prove that if Z b, converges, then Z by fn(x) converges uniformly.

Exercise 7.6. Suppose f(z) is posz’tive monotone increasing function over [0,00), and
+oo

f(z) € CY0,+00). Prove that Zf/ <

———— dx s convergent, then
)+ f'(@)
15 convergent.

(=)
=
&)

Hint: For each n € {0,1,2,---}, let
E,={z€nn+1]: f'(x) >2f(n+1)}.

Also, let |E,| denotes the length of E,.
We firstly show that |E,| < . Indeed, if |E,| > 3, then there is

fin+1) = f(n) + : f'(@)de > f(n) + f(n+1),

a contradiction. Then
/ ntl dz S / dz
n f($) + f’(l’) N [nn+1\Ex f(LU) + f/(.I)

/ dx
> =
~ Jinsng, 3f(n+1)
S 1
~6f(n+1)
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Hence

1 ntl dzx
ﬂn+D§6A @+ @)

o0 dx =1 1
@ S Tm STt o[

* dx

0 f(x)

Therefore

Now by the assumption, the right-hand side is finite, and therefore converges.

Exercise 7.7. Determine whether the following Series converges:

Z 1)vnl?

where

[z] = max{k € Z: k < x}.

Hint: First I write

(1 DA DM (e (D

Vn — (=1)val n—1 n—1 n—1
It is trivial that Z M converges. Now I claim that the series Z L
— n-—1 ~ n-1

converges. Consider the sequence n + [y/n], this sequence is (starting from n = 1):
9.3,4,6,7,8,9,10,12,13, 14, 15, 16,17, 18, 20,21 . . .

we see that the numbers do not show up in the sequence are 5,11,19,29, ..., i.e. numbers
of the form m? 4+ m — 1, and these are all odd numbers (Prove this!).
Define

n—1 ’

n+lvn] .
w otV n is not a complete squre,
" 0, otherwise.

Then by alternating series test Z a, converges. On the other hand, define

n=2
=yl -
b ) T T nisa complete squre,
0, otherwise.

then the series >~ b, is definitely convergent.

Observe that
(—1)ntlvnl
~—— =a,+b,, VYneN,

39
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(=1t vl
therefore the series Z %
n=2

is convergent. Hence the original series is convergent.
n —

O

Exercise 7.8. Let f(z) be a function with positive values and with continuous deriv-
ative on [0,400). Suppose a and b real numbers. We know that the following integral
converges:

dxr < 400.

[T
0 f(z)

Prove that a =0 or b = 0.

Hint: If there is a sequence {x,} such that lim x, = oo and lim f(x,) = oo then for
n— oo n—oo

any n, one has

0 2 b2 / 2 Tn f£1
[[ALEEETCE 4y [ 2,y L)
0 f(x) o fl(=) f(0)
Hence b = 0. If there is not the sequence as above, that is f is bounded, then there is
1
M > 0 such that ? > M. From this, it is easy to see that a = 0. 0

Remark 7.9. Exercise [7.§ implies that

o IE TP,
0 f(z) '

Exercise 7.10. Determine whether the following series converges:

[o.¢] . . 2
Z SInn -sinn
n .

n=1

Hint: Approach 1: Telescoping Sum

n n

Z sin(k) sin (k%) = %Z(cos(k;(k; — 1)) —cos(k(k +1)))
k=1 k=1
1 —cos(n(n+ 1))

2

Thus, the partial sums are bounded, by Dirichlet’s Test we know the series is convergent.
40




Approach 2: Summation by Parts

. sin(k)sin (%) . <= sin(k) sin (k?)

2 k = lim 3 k

k=1 k=1

— bim 1~ cos(k(k —1)) — cos(k(k + 1))
n—oo 2 k

i (LM_z”Zlcos%(kH»)

1 <= cos(k(k +1))
—5 2 k(k+1)

and the last sum converges by comparison to
o
1

Rl -

k=1
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8. WEEK 10 (4.26)

Problem 8.1. Suppose that a,, > 0, Zan converges, and

n=1

bm:i <1+nim)nan.

n=1

Prove that R, the radius of convergence of the power series Z bx™, satisfying 1/e <

m=1

R<1.

n

Problem 8.2. Suppose that {a,} satisfying lim {/|a,| = 1. Denote that S, = Z ay.
n—o0
k=0
Prove that L
lim /]S, = 1.

n—o0

Problem 8.3. Suppose that a,, > 0, Zan diverges, and
n=1

. Qnp,
lim =0.
n—oo a1 + Qg + -+ - + ay,

lim /a, = 1.

n—oo

Prove that

Problem 8.4. Ezpand f(x) = sin®x as a power series at x = 0, and find the domain
of convergence.

Z Sin «

Exercise 8.5. Find the Taylor series of ] (|x] < 1).

— 2xcosa + a2

Hint. Suppose that

. o0
2 sin o "
= E a,x".
1 —2xcosa + 22 —
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Then

(o]
rsina = (1 — 2z cosa + %) E a,z"
n=0
_ 2 3
= ap + a1z + agx” + agz® + - -+ — (2ap cos a)x

— (2a; cosa)a® — (2az cos a)z® + - -+ + apr® + ayx® + - -

Comparing the coefficients, we have ag = 0, a; = sina, as = sin2a, ---, a, = sinna,
O
. ' Inx
Problem 8.6. Compute the mtegml/ ] 5 da.
0o 1l—z

Exercise 8.7. Prove that

e +e < 2€x2/2, rz e R.

Hint. Since
00 xQn
X —T — 2
e’ +e ; ol
and -
202 =25 v
— (2n)!”

Problem 8.8. Suppose that for —1 < x < 1, there is

fz) = Zoanx”, nh_}n;@ na, = 0.

Prove that if lirlnof(m) =S, then g an, = S.
z—1—
n=0

Problem 8.9. Suppose that {a,}, {b.} satisfying a, > 0, and series Zanx" con-

n=0

by,
verges in |z| < 1, diverges at x = 1. Assume that lim — = A, 0 < A < +00. Prove

n—00 (U,
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that

> bpa”
hl{ﬂo =0 = A.
x—1— Z 4"
n=0
Exercise 8.10. Suppose that f(x) = Z ap,z"”, and its radius of convergence is R =
n=0
+o00. Let
fulz) = Z apx”.
k=0

Prove that when n — oo,

f(fnl2)) = f(f(2), (a <z <D)

Hint. f, = f and f is uniformly continuous. O
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9. WEEK 12 (5.10)

Problem 9.1 (Interchanging the Order of Summation). If Z Z lajk| < oo, then
=1 k=1

j=1 k=1 k=1 j=1

Proof. The two double sums in the problem really mean

DETDS [Z ] B JEEOZ [rifioz%’“]

=1 k=1 j=1

= lim lim g g @k,
n—o0 m—0o0

j=1 k=1
PSS o] ) T B0 o] 15 o
=t i 33 S

=1 k=1

That all of these limits exist is part of the conclusion of the probelm. 0J

Remark 9.2. The hypothesis Z Z lajk| < oo really means that for each j € N,
j=1 k=1

i|ajk| =M; <oo and iMJ < 0.
1

Jj=1

Problem 9.3 (11.14). Suppose that f(z) can be expanded as a power series in a
neighborhood of x = 0, and the sequence {f™(0)} is bounded. Prove that f(z) is the
restriction of a smooth function, which is defined on R.

Problem 9.4 (11.15). Suppose that f(x) is continuous on [0, 1], satisfying

1
/f(:v)x”da::(), n=0,1,2,---.
0

Prove that f(x) =0 on [0, 1].
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Problem 9.5. Suppose that f € R[0,1], satisfying

1
/ f(z)z" de =0, n=0,1,2,---.
0

Prove that f(x) =0 at every continuous point.

Proof. For Ve > 0, there exists a g € C|0, 1] such that

/0 (@) - g(2)] d <.

By Weierstrass theorem, we know there is a polynomial P such that |P(x) — g(x)| < e.
Note that |f| < M since f is integrable. Then

/OlfQ(rc)dx:/ F(f—g+g—P)+Pf| de

1
0
1

— [ -g+9-P) da

0

1
gMU f —gl+lg— P| dz| < 2Me.
0

1
Hence / f*(z) dz = 0, which means that f(x) = 0 at every continuous point. O
0

Problem 9.6.
(1) Suppose that f(z) € C[—1,1], satisfying

1
/:r2” () de=0, n=0,1,2,---.

1

Prove that f(x) is an odd function.
(2) Suppose that f(z) € C[—1,1], satisfying

1
/ g f(r)dr =0, n=01,2---.

1
Prove that f(x) is an even function.

Exercise 9.7. Suppose that f(x) is continuous on [0, 1], satisfying

1
/ f(z)z" de =0, n > no.
0
Prove that f(x) =0 on [0, 1].
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Hint. Note that for any polynomial P(x), there is

/0 e f()P(z) dz = 0.

O

Problem 9.8 (11.17). Suppose that f(x) can be approzimated by polynomials on a
infinte interval. Prove that f(x) must be a polynomial.

Problem 9.9 (11.20). Suppose that f(z) is continuous on [0,1]. For any n € N, we

e )
Buti) =Y (1)7 (£) Ha- oy

k=0
Prove that B,(f,z) = f(x) (z € [0,1]).

Problem 9.10 (Lebesgue). Any continuous function on a interval must have primitive
functions.

Proof. Suppose that f € Cla,b|. By the Weierstrass approximation theorem, we know
that there exist polynomials {P,(x)} on [a, b] such that P,(x) = f(z), n — oc.

For every P,(x), there is a polynomial Q,(z) such that @), = P, on [a,b]. And we
may always assume @, (a) = 0.

First, we show that {Q,(z)} is uniformly convergent on [a,b]. Indeed, since {P,(z)}
converges uniformly, we know for Ve > 0, there exists N € N, such that for Vn > N
and p € N| there is

| Poip(x) = ()] < e

Then by Lagrange’s theorem, we have

Quipl) ~ Qulo)] = [Qusl®) ~ Qule)] ~ [Quyla) — Qul)
= [Pyp(§) — Pa(§)]| < e.

Hence, the Cauchy theorem tells us that {Q,(z)} converges uniformly on [a,b]. Denote
F(z) := lim Q,(x).
n—0o0
Next, we show that F' is differentiable and F’ = f on [a,b]. To prove this, it suffices
to prove for given z € [a,b] and € > 0, there exists § > 0, such that 0 < |h| < 4, there
is
F(zo+ h) — F(xg)
h

— f(xo)| < 3e.
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Note that
F(zo+ h) — F(xg)
h

— Pn<£L'0)

— f(z0)

(o +h)— Q,(x
S s + |Palan) — f(ao)
h
For Ve > 0, there exists N € N, such that Vn > N, there is |P,(x¢) — f(zo)| < &. Set

n = N, by Lagrange’s theorem and Py(x) is uniformly continuous on [a, b], we have that
there exists § > 0, such that for |h| < 6, there is

Qn (o + h) — Qn(70)
h
where 0 < # < 1. By Lagrange’s theorem, we also have

‘QNer(fBo +h) = Qn(xo + h) — Qnip(zo) + Qn(20)
h

— PN(QT()) = ‘PN(ZL‘O +9h) — PN($0)| < g,

<|Pysp(@o + 0h) — Py (0 + 0h)] < g

Then, letting p — oo, we have

F(zo+h) — Qn(xo + h) — F(xo) + Qn(zo) | _ €
h 2’
which gives us the desired inequality. 0

<
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10. WEEK 13 (5.17)

Problem 10.1. Use power series to prove Vandermonde’s identity:
i o I6; _(a+p
k)J\n—-k) n )
k=0
> () - ()
k) \n)
k=0

Problem 10.2. Suppose that {g,(x)} is nonnegative and continuous on [0, 1], and for
every x¥ (k =0,1,2,--+),

Consequently, we get

1
lim 2*g, () da

n—o0 0

exists. Prove that for any f € C[0,1],
1

lim [ J(2)gu(x) da

exists.

Problem 10.3.
(1) Suppose that f € C[1,400), f(4+00) = A. Prove that for any € > 0, there
exists a polynomial P such that

flx)—P (l>‘ <eg, x€][l,400).

T

(2) Suppose that f € C[0,4+00), f(+00) = A. Prove that for any € > 0, there
exists a polynomial P such that

|f(:v) - P (e’x)‘ <e, z€(0,+00).

Problem 10.4 (Riemann’s lemma). Suppose that f(z) € R[a,b], then

b b
lim / f(z)sinpr de =0, lim / f(z)cospr dz = 0.

p—+00 p——+00
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Hint. By approximation of Riemann integral and the Weierstrass approximation theo-
rem, we know that for any € > 0, there is a polynomial P such that

/ f(z) — P(z)] dz < .

By integral by parts, it’s easy to see
b b
lim P(z)sinpr de =0, lim P(z)cospx de = 0.

p—+oo J, p—+oo J,

O

Exercise 10.5. Suppose that f € R[a,b]. Prove for Ve > 0, there exist two polyno-
mials p(x) and P(z) on |a,b] satisfying
(1) p(z) < f(z) < P(x), YV € [a,b];

2) / Pz) - p(z)] do <.

Hint. Firstly, show there exist continuous functions g(x) and h(z) on [a, b] satisfying

(1) 9(95) < f(z) < h(z), YV € [a,b];
(2) / [h(z) — g(x)]dz < e.

Then apply the Weierstrass approximation theorem. O]

= 1
Problem 10.6. Find the sum of series E —-
n
n=1

Problem 10.7.

1) Find S = :

(1) Find S nél s

(2)Leta:1—1+~-+ﬂ—ln2 n=12---, find Eooa
n 2 n ) ) b ) n-

n=1

cosnx

Problem 10.8. Find f(x) = Z

n=1

, Vo e (0,2m).
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Remark 10.9. By Problem we know that

. =1 cosnx
ln81n§:—ln2—z — Vo e (0,2m).

n=1

Hence, integrating terms by terms yields
/2
/ Insinz dz = — =~ In2.
0 2

And there is another way to evaluate the integration.

Firstly, we have
/ Insinz dv = / Incost dt,
0 0

and .
/ Insinz dz lt236—2/2lncos.tdt.
z 0
Then
3 3 3
2/ lnsinxdx:/ lnsinxdx—i-/ Incos z dx
0 0 0
:/ lnsin2xdx—zln2
0 2
1
- lnsmx da:——an
2 0
1 s
5 </ Insinx dx—i—/ Insin x dx) ——ln2
%
%
/ Insin x dx——1n2
0 2
That s

W
/ Insinz de = —=1n 2.
0 2
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11. WEEK 14 (5.24)

co (n!)22n+1
Problem 11.1. Prove that m = Z or L
“—~ (2n+1)!

Proof. Note that

(n!)? - 2741 (n!)? - 2n+1 (2n)!! 1 1 [ -
. -2l I n1 " gnl (cosz)™" dx
(2n+1)! Cn+DI-2n)!! 2n4+ 1IN 2 2 0
Then
(nf)®- 270 -2l / )21 /7r/2 > [cos?z\"
E E " dr = 2 g d
2 @n s 1) = — (cosx) T = (2cos ) 2 5 x

”/2 4coszx
= / — 5 dz= 4 arctan(sin x) 3/2 =T
o 1l—cos?zx

Problem 11.2. Suppose that f(z) € C=(R) satisfying |f®(z)| < M, k=0,1,2,---
1
and f <2—n) =0, (n=1,2,---). Prove that f = 0.

Remark 11.3. |f®(z)| < M, k=0,1,2,--- is necessary. For ezample

g {7 o0
0, r=0.

Exercise 11.4. Prove f(z) defined in Remark|[11.3 is smooth on R.

Problem 11.5. Suppose that f(x) is a periodic function with period 27, and f(x) is
bounded on (0,27). Prove that b, > 0 if f(x) is decreasing.

Proof. By definition, we have

k27‘r

b, = — f sinnx dr = / )sinnz dx
T ( ) Z fo— 1) 2w

0

1y2m p2m
:_Z[/ (x) sinnx dx+/ f(z)sinnx dx]
= (b

1) 27
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35’

= —Z [/k . f(x)sinnx dx_/(k_nijn f<x+g) sin nw dl’]

k=1
= %kz:/(:k:;;n [f(a:) —f (m—l—%)} sinnz dz > 0.

O

Exercise 11.6. Suppose that f'(x) is bounded on (0,2w). Prove that a, > 0 if f'(x)
1S decreasing.

Hint. Similar to Problem [IT1.5 0O

Problem 11.7. Suppose that f(z) is a periodic function with period 27 satisfying
[f(z) = f) < Lz —y|* (0<a<1).

=)

ap = — f(x)cosnx dx

QS

nOé

Prove that an_O( L ) b, =

Proof. Note that

- l/ﬁ_if <$+%) cos(nx + ) dx

1 T
= ——/ f <x+ E) cosnzx dz.
™ n

|an|_‘—/7r [f(x) f(a:+ ﬂcosmcdx
o [ e
27TL<n> / | cos na| dx<L<n>a,

—Tr

1 1
—) Similarly, we have b, = O (—) U
ne ne

Then

| N

x—l— )‘ | cosnz| dz

| /\

which gives us that a,, = O (
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Problem 11.8. Find the Fourier expansion of

0, —nm<x<0,
f(w)I{

sinz, 0<ax <.

Problem 11.9. Use

n I n T
smk 2= / cos kt dt
k=1 k=170
to find
Sz) =3 2 va e (0,2n)
n=1
Proof. Considering
! 1/2
sk S coskt dt - __+/ sin(n + 1/2)¢ 4,
0 = 0 2sin 5
+/ 1 1] . ( +1/2>tdt+/msin(n+1/2)t d&t
=—= — —| sin(n ——dt.
2 0 ZSin% t 0 t

By Riemann-Lebesgue’s lemma, we know that

: 11 L.
nhj& i |:28in%_¥:| sin(n + 1/2)t dt = 0.

Note that
T - 1/2)¢ (n+1/2)z iy ¢ * sint
/wdt:/ —Sm dt—>/ &dtzﬂ as n — oo.
0 t 0 t 0 t

Hence

Problem 11.10. Let

S(x) = Z smnnx’ Vz e (0,2m).
n=1

Show that .
lim max {5, (z) z)} = /Slid——

n—oo 0<z<m

where S, (z) is the partial sum of the previous n terms.
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Exercise 11.11 (Hard!). Find Fourier series of

COS T COosS T

u(z) = e*Fcossinx  and wv(r) = e“Fsinsinx.

Hint. See solution here. O

Exercise 11.12 (Hard!). There exists a continuous function whose Fourier series
diverges at a point.

Hint. We describe Fejér example of a continuous function with divergent Fourier series.
Fejér example is the even, (27)-periodic function f defined on [0, 7] by:

> 1 . 3 X
f(z) = Z — sin [(2?’ + 1)5] :
According to Weierstrass M-test, f is continuous. We denote f’s Fourier series by
—ag + (a; cosz + bysinz) + - - - + (a, cosnx + b, sinnz) + - - .

2

As f is even, the b, are all vanishing. If we denote for all m € N:

™ t n
A = / sin {(Qm + 1)—} cosnt dt and o, = Z k-
0 2 k=0

We have
[ 2 (7
a, = — f(t)cosnt dt = — [ f(t)cosnt dt
T ), 7 Jo
2 [T (=1
= %/ 5 ] sin [(27”3 + l)g] cosnt dt

21 [T
— _2—2/ sin [(2"3—1-1){} cosnt dt
TSP Jo 2

2 o= 1
= ; Z —2)\n,2p3,1 .
p=1 p

We now introduce for all n € N:

DI ED D) SEWENES SrLL A
k=0 p=1

p=1 k=0
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We will prove below that for all n,m € N, we have o,, ,,, > % Inm and o, ,, > 0. Indeed,

1 (7 2
)\nm:—/ sin m+1+n t + sin 2m+1—n t| dt
™9, 2 2

1 1 . 1 . m+1/2
S 2\m4n+1/2 m-n+1/2)  (m+1/2)2 —n?
Therefore for n < m we get A\, ,,, > 0 and o4, > 0 for ¢ < m. While for ¢ > m:

q
1 |
20y =
e Z<m+k+1/2+m—k+1/2)

k=0
qtm
1

:Zz'+1/2+Z

i=m i=m

1
i+1/2

qg+m m—1

| | 1
_Zi+1/2+m+1/2+,_ it 12

i=m i=m—q

1 1
= ——>0.
m+1/2+iZ i+1/2 ~

=q—m

g+m

Hence for ¢ = m, we have

2m

1 1
2mm:— o L A
om, m—|—1/2+;2+1/2

2m ai43/2 dt 2m+3/2 1y
S
Z iv12 0 1/2 t

=0
= In(4m + 3) > Inm,

ie.
Om,m = 5 Inm.

Then, we get

1 1 5_ pd—1
S2p3_1 Z EUWS_I’WS_I Z 2—p2h’l(2p 1) = 2p2 In 2.

As the right hand side diverges to oo, we can conclude that {S,} diverges and conse-
quently that the Fourier series of f diverges at 0. O
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12. WEEK 15 (5.31)

oo bn
Problem 12.1. Suppose that b, \, 0, n — 0, and the series 5 — converges. Then
n

n=1
f(z) = an sinnx is integrable and absolutely integrable on [—m, ).
n=1

Proof. 1t suffices to prove / |f(x)| dz converges. Note that
0

T n w/k
dz = dz.
/W/Muw =Y /7r/(k+1)|f(:v)| r

k=1
E b; sinix

< S;. For the second term, we know

o0
Z b;sinix|. Denote

i=k+1

For m/(k+ 1) < z < 7 /k, we have |f(z)| <

k

E b; sinix

=1

Sy =by + by + -+ + by, we know

> b b
Z bisiniz| < — L < ML < (k4 Dby < (K + 1)by.
S |sinz/2| = |x/7| ~
Hence
/ﬂ/k ()] dz < [Sk + (k + 1)b]——— = l St +b’“]
) (+1) : HEk+ 1) kk+1) &
Then
/W £ )|dx<7ri LI ib—’f
J(n+1) T = k(k+1) < k
Note that
n Sk n b@ n n bl n bl Sn
ik +1) kZl;k(k+1) _;;mkﬂ) ;7_ n+1’
which is
“—~ n(n+1) N —n
Then
T 0 b
|flx)] de <2m )y —
//(n-H) ; n
Hence / |f(x)| dz converges. O
0
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Problem 12.2. Let

cos kx
S p—
k=1
Prove that S, (z) > —1, and lim min {S,(z)} = —In2.
n—oo 0z

Problem 12.3. Suppose f(x) is a periodic function with period 2w, and f(x) is con-
tinuous and piecewise smooth on [—m,w|. a,, b, are its Fourier coefficients. Find the
Fourier expansion of the convolution function

—~ [ s at

and derive the Parseval identity.

Problem 12.4. Suppose that f( ) is integrable on [0, 27]. Prove

5 S a3t

where

1 2m
:_/ f(z)sinnz dz, (n=1,2,---).
T Jo

Exercise 12.5 (Hard!). Suppose f(x) is a continuous, periodic function with period

2m. Define
2n 1
Vo(z) = I —1 ”/ f(t) cos®™ Ty

Prove that V,, = f(x), n = oo, YV € [—

Hint. Let t — x = u, we have

@)l [T
Vn(QT) = m /_7r_m f(flf + U) COS du

(2n)! " 2n U
:mf_ﬂf(:c—i—u)cos §du

n)!! " u
= #)—1)”/0 [f(x+u)—f(q:—u)]6082"§ du.
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Note that

T 2n — N
/cos2n£ dx:ww.
0

2 (2n)!!
Hence (21 _
f(z) = m/o 2f(z) cos™ 3 du.
Then
(2n)!! T o U
Vo(z) — f(x)] = m i [f(z +u)+ f(x —u) — 2f(x)] cos 3 dul .

Denote p(z,u) = f(x +u) + f(xr —u) —2f(x). Since f(z) is uniformly continuous on
[—m, 2], we know for Ve > 0, 35 > 0 (0 < 7), such that when |2/ — z"| < ¢, there is
|f(z") — f(2")] < e/4. Then, for x € [0,7], |u| < §, there is

o(z, u)| < [f(x+u) = flo)] + [f(x —u) = f@)] < g

Hence
(2n)!! J o U
2m(2n — 1)1 [f(‘“L“)*f(f” u) = 2f (x)] cos™ 7 du
(2n)!! 1
QL AR
S5 n_1”/|<pxu cos™" 2u
e (2n)!! /5 )
— = n_d
S9N J, 2

2n)!l T
< E—( n) / cos™ ¥ dy = .
227 (2n— 1)1 J, 2 2

Since f(x) is a continuous, periodic function with period 27, we know that there exists
a M > 0 such that

oz, u)| < M.
Thus

™

(2n)l ; [f(z +u) + fx —u) — 2f(z)] cos™ du

2m(2n — 1)1

(2n)! /7r on U

<M-— n_ q

= orn—n f; ° 2™
@), 8

<M _
=M orn - 2

(2n)!!

5 o
Denoteq—cos§ 0 <qg<1since 0 < <. Then Z—l)”q

n converges, which

implies
e i
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Hence for Ve > 0, 3N > 0, when n > N there is

(2n)!! /7T o .
5 /o1 — ) —2 n Y €
2r(2n — DI |/ [f(z+u)+ f(x —u) —2f(z)] cos 5 du| < 5
Combinig above all, we have

(2n)!
Vo(z) — fz)] < 2 (2n— )1l

(2n)!
27(2n — 1)!!

<8+€—€
2 2 7

ie. V, =2 f(x),n — oo,V € [—m, 7. O

’ u
/0 [f(f+u)+f($—U)—2f($)]0082"§ du

+

/ﬂ[f(fﬂﬂLU) + flx —u) —2f(x)] coszng du
5

Treating a Fourier series as the formal limit on the unit circle (in the complex plane)
of

e’} —1
u(z) = Zf(k)zk + Z FR)E® 2 = re?™®,
k=0 k=—o00
where
. 1/2 .
iy = [ feman
~1/2

Since {f(k)} is a bounded sequence, this function is well defined on |z| < 1. It can be
rewritten as
. S . 1/2
u (re?™) = Z f(k)r!Hle2mikd — f(&)P.(0 —t) dt,

k=—o0 —1/2

where
1—r?
1 — 2rcos(2mt) + 12

oo
Pr(t) _ Z T\k\e%rikt _
k=—00
is the Poisson kernel. The Poisson kernel has properties analogous to those of the Fejér
kernel:

P.(t) >0,
1
/ Pt)dt = 1,
0
lim P.(t)dt =0 if 6> 0.

=17 st <1/2
Therefore, we can show:

Problem 12.6. If f is continuous on [0, 1], then
lim max {P. x f(z) — f(z)} = 0.

r—1- 0<z<1
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Since the function u is harmonic on |z| < 1, it is the solution to the Dirichlet problem
with continuous boundary condition:

Au=0 if]z] <1,
u=f if|z]=1.

What’s more, we can study the almost everywhere convergence of P, x f(x).

sinnx

Exercise 12.7. Prove Z is uniformly convergent on (0, 2m).

Hint. In fact, we can show more generally that if {a,} be a decreasing sequence of real
numbers such that n - a, — 0. Then the series ) ., a, sin(nx) is uniformly convergent
on R.

Thanks to Abel transform, we can show that the convergence is uniform on [, 27 — ¢]
for all 9 > 0. Since the functions are odd, we only have to prove the uniform convergence

on [0,0]. Put M, := supkay, and R,( Zak sin(kz). Fix x # 0 and N such that
k>n k—=n
1
N<x< N 1 Put for n < N:
N-1 400
Ay(x) = Z ag sin kx and B, (x) := Zak sin(kz),
k=n k=n

and for n > N, A,(z) := 0.
Since |sint| <t for ¢ > 0 we have

N—-1
[An(@)] <) agkz < Myz(N —n) <
k=n

so |An(z)| < M,.

If N > n, we have after writing D) = Zsinj:c, |Di(z)] < < on (0, 9] for some
J=0 .
1 2
constant ¢. Indeed, we have |Dy(z)| < and cosx =1 — :E—(l + &) where
2(1 — cos ) 2
1 2 2
€] < < 02(1—cosx) > % and |Dg(x) < £ Therefore
T
2 <= 2 2
| Bn(z)] < V2 > (ak — ae) + aN\/—_ — \/— < 2vV2Nay < 2V2M,,.
R x T

We get the same bound if N < n. Finally |R,(2)] < (2v2 + 1)M,, for all 0 < z < J, so
the convergence is uniform on R. O
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Remark 12.8. [t’s an example of a Fourier series which is uniformly convergent on the
real line, but not absolutely convergent at any point of (0,2m). Indeed take x € (0,27).

.9
Since |sin(nz)| > sin®(nx), we would have the convergence of Z M We have
= nlogn
: .2 1 inx —inT\2 1 2inx —2inx 1 1
sin®(nzx) = —4(6 —e ) = —Z(e +e —2) = 5~ §COS(2TL[L') and an Abel
2 1
transform shows that the series ZM is convergent. So the series Z
et nlogn et nlogn

would be convergent, which is not the case as the integral test shows.

CcosSNT , , . :
1s a Fourier series for some integrable function.

Exercise 12.9. Show Z

n>2

Inn

Hint. The series converges pointwise to an even function f on [—m, x|\ {0}. By the
Dirichlet test, the series is uniformly convergent on any interval [0, 7] where 0 < 6 < 7.
Furthermore, we have f continuous on [d, w]. Thus, we can integrate termwise to obtain

T 1 [T = sinnd
/éf(as)al.:t—;m/(s Cosnxdx——znlnn.

n=2

By Exercise[12.7] the series on the RHS converges uniformly on [0, 7] since the coefficients
b, = 1/(nlnn) are monotonically decreasing and satisfy nb, — 0 as n — oco. Therefore,
we can interchange the limit as 6 — 0 with the sum to obtain

[e.e]

/ﬂf(a:)da::— lim
0 n

— 00 nlnn

innd
sinnd _

This proves that f is integrable on [0, 7] as well as [—m, 7| since it is even. By a similar
argument we can show that

2 [T 1
— de = —.
7T/o f(z)cosnz dx ]

nn

Therefore, this is a Fourier series for f. O
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