Exercises 11

June 11, 2022

1. (1) Let a;,z € R with a, # 0. Suppose R > 0 such that all real roots
of f(z) = ap + a1z + ---a,x™ = 0 are contained in (—R, R). Compute the
degree deg(f,[—R, R],0). We can also consider f as a continuous map from
St =R U {oo} = RP! into itself. Compute deg(f,S").

(2) Let a;, z € C with a,, # 0. Suppose R > 0 such that all complex roots
of f(2) =ap+ a1z +---a,z" = 0 are contained in D(R) = {z € C||z| < R}.
Compute the degree deg(f, D(R),0). We can also consider f as a continuous
map from S? = CU{oo} = CP?!, the Riemannian sphere, into itself. Compute
deg(f,S?).

2. Let B ={x = (21, ,7,) € R*| 3.7 |74*> < 1}. Assume that f: B —
R be a C? function such that

cx = —u; B.
Vix) -z 1 axixl#o, x €0
Determine the degree
0 0
deg(Vf,B,0), Vf= (6_£ ,axf):B—HR".

3. Let
Q = {(QEI,SEQ,QJg) S R3|x3 = 07‘%%—’_1‘% S 1}78Q = {(.7317372,1'3) € R3|$3 = OJSE%—F‘%‘% = 1}7

S ={(z1,19,73) ER3|z; =0, (2o —1)* +253=1}, ¢:Q — R?

be continuous with ¢(z) = z, z € Q. Prove ¢(Q) NS # (.
4. Let A € R. Consider the equation

—u" = \f(u), z€l0, 7]

u'(0) =u'(7) =0, (0.1)
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f(u) = uw+ cosu — 1. Prove: (A,0) is a bifurcation point iff A = n® n is a

non-negative integer.
5. Let X = [? be the real Hilbert space with the standard inner product,
and
Ar = (2, kg, )t X = X,
T(x)=(z3,--- k%27, ): X = X.
Prove: (1) f(z) = Az +T(z) is a compact map from X to X, (2) compute the
Leray-Schauder degree deg(id — f, B,0), where B = {z € X|||z|| < 3}.
6. Let 2 C R" be a bounded regular domain. Given some conditions on
f:Q xR xR"— R such that the equation

—Au = f(z,u,Vu), x€Q

u(x) =0, z€d (0.2)

possesses a solution u € C*7.
7. Let Q C R™ be a bounded regular domain with n > 3 and 2 < ¢ < %
Suppose u € H}(w) such that

/ Vu-Vodr = / lu|"Pupdz, Vo € Hy(Q).
Q Q

Prove that u is C? via the LP and C estimate of —A\.
8. Let Q C R” be a bounded regular domain and X = W, () with p > 1,
f € x R be continuous satisfying

[flz,u)| <CA+ul*), (z,u) € QxR,
a <2 F(z,u) = [} f(z,s)ds.

n—27
(1) Prove the functional

I(w) =1 /Q VulPdz — /Q Flz, u(x))dz

p

is w.s.l.s.c. in X; (2) compute the Euler-Lagrange equation of I(u).
9. Let S% = {x = (21,22, 23) € R} Y7 |z;|> = 1}, A, B € 52,

M = {y(t) :[0,1] = 8%, 7(0) = A,7(1) = B,y € H'([0,1], R*)},

BO) = | B@Pa =5 [ a2 +5a(0? + 30

Y(t) = (71(t),72(t),73(t)). Find a 9 € M such that E(vyy) = inf,ep E(7) via
solving the Euler-Lagrange equation.



