INTERIOR HOLDER REGULARITY OF THE LINEARIZED
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LING WANG

ABSTRACT. In this paper, we investigate the interior Holder regularity of solutions
to the linearized Monge-Ampeére equation. In particular, we focus on the cases with
singular right-hand side, which arise from the study of the semigeostrophic equation
and singular Abreu equations. In the two-dimensional case, we give a new proof
of the Caffarelli-Gutiérrez Holder estimate (Amer. J. Math. 119 (1997), no.2,
423-465) and the result of Le (Comm. Math. Phys. 360 (2018), no.1, 271-305)
for the linearized Monge-Ampeére equation with singular right-hand side term in
divergence form. The main new ingredient in the proof contains the application of
the partial Legendre transform to the linearized Monge-Ampeére equation. Building
on this idea, we also establish a new Moser-Trudinger type inequality in dimension
two. In higher dimensions, we derive the interior Holder estimate under certain
integrability assumptions on the coefficients using De Giorgi’s iteration.

1. INTRODUCTION

In this paper, we investigate the interior Holder regularity for solutions to the
inhomogeneous linearized Monge-Ampere equation

(1.1) > D; (®VDiu) = divF + f
ij=1

in a bounded convex domain Q C R" (n > 2), where ® = (®¥) is the cofactor matrix
of the Hessian matrix of a convex function ¢ € C?(Q), F : Q — R" is a vector field,

and f : Q — R is a function. Since ® is divergence free, i.e. ZDjCD” = 0, for all

j=1
i=1,2,--+,n, we can rewrite ([1.1]) in the non-divergence form as follows:
(1.2) > @UDyu=div F + f.
ij=1
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When the equation is uniformly elliptic, it is well known that the Harnack and
Holder estimates of the solution are established in the classical De Giorgi-Nash-Moser
theory for equations of divergence form [De, [Nal Mol], and in the Krylov-Safonov the-
ory for general equations of non-divergence form [KS|. The main interest on equation
or lies in the lack of uniform ellipticity. In a celebrated work, Caffarelli-
Gutiérrez obtained the Harnack inequality and the Holder estimate for equation
or with /' = 0 and f = 0, under the A, condition [CG]. In particular, this
condition is satisfied if

(1.3) 0<A<detD?*¢ <A inQ.

The Hélder estimate for the inhomogeneous equation (F' = 0 and f # 0), as well
as higher order estimates and the boundary regularity, were later established by
[TrW), IGNT, IGN2, [LNT) LS| under certain assumptions on f. For further extensions
and related work, one can refer to [Lell, [Le5l [LN2, KLWZ| and the references therein.

When F # 0, the equation arises from the study of semigeostrophic equations
[ACDF], Le2, Lo] and singular Abreu equations [KLWZ [Led, [LZ] in the study of
convex functionals with a convexity constraint related to the Rochet-Choné model
for the monopolist problem in economics. So far, very little is known about the
regularity of when F' # 0. We focus mainly on the linearized Monge-Ampere
equation under the condition . Loeper [Lo] obtained the interior Holder regularity
for under the stronger assumption that det D?¢ is sufficiently close to a positive
constant, using the W?? estimate of the Monge-Ampere equation and a result derived
in [Tr2]. Later, Le [Le2] showed the same result when n = 2, only assuming (1.3). The
main ingredient used in [Le2] is the W' **-estimate of the Monge-Ampere equation
established by [DFS,Sc]. Under certain integral bounds on the Hessian D?@, Le [Le0]
also extended the Holder estimates to higher dimensions. More recently, Kim [Kim]
derived similar estimates for with drift terms under a similar condition as [Le6].
For the estimates to boundary case, see [Le3].

The results in [Kim| Le2l Le6, [Lo] used both the De Giorgi-Nash-Moser iteration
and the Caffarelli-Gutiérrez estimate, corresponding to the divergence form and the
non-divergence form of linearized Monge-Ampere equations, respectively. Note that it
has been pointed out that in general it is impossible to obtain the Caffarelli-Gutiérrez
estimate by the De Giorgi-Nash-Moser iteration [TW), Remark 3.4], which means
that the celebrated theory of Caffarelli-Gutiérrez’s is essential in their arguments.
However, in this paper we find that there is a new proof of the theorem below without
using the Caffarelli-Gutiérrez estimate in dimension two.

Theorem 1.1. Assume n = 2. Let ¢ € C*(Q) be a convex function satisfying (1.3)).
Let F := (F'(x), F*(z)) : Q@ — R? be a bounded vector field and f € L"(Q) forr > 1.
Given Q' CC Q and p € (0,400), then for every solution u to (1.1)) in Q, there is

lullevery < C (lullzr) + 1F =@ + [fllr@)

where constant v > 0 depending only on X\ and A, and constant C' > 0 depending only
onp, r, A\, A\, and dist(Y,090).
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Note that although we assume ¢ € C?(€2), the derived estimates are independent of
the smoothness of ¢ and depend only on the structure constants. Theorem|l.1|includes
[Le2, Theorem 1.3] and Caffarelli-Gutiérrez’s estimate [CG| in dimension two. Our
main new idea in Theorem is the use of the partial Legendre transform. After
the partial Legendre transform, becomes a linear uniformly elliptic equation in
divergence form with singular right-hand side (see (2.7))). Thus, the De Giorgi-Nash-
Moser theory implies that the solution after transformation is Hoélder continuous.
Then transforming back to the original solution gives us the result. We still need the
W2te_estimate of the Monge-Ampere equation to guarantee that the condition in
De Giorgi-Nash-Moser’s theory is satisfied. The partial Legendre transform has been
widely used in the study of the Monge-Ampere equation [DS| [Fi, [GP] [Liul, and it
has also been used recently to study the Monge-Ampeére type fourth order equation
[LZ, WZ]. However, we didn’t find its use in the linearized Monge-Ampere equation.
Our proof can be seen as an attempt in this direction.

On the other hand, due to the divergence form of the equation , we already
know that some interesting Sobolev inequalities of Monge-Ampere type were obtained
by [TW] in dimension n > 3 and [Le2] in dimension n = 2 (see [Mall] for some
extensions and [WZ23| for a complex version). Since we will use the Monge-Ampere
type Sobolev inequality later, we restate it here.

Theorem 1.2 ([TW) Theorem 1.1}, [Le2, Proposition 2.6]). Assume n > 2. Let ¢ €
C?(Q) be a convex function satisfying (1.3). Then there exists a constant Cgy > 0,
depending only on n, X\, A, and 2 such that

(/ |u|2*dx) < Csop (/ ®“ DyuDju dx) . Yue (),
Q Q

where 2% = % forn >3, and any 2* > 2 for n = 2.

Therefore, with the new idea in Theorem [I.I, we also establish a new Moser-
Trudinger type inequality in two dimensions. To simplify the notation, we write

| Dul|3 = /Q@ijDiuDju dx.

Theorem 1.3. Let 2 be a uniformly conver domain in R* and ¢ € C*(Q) be a
conver function satisfying . Assume that ¢laq and O are of class C3. For any
u € C3°(Q), there ewists a constant C' > 0 depending only on A, A ||¢[/csoq), the
uniform convexity radius of O and the C® reqularity of 02 such that

u2 £
(1.4) / ST dgyd, < C|Q|75,
Q

where § < 47@1—;3 min{\, 1}, and ey depending only on X\ and A is obtained by the
global W2+ _estimate for Monge-Ampére equations.

Remark 1.4. If ¢(z) = %|x|, we know that {®¥} =id, A =1 and gy = +0. So in
this case the inequality (L1.4)) is identical to the classical Moser-Trudinger inequality.
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In higher dimensions, very little is known when the singular term F' appears. For
general degenerate linear elliptic equations, there are some extensions of the classical
De Giorgi-Nash-Moser theory with some integral conditions on the elliptic coefficients
in [MS, [Tr2]. Therefore, in the second part of this paper, we will investigate the
interior regularity in terms of in higher dimensions with certain assumptions.
As mentioned earlier, directly applying the De Giorgi-Nash-Moser iteration faces
challenges due to the lack of a suitable estimate for |D?¢|. Therefore, we need to
introduce further assumptions on F' to allow the use of the De Giorgi-Nash-Moser
iteration. These assumptions are specified in the following theorem. Denote

Se(x, h) ={y € Q] o(y) < d(x) + Do(x) - (y — x) + h}
as the section of ¢ centered at x € €2 with height A > 0.

Theorem 1.5. Let ¢ € C*(Q) be a convexr function satisfying (1.3). For q¢ > n,

let F:= (F'(x),---,F"(x)) : @ — R" be a vector field satisfying ||Fy| ra@) < oo,

where Fy(z) := <D2¢($))1/2 Fand f:Q — R be a function satisfying || f||Le (@) < 00,
.r b

where q, = p Given a section Sy(zo,2ho) CC , for every solution u to (L.1) in

Ss(x0,2ho) and for all x € Sy(xo, ho), there is

u(z) — u(zo)] < C (||l oo (s,(m0.2n0)) + 1Fsll LS, o,2m0)) + I f lLax (540202000 ) 12 = 0|7,

where constant v > 0 depending only on n, A and A, and constant C' > 0 depending
only onn, q, \, A, hy and diam(£2).

Remark 1.6. Some remarks in order.

(1) With specific assumptions regarding the integral bound of D*¢, one can also
get a result similar to Theorem in all dimensions, see details in [LeG6,
Theorem 15.6] and [Kim| Corollary 1.2].

(2) It would be interesting to remove the assumption on Fy, and/or the integral
bound of D*¢ in Theorem and instead simply assume that and F is
bounded. But so far we haven’t come up with a way to deal with this when
n > 3.

The framework of the proof of Theorem is similar to that of [Le2l [Lo|. First,
we need to derive a new weak maximum principle (Theorem and Corollary
for the solution of by De Giorgi’s iteration. Combining the new weak maximum
principle with the Caffarelli-Gutiérrez’s Harnack inequality then gives Theorem [I.5]

Remark 1.7. We can consider a more general class of linearized Monge-Ampére
equations given by:

(1.5) div(ADu) = f,

where A(x) is a symmetric matriz satisfying A& < A < A®. This equation, (1.5)),
has a similar divergence structure to the previously studied equation (1.1). Using the

methods outlined in this paper or that in [Le2l, Kim|, we can obtain interior Hélder
estimates for (L.5)) under the same assumptions. One motivation for studying (1.5)
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arises from the singular Abreu equation. Through direct computations (see [KLWZ,
Lemma 2.1]), it is shown that the singular Abreu equation

U" D;; [(det D*u)~'] = — div(|Du|* *Du) + f,
18 equivalent to
Dj(u’Di¢) = —,
where
¢ = logdet D*u — $|Du|q.

In this case, we can set A = (D*u)™! in , wllustrating that encompasses this
specific case of the singular Abreu equation. This connection allows us to apply our
general results on interior Holder estimates to the singular Abreu equation, providing
valuable regularity insights. This type of equation, , has been also studied by
Maldonado in [Ma2].

The rest of the paper is organized as follows. In Section [2] we first apply the partial
Legendre transform to , then give the proof of Theorem . The Moser-Trudinger
type inequality is also proved in this section. Next, in Section [3| we present some
estimates for linearized Monge-Ampere equations and then proceed to prove Theorem
L5l

Acknowledgments. The author would like to thank his PhD supervisor, Prof.
Bin Zhou, for his constant encouragement and many helpful suggestions. In addition,
the author also extends appreciation to Prof. Nam Q. Le for his generous guidance
and valuable suggestions.

2. LINEARIZED MONGE-AMPERE EQUATIONS IN DIMENSION TWO

In this section, we present a new proof of the interior estimate for (1.1)) without
Caffarelli-Gutiérrez’s theory and establish a new Moser-Trudinger type inequality in
dimension two.

2.1. The new equation under partial Legendre transform. In this subsection,
we first derive the new equation under the partial Legendre transform. Let Q C R?
and ¢(z1,x2) be a convex function on €. The partial Legendre transform in the
x1-variable is

(2.1) ¢*(&,m) = sup{z1§ — ¢(w1,n)},

where the supremum is taken with respect to z; on the slice n is the fixed constant,
namely for all z; such that (z1,7) € Q. This definition is taken from [Liu]. Hence,
when ¢ € C?(Q) is a strictly convex function, we will have a injective mapping P
satisfying

(2.2) (&, m) = P(x1,22) = (¢, 22) € P(Q) := 7,
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where ¢,, := D,,¢. In this situation, we know that

¢*(§, 77) = x1¢$1 (%1, xQ) - gb(xl, 1‘2).

Indeed, it just needs ¢ to be strictly convex respect to z1-variable [GP]. Then a direct
calculation yields

1 a2y
8(5777) _ <¢x1x1 ¢xlx2> : and 8(1‘1,1:2) — <m _¢x1x1> .

O(z1, 2) 0 1 a(&,n) 0 1
Hence,
(2.3) Pf =1, @) = —uy,
2
= Rl
Then we know that ¢* is a solution to
(2.5) (det D?*¢) e + 7, = 0.

In order to derive the equation under the partial Legendre transform, we consider the
associated functionals of (1.1])

(2.6) Au) == / ®YDyuDju — 2F" Diu + 2 fu dz,
Q

where the repeated indices are summed. Denote u(§,n) = u(¢f,n), ﬁ(f,n) =
F(¢g,n) and f({, n) := f(¢¢,m), then we have the following equation for u.

Proposition 2.1. Assume n = 2. Let u be a solution to (1.1), then u satisfies

(2.7) < Z& ) + Uy = <F1 ﬁ2¢gn)§+ (ﬁ2¢g§)n+f¢g§ in Q.

Proof. Note that in dimension two, the cofactor matrix (®;;) is
< ¢$29€2 _¢x1$2>
_¢xlz2 ¢x1$1

- / Brnes (U, )* — 200, 0oty Uzy + Poyay (Uy)® — 2F Uy, — 2F Uy, + 2fu du.
Q

then (2.6)) becomes

Note that
1 ¢2’7~ *

(2.8) Uy, = p —Ug, Uy, = ot 5 Ug + Uy, dridry = ¢pdédn,
133 133
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we have
2
det D*¢* [ @ Pey Ue [ Dey~
Alu) = 2—=—
(u) /l T (%)*‘@&&(ég
. i u Pen
+ —2F' =L 2 ( > + 2?171 Pee d€dn
¢€§ ( ¢£E ) ¢£§ ¢€§ &

det D¢t 0n° e I .
< 0% w2+%J gz, e = 2, el 4 T

— 2F' g + 22, e — 2F2 ¢80, + 2f¢g€a] dédn

:/*

= / * ( ¢ZZ U+ U — 2F T + 22 T — 2P, + 2 f¢g€a) dédn =: A*(w).
Since wu is a critical point of the functional A(u), we know that w is a critical point
of the functional A*(w). Thus, it suffices to derive the Euler-Lagrange equation of
A*(u). See [WZ] for the similar argument for the Monge-Ampere type fourth order
equation.

For ¢ € C§°(§2%), by integration by parts, we have

dA*(u + ty)
dt =0
_ / ¢* ﬁl + ﬁ2¢* . ﬁZ(b* + f(b* dfd
I P qb& Pe en'Pe cePn e n
— - _ﬁ’v . ot N fQ * ﬁQ * T .
2/* [ ( . u§>£ Uy + ( )5 ( ¢gn>£ + ( (b&)n + fdie | o d€dn

which yields ({2.7)). O

2.2. Proof of Theorem [I.1I} In order to use the partial Legendre transform, we
first recall the definition of modulus of convexity. For a convex function ¢ on R", the
modulus of convexity, denoted by myg, is defined by

(2.9) mg(t) == inf{p(z) — L.(2) : |z — 2| > t},
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where ¢ > 0 and ¢, is a supporting function of ¢ at z. It is clear that m, must
be a positive function for a strictly convex function. A result of Heinz [He] implies
that in two dimensions, if det D?¢ > X > 0, there exists a positive function C'(t) > 0
depending on A such that my(t) > C(t) > 0 (for a more specific C(t), see [Liu, Lemma
2.5]). Now for the partial Legendre transform, we consider the mapping

(&) = P(x1,22) = (¢, 22) : Br(0) — R%.
The following important property is revealed in [Liul.

Lemma 2.2 ([Liu, Lemma 2.1]). There exists a constant 6 > 0 depending on the
modulus of convexity my defined in (2.9)), such that Bs(0) C P(Bg(0)).

Remark 2.3. Indeed, from the proof of [Liu, Lemma 2.1], we can see that the depen-
dence on ¢ only requires the lower bound of m.

Proof of Theorem[1.1. For any z € Q, we denote R = w. Without loss of

generality, we assume P(x) = 0. Note that ¢ satisfies (1.3), i.e. X < det D?¢ < A,
hence we know that mg(R) > C(R) > 0. By Lemmal[2.2] there exists § > 0 depending

on C(R) such that B;(0) C P(Bg(z)). According to Proposition 2.1} (L.3) and (2.5),
we know that u satisfies (2.7)) in Bs(0) with

0<)\§detD2qz5:—¢—T7§A.
3

This means that (2.7 is a uniformly elliptic equation in divergence form.
By the W21 *e_estimate of Monge-Ampere equations [DFS, [Sc], there exist gy > 0
depending on A\, A, and Cy > 0 depending on R, A and A such that

1D?¢|| 1420 (Br(ay) < Co-

Hence, we have

/ (d%)*"= dédn = / (Garey) " FT b, 0, dwiday
Bs(0) P—1(B5(0))
- / (¢$1$1>_(1+€0) dzidxs
P—1(B5(0))

d) 1+4+¢e9
— S B dz,dzs
/7?-1(35(0)) (Cbmxl ¢xzﬂcz )

< )\(1+so)/ (¢x212)1+60 dxday
Br(z)

S C)\*(1+€0) .
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Then by (2.5)), we have

/ <_¢:m)2+€0 dgdn S A1+so/ (¢Z£>2+so dfdﬂ S CA1+€OA*(1+€O)‘
B5(0) B5(0)
Finally, the standard W?2? theory of uniformly elliptic equations yields
98,1 L2+<0 (Bs(0)) < C-
With the assumptions on F' and f, we know that the right-hand sides of ({2.7)) satisfy
HFl F ¢£T]||L2+EO(B(S < C ||F ¢§£||L2+€O(B(§ ) < C

and

r(2+eq) (1+eg)(r—1)

r(2+eq)
/ ’f¢§£ T+eg+r dfdn S C/ |f|1+50+7‘ (¢$2m2) Tteg+r d[L‘ldQ?Q

P~1(B5(0))

<C (/ |f|rd$1d$2> (/ (Pugzy) 0 d$1d$2)
Br(z) Br(z)

r(2+eq)

< Ol B

L7 (Bgr(x))*

Note that n = 2 and 2+¢( > 2, ;f;;ioz > 1 whenever r > 1, then the De Giorgi-Nash-
Moser’s theory [GT), Theorem 8.24] (The original estimate in Theorem 8.24 of [GT]
holds in terms of ||pa(p;(0)) for all ¢ > 1. However, by using analogous arguments as

in [HL, Page 75|, we can extend the validity of this estimate to all ¢ > 0) yields

HUHCO‘(Bé/z <C <||u||L1T‘SO (B5(0)) * k) ’

where
k= [IF" = F2¢, |2+ m50)) + |12 S%ell 2o (550 + ||f¢§§|! T (35(0))

Note that by Holder’s inequality there is

14¢q 1+eg
__.peg_ PeQ _PeQ_ Peo
wteo dédn = u'teo ¢, dridrsy
B;(0) P~1(B5(0))
1+50
< HUJHLP(BR ||¢x1901 HLPI-EEO (Br(z))

< Cllullr(Ba(a))-

Hence, for the original function u, combining with the C1% estimate of Monge-
Ampepre equation [Ca] we know that there exists a v € (0,1) such that

lullor =185 0000 < C (1ullzoBr@) + 1F e Br@) + 1fllrBaw@)) -

By a standard covering argument (see for instance [FR, Remark 2.15]), we know that
the estimate is true for any Q' CC 2, which completes the proof. 0J
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2.3. Proof of Moser-Trudinger type inequality. In this subsection, we provide
the proof of Theorem (1.3

Moser-Trudinger type inequalities find broad applications in the study of partial
differential equations and geometric problems. The classical Moser-Trudinger in-
equality was initially derived by Trudinger [Tr1], using the power series expansion of
the exponential function and Sobolev estimates for individual terms, while carefully
examining the dependence on the exponent of the expansions. Subsequently, Moser
[Mo2] presented a more direct proof of this inequality and also determined the op-
timal exponent. Before giving the proof of Theorem [1.3] we first recall the classical
Moser-Trudinger inequality.

Theorem 2.4 ([Mo2, Theorem 1]). Let u € Wy (Q) for n > 2, and

/ |Du|™ dx < 1.
Q

Then there exists a constant C' which depends only on n such that
/ e da < C9,
Q

where

1
n P n—1
o< api=nw, ],

b= n—1
and wy,_1 is (n — 1)-dimensional surface measure of the unit sphere.

Proof of Theorem[I.3. By the global W?!™ estimate of Monge-Ampere equations
[DFS], [Sc, [Sa] (with a detailed exposition available in [Le6, Theorem 10.1]), we know
that there exist g > 0 depending on A and A, and Cy > 0 depending only on A\, A
|¢]|c300), the uniform convexity radius of 9Q and the C? regularity of 9 such that

1D?¢|| p1+<0() < Co.
Then as the proof of Theorem [I.1, we have

| @ asan<c.

By ([1.3) there is
0<)\§detD2gz5:—¢—T7§A.

133
Hence, by (2.4) and (2.8)), we obtain
| Dull2 = / & D,uD,u do
Q

2 2
- / qbrgmguml - 2¢11$2um1u$2 + ¢w1$1u$2 dxlde
Q
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:/< d)i:% )dgdn

> min{\, 1} (u§ +u2) dédn

Then there is

2 a2

u B min{\,1 17
/66|Du|§, dz S/ e P ”D“”L2<Q*)¢ d&dn
Q *

1+eqg
2+eq

Bmin{\,1}~1 = 72 2+e0 ﬁ
< ( / ¢ e P dgdn) (/ G d§d77> -
* Q*

For any 8 < 4m5 =2 1+5° min{)\, 1}, by Theorem H with n = 2, we have

2+eq

Bmin{\ 1} 71220 8-
/ . 1+eg IIDuIILz(Q*) dfdn < C|Q*|

Then by Holder’s inequality,

w2
/ 5‘1:)“”2 dl‘<C|Q*‘2+60
Q

1+eq

2+e€q
= C (/ ¢a:1x1 dl’ldl‘2>
Q
1
Q™% </<¢ )+ dayd )]
r1T1 14T
Q

< cla|7a,

<C

which completes the proof. |

3. LINEARIZED MONGE-AMPERE EQUATIONS IN HIGHER DIMENSIONS

In this section, we establish the proof of Theorem in two steps.

3.1. Estimates for linearized Monge-Ampere equations. In this subsection, we

prove a weak maximum principle for linearized Monge-Ampere equations, which will
be used in the proof of Theorem [L.5]
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Theorem 3. 1 (Weak maximum principle). Let ¢ € C*(Q) be a conver function
satisfying (1.3). Forq > n, let F : Q — R™ be a vector field satisfying || Fy || ra) < 0o,

where Fy(x ) = (D?*¢(z ))1/2 Fand f: Q — R be a function satisfying || f||Le- @) < 00,
where ¢, = n"—fq. For every solution u to

(3.1) D; (YD) > divF + f in

we have

. 11
supu < supu” +C (n, ¢, A, A, diam(2)) (IFsllzocy + 1z o) 192077,

where v := max{u, 0}.
As a corollary, we have

Corollary 3.2 (Global estimate for solutions to the Dirichlet problem). Let ¢ €

C?(Q) be a convex function satisfying (1.3)). For ¢ > n, let F: Q — R™ be a vector

field satisfying || Fy||Leq) < 0o, where Fy(x) 1= (D2¢(x))1/2F and f:Q — R be a

function satisfying ||f||Lq* < 0o, where ¢, = n"—fq. For every section Sy(xo, h) with

Se(xo, ho) CC Q for hy > h and every solution u to
D; (®YDyu) = divF + f in Sy(xo, h),

u=>0 on  0Sg(xo, h),

we have

. 1_n
S Jul < C'(n,q, X, A, diam(Q), ho) (| Fll zacs, (wo,ny) + [1fl|Las (5, wo,ny)) B2 20
(20,
We will use De Giorgi’s iteration to prove Theorem and Corollary [3.2] and
De Giorgi’s iteration is a very powerful tool for dealing with elliptic equations in

divergence form. It is usually reduced to the following iteration lemma, the proof of
which can be found in [CW].

Lemma 3.3 ([CW, Lemma 4.1]). Let w(t) be a nonnegative and nonincreasing func-
tion in an interval [ky, +00). Suppose that there holds for all h > k > kg,
C
h) < ——[w(k)]”
w(h) < gl
where a > 0 and > 1. Then we have
w(/{io + d) = O,

where
8

d = C[w(ky)] = 257,

First, we give the proof of Theorem and it follows the same idea as the proof
of [CW], Theorem 4.2].
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Proof of Theorem[3.1] Denote | = Sup ut. Consider v = (u — k)T for k > 1. Note

that v = u — k, Dv—Duae 1n{u>k} and v =0, Dv =0 a.e. in {u < k}. Taking
v as test functlon mn , we have

—/(DijDiuDjv dz > —/E-Dﬂ) dx—i—/fv dz.
Q Q Q
Then

/(IDijDiijv dz < / F,D;v dx — / fv dx
Q Q Q

/ (D2¢)1/2 (D%ﬁ)fl/2 Dv dx — / fv dx
Q Q

1_1

< (1Fsll ooy 1 D0l 2oy + f iz @ 0]l e ) [ACR) 25,

* __ 2n
where ¢, = n+q, 2 P

D%y = (D?qﬁ)*/2 Dv and A(k) = {z € Q|u(z) > k}.
Note that by and ® = (det D?¢)(D?¢)~!, there is

D% 120y = ( / [(D*¢)']" DivDjv dx) < ATV ( / ©Y DjvDju dx)
Q Q

Denote

( we only consider n > 3 here, and n = 2 is similar),

1
2

Fy = A2 Ey)l pacy + Csob| fll s 0,
where Cs,, is the Sobolev constant in Theorem [I.2] Hence, we know by Cauchy-
Schwarz’s inequality and Theorem [I.2] that

/Q‘PiijDjv dz < (IFslls@ I D0l 2y + 11l o @ llvll 2 o) [A(R)2™

w\»—A
»QM—‘

Q=

) 2
< F, (/ o' DwDjv dx) |A(K)|2~
Q

2

1 g F? 12
< - | ®YDywDjv dz + —|A(k)| "4,
2/, 2
which implies
/ ®7DwDjv dr < FO2|A(I<;)|17§,
Q
ie.
</ o DwDjv dx) < Fy|A(k)|> 7.
Q
By Theorem [I.2] there is

=

_1
q

M\»—l

0] 2% (@) < CsapFol A(R)[ 71,
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Note that v = (u — k)*. Thus, when h > k, there is

1
%

vl 2+ ) = (h — k)[A(R)
Hence, we have

F)” n(a—
(CsavFo) A(k;)|ﬁ, Vh>k2>l.

A < G

Applying Lemma [3.3 with v = 2* and 8 = 22 > 1 yields

q(n—2)

A(l+d) =0,

where

n(g—2)

1_1
d= CSobFO‘A(OH"_q . 22(g—n) |

Therefore, we obtain that

11
Sup u <l4+d< sglﬂpqu + C (|1Fsllzagy + 1 f ]l aw o)) [€2]7 5.

Next, we prove Corollary [3.2

Proof of Corollary[3.3. Using (1.3) and the volume estimates for sections (see, for
example, [Fi, Lemma 4.6]), we obtain:

c1(n, A, AR < |Sy(xo, h)| < Ci(n, A, A)R™?

Hence, applying Theorem [3.1) with Q = Sy(x¢, h) and u = 0 on 95,(x¢, h), we have

sup 1 < C (1 Fpllagsy(wony) + I1f || Lo (5y(o.ny)) B2 2.
S¢(.Z‘o,h)

For —u we can similarly show

sup (—u) < C ([ Fsllzacs, o) + I1f | Lox (55 (00,m)) B2 24
S¢($0,h)

Combining the two inequalities gives

SS(uph) u| < C (n,q, A\ A, diam(2), ho) (| Fpl|nags, ony) + |1F | a5, rony ) 2220
»\ 20,
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3.2. Proof of Theorem The proof of Theorem [1.5]is followed by the combi-
nation of Corollary [3.2] with Caffarelli-Gutiérrez’s Harnack inequality. For reader’s
convenient, we recall the Harnack inequality here.

Theorem 3.4 ([CG| Theorem 5]). Assume n > 2. Let ¢ € C?(Q) be a convex func-
tion satisfying (1.3)). Let u € W2"(Q) be a nonnegative solution of the homogeneous

loc
linearized Monge-Ampére equation

OV Dyju = 0
in a section Sy(xo,2h) CC 2. Then there is

sup u < C(n,\,A) inf w.
Sg(z0,h) Sg(z0,h)

The proof of Theorem mirrors that of Theorem 1.3 in [Le2, P284-P285]. For
the sake of completeness, we outline it briefly here.

Sketch of the proof of Theorem[I.5. By noticing the C1* of standard Monge-Ampere
equations provided (|1.3)), we know it suffices to show for A < hg, there is

(3.2) Satooh) < C ([[ull oo (s (momy) + 1FsllLatsytwony) + [1f 1 za- (s @oumy)) B,

where vy € (0, 1) depending only on n, ¢, A and A. To prove (3.2)), we split u = v+ w
where

O Djv=divE + f in  Sg(xo,h),
v=>0 on  0S4(xg, h),

and -
@”Dijw =0 in S¢(x0, h),
w=u on 0Sy(zo,h).
Then, by Corollary [3.2]

1_n
sup  [v] < C (1FsllLacsy@oun)) + I f Lo sy woony)) h2 2.
Se(xo,h)

By Caffarelli-Gutiérrez’s Harnack inequality (Theorem ,

osc w<pf osc w.
S¢(:170,h/2) S¢($0,h)

Therefore, we have

os¢c u< osc w4+ osc v
S¢(w0,h/2) Sg(w0,h/2) S (wo,h/2)

< 2 o0 T
< 5S¢?§£h)w + 2[|v| oo (5 (w0,h))

1_n
= 5s(<)sch>“+0(V\F¢\|Lq<s¢<xo,h)> + 1 Fl| o (5 o,ny)) B2 20

»\T0,



16

LING WANG

Finally, by a standard iteration, there is

h Y0 1_n
o, ugo(h_0> (||“||Loo(s¢<xo,h>>+(||F¢||Lq<s¢(xo,h>>+||f||Lq*<s¢(:co,h)>)h3 2q)

for some vy € (0,1) and some constant C' > 0 depending only on n, ¢, A, A, hy and
diam(€2), which yields (3.2)). O
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