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§1.1 ü*Ü

knê� QÚ�{a� Zp ´·�Ù��üa�"·����§Q´¢ê� R

ÚEê� C �f�"̄ ¢þ§?Û���Ñ�¹Ó�u Q ½ Zp �f�"

½n1.1.1. � E ´���"XJ chE = 0 §@o E �¹��f� F §¦�

F ' Q¶XJ chE = p > 0§@o E �¹��f� F §¦� F ' Zp "

y². Ï� E kü �1§?� n ∈ Z , n1 ∈ E. P

S = {n1|n ∈ Z} ,

@o S ´ E ���f�"ïá��N�

ϕ : Z −→ S , n 7−→ n1 ,

K� ϕ ´����÷Ó�§�e5U��A�?1?Ø=�"

XJ��� F Ø¹ýf�§@oÒ¡ F ���"K·���½n1.1.1�y


?¿���Ñ�¹����§�f�"

XJ E ´���§F ´ E �f�§@oÒ¡ E �� F �*�½*Ü§P�

E/F "�â½n1.1.1§·����I�r���¤k*ÜïÄ�Ù
§@o��*

Ü�Ò²

§�´Q���*Ü¿Ø�½'����*Ü{ü§¤±3���ï

Ä¥·��´ïÄ����*Ü"e¡·�l�{ü�*Ü))ü*Ü�å"

� F ´ E ���f�§α ∈ E §-

F (α) =

{
f(α)

g(α)
|f(α) , g(α) ∈ F [α] , g(α) 6= 0

}
. (1.1)

@o F (α) Ò´ E �¹ F Ú α ���f�§¡� F V\�� α ���ü*Ü"

� E´� F �*Ü§α ∈ E"XJ�3 F þ��"õ�ª f(x)§¦� f(α) = 0,

@o α �� F þ��ê� §F (α) �� F ���ü�ê*Ü"��§XJéu F

þ?¿���"õ�ª g(x)§Ñk g(α) 6= 0§@oÒ¡ α�� F þ������§

ù� F (α) �� F ���ü��*Ü"

~1.1.2. Q(
√

2) , Q( 3
√

2) , Q(
√

2 +
√

3) Ñ´ü�ê*Ü¶ Q(e) , Q(π) Ñ´ü

��*Ü"

1
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½n1.1.3. � E ´� F �*Ü§ α ∈ E "

(i) XJ α ´ F þ������§@o

F (α) ' F (x) .

(ii) XJ α ´ F þ����ê�§@o

F (α) = F [α] ' F [x]/〈p(x)〉 ,

Ù¥ p(x) ´ F þ�Ä1Ø��õ�ª§¿� p(α) = 0 .

y². �âõ�ª���5§�ð�N� id : F −→ F k���mÿ

ϕ : F [x] −→ F [α] , f(x) 7−→ f(α) .

´� ϕ ´��÷Ó�"

(i) XJ α ´�����§K� Ker(ϕ) = {0} , ϕ ´�Ó�"Ï�(1.1)ª½Â

� F (α)´ F [x]3 E ¥�û�§�� ϕ�±mÿ�û��Ó�§K� F (α) ' F (x).

(ii) XJ α ´���ê�§Kk�Ó�Ä�½n�§F [α] ' F [x]/Ker(ϕ). Ï

� F [x] ´Ìn���§¤± Ker(ϕ) = 〈p(x)〉 . du Ker(ϕ) �)¤�������

"~êÏf§¤±·��±� p(x)�Ä1õ�ª§u´ p(x) ��(½"́ � p(x)Ø

��§� 〈p(x)〉´4�n�§¤± F [x]/〈p(x)〉´���§Ï��Ó�� F [α]�´

���,2d F (α) �½Â� F (α) = F [α] .

ü�ê*Ü�(�'�{ü§e¡ïÄü�ê*Ü�(�"� E ´� F �*

Ü§α ∈ E ´ F þ����ê�"@o F [x]¥¦� f(α) = 0�gê���Ä1õ�

ª

p(x) = xn + an−1x
n−1 + · · ·+ a0

�� α 3 F þ�4�õ�ª"

Ún1.1.4. � E ´� F �*Ü§α ∈ E ´ F þ����ê�"XJ p(x) ´ α

3 F þ�4�õ�ª§ f(x) ∈ F [x] ´ α �"zõ�ª§@ok p(x)|f(x).

y². �y§¿|^�{Ø{=���(Ø"

íØ1.1.5. � E ´� F �*Ü§α ∈ E ´ F þ��ê�,¿� p(x) ´ α 3 F

þ�4�õ�ª"XJ degp(x) = n§@o F (α) ´� F þ± {1, α, · · · , αn−1} �Ä

���n��þ�m"
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y². |^�{Ø{¿5¿� p(x) �4�5=���(Ø"

e¡·�ò`²ü�ê*Üo´�3�"

½n1.1.6. éu� F þ?¿�½�Ø��õ�ª

p(x) = xn + an−1x
n−1 + · · ·+ a0 ,

�3 F �ü�ê*Ü F (α)§¦� α 3 F þ�4�õ�ª´ p(x) "

y². ��{a� K = F [x]/〈p(x)〉 . P f(x) = f(x) + 〈p(x)〉 , F = {a|a ∈ F} .

@o ϕ : F −→ F , a 7−→ a ´�Ó�"- E = F ∪ (K \ F ) . Ï� (K \ F ) ∩ F =

∅ , �â�Ö½n§ ϕ �±mÿ�Ó�N� ϕ̃ : K −→ E , ¦� ϕ̃(x) = x . Ï�

xn + an−1x
n−1 + · · ·+ a0 = 0 , p(x) = ϕ̃(xn + an−1x

n−1 + · · ·+ a0 = 0) = 0 ,¤± p(x)´

x 3 F þ�4�õ�ª"P α = x , @o E = F (α) ´ F ���ü�ê*Ü"

51.1.7. XJ� E = F (α) , α ��{Ø´���"'XEê� C = R(i) =

R(i+ 1) .

§1.2 k�*Ü

� E ´� F �*Ü§@o E �±w�´ F þ����þ�m§ê¦d��¦

{�Ñµ

F × E −→ E , (a, x) 7−→ ax .

E 3 F þ��ê dimFE �� E 'u F �*Ügê§P� [E : F ] .XJ [E : F ] <∞

§@oÒ¡ E ´� F �k�*Ü"XJ [E : F ] =∞ §¡ E ´� F �Ã�*Ü"

Ún1.2.1. ���*Üó F ⊆ L ⊆ E . XJ L/F , E/L Ñ´k�*Ü§@o

E/F �´k�*Ü§¿�

[E : F ] = [E : L][L : F ] .

y². � [L : F ] = n , α1, α2, · · · , αn ´�þ�m L� F -Ä¶[E : L] = m, β1, β2,

· · · , βm ´�þ�m E � L -Ä"N´y²�þ|

αiβj , 1 6 i 6 n , 1 6 j 6 m,

´ E � F -Ä§¤±B�(Ø¤á"
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íØ1.2.2. �½�*Üó F ⊆ F1 ⊆ · · · ⊆ Fs−1 ⊆ Fs . XJz��Ñ´c���

�k�*Ü§@o

[Fs : F ] = [Fs : Fs−1] · · · [F1 : F ] .

� E ´� F �*Ü,XJ E �z��Ñ´ F þ��ê�§K¡ E ´ F ��

ê*Ü"XJ�3���´ F þ����§@o¡ E ´ F ���*Ü"

½n1.2.3. k�*ÜÑ´�ê*Ü"

y². � E ´� F �k�*Ü§ [E : F ] = n . ?� c ∈ E ,E ¥�n+1���

1, c, c2, · · · , cn ´�5�'�§=�3Ø��"��� a0, a1, · · · , an ∈ F , ¦�

a0 + a1c+ a2c
2 + · · ·+ anc

n = 0 .

u´�3 F þ��"õ�ª

f(x) = a0 + a1x+ a2x
2 + · · ·+ anx

n ,

¦� f(c) = 0 , ¤± c ´ F þ��ê�"

íØ1.2.4. ���*Üó F ⊆ L ⊆ E .@o E/F ´�ê*Ü��=� E/L , L/F

Ñ´�ê*Ü"

y². 7�5. ?� α ∈ E , Ï� α ´ F þ��ê�§¤±�3 α �"zõ�

ª f(x) ∈ F [x] ⊆ L[x] , �� α ´ L þ��ê�§¤± E/L ´�ê*Ü"w, L/F

�´�ê*Ü"

¿©5. ?� α ∈ E , @o α ´ L þ��ê�"�

p(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0 ,

´ α3 Lþ�4�õ�ª§Ù¥ a0, a1, · · · , an−1 ∈ L .- L0 = F (a0, a1, · · · , an−1) ,Ï

� a0, a1, · · · , an−1 ∈ L Ñ´ F þ��ê�§¤±� L0/F , L0(α)/L0 Ñ´k�*Ü"

KdÚn1.2.1�

[L0(α) : F ] = [L0(α) : L0][L0 : F ] <∞ .

u´ L0(α) �´ F �k�*Ü§Ï´�ê*Ü§α ´ F þ��ê�"¤± E/F

´�ê*Ü"
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~1.2.5. E = Q(
√

2,
√

3) ´ Q ���k�*Ü"
√

2 3 Q þ�4�õ�ª�

x2 − 2 , u´ [Q(
√

2) : Q] = 2 . aq/§
√

3 3 Q þ�4�õ�ª� x2 − 3 . Ï�
√

3 /∈ Q(
√

2)§¤± x2 − 3 �´
√

3 3 Q(
√

2) þ�4�õ�ª"��

[E : Q] = [Q(
√

2,
√

3) : Q(
√

2)][Q(
√

2) : Q] = 2× 2 = 4 .

�âÚn1.2.1�y²§ {1,
√

2,
√

3,
√

6} ´ E ��| Q -Ä"

§1.3 õ�ª�©��

�â�êÄ�½n§Eê�þ�?¿��gê�u"�õ�ªÑ�±©)��

gÏª�¦È"3�!·�òy²§éu� F þ�?¿��õ�ª f(x), �±é�

F þ���*Ü E §¦� f(x) 3 E[x] ¥U©)��gÏª�¦È"

½Â1.3.1. � F ´���§ f(x) ∈ F [x] , deg(f(x)) = n > 1 . F ���*Ü E

�� f(x) 3 F þ�©��§XJ

(i) f(x) 3 E[x] ¥U©)��gÏª�¦È:

f(x) = a(x− α1)(x− α2) · · · (x− αn) ,

Ù¥ a ∈ F , αi ∈ E ;

(ii) E = F (α1, α2, · · · , αn) .

½n1.3.2. � F ´���§f(x) ∈ F [x] , deg(f(x)) > 1 . @o�3 f(x) 3 F þ

�©��"

y². é f(x) �gê�êÆ8B{"� deg(f(x)) = 1 �§ F ´ f(x) 3 F þ

�©��"� deg(f(x)) = n > 1 �·Kégê� n− 1 �õ�ª¤á"b½3 F [x]

¥§

f(x) = p(x)g(x) ,

Ù¥ p(x)´ F þ���Ä1Ø��õ�ª"�â½n1.1.6§�3��� F (α1)§¦�

α1 3 F þ�4�õ�ª´ p(x) "u´ f(α1) = p(α1)g(α1) = 0 , Ï f(x) 3 F (α1)

þ�±©)�

f(x) = (x− α1)f1(x) .

�â8Bb�§� f1(x)3 F (α1)þ�©��� E "@o f1(x)�±3 E[x]¥©)

��gÏª�¦È§= f1(x) = a(x−α2) · · · (x−αn) .u´§f(x)3 E[x]¥�©)�

f(x) = a(x− α1)(x− α2) · · · (x− αn) .



1�Ù ³Û�nØ 6

Ï�

E = F (α1)(α2, · · · , αn) = F (α1, α2, · · · , αn) ,

E ´ f(x) 3 F þ�©��"

íØ1.3.3. � F ´���§ f(x) ∈ F [x] , deg(f(x)) = n > 1 . XJ E ´ f(x) 3

F þ���©��§@o [E : F ] 6 n! .

y². 5¿�

[F (α1) : F ] 6 n , [F (α1, α2) : F (α1)] 6 n− 1 , · · · , [E : F (α1, · · · , αn−1)] 6 1 .

e¡Þ~`²XÛ¦��õ�ª�©��"

~1.3.4. ¦õ�ª f(x) = (x2 − 2)(x2 − 3) 3knê� Q þ���©��"

). Ï� f(x) 3 C[x] ¥©)�

f(x) = (x−
√

2)(x+
√

2)(x−
√

3)(x+
√

3) ,

¤±B� Q(
√

2,
√

3) ´ f(x) 3 Q þ�©��"

~1.3.5. ¦õ�ª f(x) = x3 − 2 3knê� Q þ���©��"

). Ï� f(x) 3 C[x] ¥©)�

f(x) = (x− 3
√

2)(x− 3
√

2ζ)(x− 3
√

2ζ2) ,

Ù¥ ζ = −1+
√
3i

2 , ¤±B� Q( 3
√

2, ζ) ´ f(x) 3 Q þ�©��"

~1.3.6. � f(x) = xp − 1 , p ´���ê"¦ f(x) 3nê� Q þ���©�

�"

). f(x) = (x− 1)p(x) , Ù¥ p(x) = xp−1 + xp−2 + · · ·+ 1 ´ Q þ���Ø��

õ�ª"P ζ ´ p(x)����§ζ 3 C)¤��Ì�+ 〈ζ〉 = {1, ζ, · · · , ζp−1} .ù p

���TÐ´ xp − 1��Ü�"¤± Q(ζ) = Q(1, ζ, · · · , ζp−1)´ xp − 13 Qþ�©

��§¿� [Q(ζ) : Q] = p− 1 , {1, ζ, · · · , ζp−2} ´ Q(ζ) � Q -Ä"
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~1.3.7. ¦ f(x) = x3 + x+ 1 3 Z2 þ���©��"

). Ï� Z2 �ü���0Ú1ÑØ´ f(x)��§¤± f(x)3 Z2 þ´Ø���"

� α ´ f(x) ����§@o f(α2) = α6 + α2 + 1 = (α3 + α+ 1)2 = 0 , ¤± α2 �´

f(x) ����§¿� α2 6= α . - E = Z2(α) , @o3 E[x] ¥§ (x− α)(x− α2)|f(x) §

�ó� f(x) = (x− α)(x− α2)(x− β) §Ù¥ β ∈ E . u´ E ´ f(x) 3 Z2 þ�©�

�"

§1.4 k��

k��q��³Û��§Ï³Û�ÄkJÑ�¶"�kk�õ������

�k��"

51.4.1. Ï�A�0��Ñ´Ã��§¤±k���A��U��ê"

Ún1.4.2. � E ´��k��§ chE = p§ F ´ E ���"@o E k pn �

��§Ù¥ n = [E : F ] .

y². Ï� E�kk����§¤±´ F �k�*Ü"� [E : F ] = n , α1, α2, · · · , αn
´ E ��| F -Ä"@o E �z����±���L«�

a1α1 + a2α2 + · · ·+ anαn ,

Ù¥ ai ∈ F .  F �k p ���§z�� ai k p «ÀJ§¤± E �k pn ��

�"

e¡·�Ø\y²��Ñ�
k����'(Ø"

½n1.4.3. � p ´���ê§ n ∈ Z+ , q = pn .

(i) õ�ª xq − x 3 Zp þ�©��´ q ��¶

(ii) ?¿ü� q ��´Ó��"

½n1.4.4. (i) k���"���¦{+´Ì�+¶

(ii) k�� E ´�� F �ü*Ü¶

(iii) ?¿k���k�*ÜÑ´ü*Ü"



1�Ù ³Û�nØ 8

·K1.4.5. � E ´�� q = pn ��§ p ´���ê"-

f : E −→ E , α 7−→ αp .

@o f ´ E ���gÓ�§¡� E �6Û�ÝdN�"

51.4.6. d·K1.4.5�§ pn ���z���Ñ�±m p g�§¿� p g��

´���"ù�3Eê�¥Ù��§���"Eêk p �üüØÓ� p g��Ø�

�"

§1.5 ©��

·�3�!¥?Ø xn − 1 3knê� Q þ�©��"

õ�ª xn − 1�?¿� ζ ���� ngü �"XJ?� 0 < m < n , ζm 6= 1 ,

@o ζ Ò¡��� n g��ü �"

� ζ ´�� n g��ü �§-

Wn = {1, ζ, ζ2, . . . , ζn−1} ,

@o Wn 'uê�¦{�¤�� n �Ì�+ 〈ζ〉 , §´�N n gü ��8Ü"

Ún1.5.1. � ζ ´�� n g��ü �§ 0 < k < n "@o ζk �´�� n g

��ü ���=� (n, k) = 1 . Ï�3 ϕ(n) � n g��ü �§Ù¥ ϕ(n) ´î

.¼ê"

y². 5¿�

o(ζk) =
n

(k, n)
.

¤± ζk ´ Wn ¥ n ����=� (n, k) = 1 .

� ζ ´�� n g��ü �§- ϕ(n) gõ�ª

Φn(x) =
∏

16k6n,(n,k)=1

(x− ζk) . (1.2)

w,§Φ1(x) = x − 1 , Φ2(x) = x + 1 ; ?��ê p , Φp(x) = xp−1 + · · · + x + 1 . ¦�

Ñ´ Q þ�Ø��õ�ª"·�3�!�Ì�8I´éu?¿���ê n §y²

Φn(x) ´ Q þ�Ø��õ�ª"

½n1.5.2. n g��ü � ζ 3 Q þ�4�õ�ª� Φn(x) "l Q(ζ) ´

Φn(x) 3 Q þ�©��§� [Q(ζ) : Q] = ϕ(n) .
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y². � n = 1 �§(Øw,¤á"� n > 2 , ζ 3 Q þ�4�õ�ª� f(x).

@o f(x)|(xn − 1)§�´� 1 6 d < n �§f(x - (xd − 1)) , Ï��öØ´ ζ �"zõ

�ª"¤± (f(x), (xd − 1)) = 1§f(x) ���U´ n g��ü �"

Ùgy²¤k� n g��ü �Ñ´ f(x) ��"�dky²��¯¢µéu

f(x) �?¿��� ζ Ú���ê p - n , ζp �´ f(x) ��"

ÄK§b½ ζp Ø´ f(x)��"� ζp 3 Qþ�4�õ�ª� g(x),@o f(x)�

g(x)p�"�´ f(x), g(x)|(xn− 1) ,¤± f(x)g(x)|(xn− 1) .� xn− 1 = f(x)g(x)h(x) ,

Ï� xn − 1 ∈ Z[x] ´����õ�ª§�âpdÚn§N´y² f(x), g(x), h(x) ∈

[x]§¿��´��õ�ª",��¡§ ζp ´ g(x) ��§u´ ζ ´ g(xp) ��§

f(x)|g(xp) . � g(xp) = f(x)l(x) . �Ó� ϑ : Z→ Zp , a 7→ [a] �±��ÿÐ��Ó�

ϑ : Z[x]→ Zp[x] , f(x) 7→ f(x) , Ù¥ ϑ(x) = x . ·���

xn − [1] = f(x)g(x)h(x) , g(xp) = f(x)l(x) .

Ï� [a]p = [a] , ∀ [a] ∈ Zp , u´ (g(x))p = g(xp) = f(x)l(x) , (f(x), g(x)) 6= 1 , xn − [1]

3 Zp[x]¥k�"�´3 Zp[x]¥§(xn− [1])′ � xn− [1]p�§xn− [1]vk�§

��gñ"

��§� 1 < k < n , (n, k) = 1 , k = p1p2 · · · ps ´ k ��Ïf©)"@oz�

pi - n . �âc¡�¯¢§ f(ζp1) = 0 , f(ζp1p2) = f((ζp1)p2) = 0 ; XdUYe�§��

f(ζk) = 0 , =?¿�� n g��ü � ζk Ñ´ f(x) ��"¤± Φn(x) = f(x) .

½Â1.5.3. knê� Q þ�Ø��õ�ª Φn(x) ��©�õ�ª§ Φn(x) 3

Q þ�©���� n g©��"

w,§n g©���´õ�ª xn − 1 3 Q þ�©��"

éu n�z��Ïf d , Φd(x)��8d¤k dg��ü ��¤§l Φd(x)|(xn−

1) .¿�� d1 , d2 ´ n�ØÓ�Ïf�§Φd1(x)� Φd2(x)p�"��§xn − 1�z

��7´,� Φd(x) ��"Ïd·�kúª

xn − 1 =
∏
d|n

Φd(x) . (1.3)

'�(1.3)ªüàõ�ª�gê§��

n =
∑
d|n

ϕ(d) . (1.4)
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~1.5.4. � p ´�ê§Ï� p gü ��¤�+ Wp ´�� p �Ì�+§Øü

 �	§z���Ñ´ p ��§¤±

Φp(x) = (xp − 1)/(x− 1) = xp−1 + xp−2 + · · ·+ 1 .

u´ xp − 1 = Φ1(x)Φp(x) .

~1.5.5. Ï� Φ2(x) = x+ 1 , Φ4(x) = x2 + 1 , ¤±

x4 − 1 = (x− 1)(x+ 1)(x2 + 1) = Φ1(x)Φ2(x)Φ4(x) .

�âúª(1.3)§ xn − 1 �±�¤©�õ�ª�¦È"��§©�õ�ª Φn(x)

��±^ (xd − 1) , d|n , L«Ñ5"�d·�k½Â Z+ þ�#'¿d¼ê:

µ(n) =


1, n = 1 ,

(−1)r, n = p1p2 · · · pr , p1, p2, · · · , pr´üüØÓ��ê,

0, �3�êp , p2|n .

#'¿d¼êkeã5�µ

∑
d|n

µ(d) =

 1, n = 1 ,

0, n > 1 .

¯¢þ§� n = 1�§(Øw,"� n > 1§� n = pe11 p
e2
2 · · · perr ,Ù¥ p1, p2, · · · , pr ´

üüØÓ��ê§ei > 1 .�â µ(n)�½Â§
∑

d|n µ(d) =
∑

d|n′ µ(d) , n′ = p1p2 · · · pr .

¤± ∑
d|n′

µ(d) = 1 +
∑

16k1<···<ks6r
µ(pk1 · · · pks) =

r∏
i=1

(1 + µ(pi)) = 0 .

·K1.5.6.

Φn(x) =
∏
d|n

(xd − 1)µ(
n
d
) .

~1.5.7. Φ12(x) = (x12−1)(x6−1)−1(x4−1)(x2−1) = (x6+1)(x2+1)−1 = x4−x2+1 .

~1.5.8. � p ´���ê§K

Φpr(x) = (xp
r − 1)(xp

r−1 − 1)−1 = x(p−1)p
r−1

+ x(p−2)p
r−1

+ · · ·+ xp
r−1

+ 1 .
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§1.6 �©*Ü

���©*Ü�Vg�6uT�þ�õ�ª3Ù©��¥´Äk�"

·K1.6.1. � F ´���§ p(x) ´ F þ�Ä1Ø��õ�ª§E ´ p(x) 3 F

þ�©��"@o p(x) 3 E k���=� p′(x) = 0 .

AO/§� chF = 0 �§ p(x) 3 E ¥�kü�"

y². � p(x) 3 E ¥k�� k−� α , @o p(x) = (x − α)kg(x) , Ù¥ k >

1 , (x− α) - g(x) . ù� p′(x) = k(x− α)k−1g(x) + (x− α)kg′(x) .

XJ p(x) 3 E k�§P� α , @o p′(α) = 0 . Ï� p(x) ´ α 3 F �4�õ

�ª§¤±� p(x)|p′(x) , '�gê�� p′(x) = 0 .

XJ p(x)3 Evk�§@o?� p(x)�� α§Ñk p′(x) = g(x)+(x−α)g′(x) ,

¤± (x− α) - p′(x) .u´ p(x)� p′(x)3 E[x]¥p�§Ï3 F [x]¥�p�§¤±

p′(x) 6= 0 .

� chF = 0 �§p′(x) 6= 0 , ¤±��(Ø�¤á"

� F þ��Ø��õ�ª p(x) ���©õ�ª§XJ p(x) 3§�©��¥

�kü�"õ�ª f(x) ∈ F [x] ���©õ�ª§XJ§3 F [x] ¥�z�Ø��Ï

fÑ´�©�"ÄK p(x) ½ f(x) Ò��Ø�©õ�ª"u´§dþã·K�§�

chF = 0 �§F þ�õ�ªÑ´�©�"

� E ´� F �?¿���ê*Ü§�� α ∈ E �� F þ����©�§XJ

α �4�õ�ª´���©õ�ª§ÄK α �� F þ���Ø�©�"�ê*Ü

E �� F ��©*Ü§XJ E ¥�z���Ñ´ F þ��©�"ÄK E �� F

�Ø�©*Ü"

51.6.2. � chF = 0 �§ F �?¿�ê*Ü E ���Ñ´�©�§¤± E ´

F ��©*Ü"

y3§·�5?ØA�p��þ�Ø��õ�ª�(�"

½n1.6.3. �� F �A� chF = p , p(x) ´ F þØ�©�Ø��õ�ª§ E

´ p(x) 3 F þ�©��"@o p(x) 3 E[x] ¥�©)��gÏª�¦Èµ

p(x) = c(x− α1)
pe(x− α2)

pe · · · (x− αr)p
e
, (1.5)

Ù¥ α1, α2 · · · , αr üüØ�§ e ´����ê"-

h(x) = c(x− αp
e

1 )(x− αp
e

2 ) · · · (x− αper ) . (1.6)
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K h(x) ´ F þ�©�Ø��õ�ª§¿� p(x) = h(xp
e
) .

y². � n gõ�ª

p(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0 ,

Ï� p(x) ´Ø�©�§�â·K1.6.1� p′(x) = 0 , u´ iai = 0 , 1 6 i 6 n . � p - i

�§7k ai = 0 , ¤±

p(x) = apmx
pm + ap(m−1)x

p(m−1) + · · ·+ apx
p + a0 .

- h1(x) =
m∑
j=1

apjx
j ,@o p(x) = h1(x

p) ,¿� h1(x)3 F ´Ø���§ÄK h1(x)3

F ´��¬�� p(x) ��§gñ"

XJ h1(x)�´Ø�©�§Eþã�?Ø§�� F [x]¥�Ø��õ�ª h2(x) ,

¦� h1(x) = h2(x
p) , u´ p(x) = h1(x

p) = h2(x
p2) .

5¿� deg(p(x)) > deg(h1(x)) > deg(h2(x)) ,Ï3k�Ú�§�±�� F þ�

©�Ø��õ�ª h(x) , ¦� p(x) = h(xp
e
) . Ï� h(x) ´�©�§¤±3©�� E

þk©)ª

h(x) = c
r∏
i=1

(x− βi) , p(x) = c
r∏
i=1

(xp
e − βi) ,

Ù¥ β1, β2, · · · , βr üüØ�"� αi ∈ E ´ xp
e − βi ����§= βi = αp

e

i ,·�Ò�

�
½n�¦�(1.5)Ú(1.6).

51.6.4. þã½n¥� h(x) Ú�K�ê e Ñ´dØ��õ�ª p(x) ��(

½"

(1.6)ª�Ñ�õ�ª h(x) �gê¡� p(x) �{�gê§ pe ¡� p(x) �XØ

�©gê"·�kúª

degp(x) = pedegh(x) .

� degh(x) = 1 �§õ�ª p(x) = c(xp
e − β) ��XØ�©�"ù�§Ø��õ�ª

p(x) 3§�©�� E ¥�k���� α §�� F þ�XØ�©�¶E = F (α) �

� F þ�XØ�©*Ü"

Ún1.6.5. �� F �A� chF = p õ�ª f(x) = xp − a ∈ F [x] . XJ�3

b ∈ F , ¦� a = bp , @o f(x) 3 F þ�±©)��gÏª�¦È¶ÄK f(x) 3 F

þ´Ø���"
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y². XJ�3 b ∈ F §¦� a = bp , @o f(x) = xp − a = xp − bp = (x− b)p .

ÄK§� E ´ f(x) 3 F þ���©��§ α ∈ E ´ f(x) ����§@o

f(α) = αp−a = 0 , a = αp , f(x) = (x−α)p ∈ E[x] . XJ f(x)´ F þ���§@o�

3gê�up�õ�ª g(x), h(x) ,¦� f(x) = g(x)h(x) .u´ f(x) = g(x)h(x) ∈ E[x] ,

�â f(x) 3 E[x] ¥©)���5§ g(x) = (x − α)r , h(x) = (x − α)p−r , 0 < r < p .

u´ g(x) ¥ xr−1 �Xê −rα ∈ F . Ï� r 3 F ¥�_§�� α ∈ F . ù� a = αp ,

� a ØU�¤ F ¥���pg��gñ§¤± f(x) 3 F þ´Ø���"

e¡·�5½Â�«äkûÐ�©5��"� F ´���§XJ F [x] ¥�z

��Ø��õ�ªÑ´�©�§@oÒ¡ F ´�����"5¿�A�"���

½´���§¤±·�e¡?ØA� p ���o�ÿ´���"�d§k�Äf8

F p = {ap|a ∈ F} .

´�§F p ´ F ���f�"XJ F p = F §@oÑk F p
n

= F .

½n1.6.6. �� F �A�� p , @o F ´�����=� F p = F .

y². � F p = F . XJ f(x) ´ F þ�?¿��Ø�©�Ø��õ�ª§@o

��3�©�Ø��õ�ª h(x) ∈ F [x] , ¦� f(x) = h(xp
e
) , e > 1 . �

h(x) = brx
r + br−1x

r−1 + · · ·+ b0 .

Ï� F p = F§¤±�3 ai ∈ F , ¦� ap
e

i = bi , i = 0, 1, · · · , r. u´

f(x) = h(xp
e
) =

r∑
i=0

ap
e

i (xi)p
e

=

(
r∑
i=1

aix
i

)pe
,

� f(x) �Ø��5gñ"¤± F (x) ¥?¿��Ø��õ�ªÑ´�©�§l F

´���"

XJ F p 6= F§@o�3 a ∈ F , a /∈ F p , = a ØU�¤ F ¥��� p g��"

u´B� f(x) = xp− a´ F þ�XØ�©Ø��õ�ª§¤± F Ø´���"

íØ1.6.7. k��´���"

y². d6Û�ÝdN��� F p = F§¤±� F ´���"

·���ü*Ü´�«�{ü�*Ü"� E ´ F �k�*Ü§XJ�3 θ ∈ E§

¦� E = F (θ)§@oÒ¡ θ ´ E 'u F ������"
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½n1.6.8. � E = F (α1, α2, · · · , αr)´Ã�� F ���k�*Ü§XJ α1, α2, · · · , αr
Ñ´ F þ��©�§@o�3�3 θ ∈ E§¦� E = F (θ)"

íØ1.6.9. �þ�?¿k��©*ÜÑ´ü*Ü"

y². � E ´ F �k��©*Ü"e F ´k��§K�?¿k�*ÜÑ´ü

*Ü"e F ´Ã��§Kk E = F (α1, α2, · · · , αr) , Ù¥ α1, α2, · · · , αr ´�©�§u

´dþã½n� E ´ü*Ü"

§1.7 �5*ÜÚ��i\

� E ´� F ��ê*Ü"XJ F [x] ¥�?¿��Ø��õ�ª3 E k��

�§@o§3 E[x] ¥�±©)¤�gÏª�¦È§Ò¡ E ´� F ��5*Ü"

� E Ú E ´� F �ü�*Ü§XJ�3��Ó� ψ : E −→ E ¦� ψ 3 F þ

��� ψ|F = id ´ð�N�§Ò¡ ψ � F−Ó�"AO/§XJ E = E , @oÒ¡

ψ´ F−gÓ�"

½n1.7.1. � E ´� F ���k�*Ü§@oe¡·K�dµ

(i) E ´ F ��5*Ü¶

(ii) E ´ F [x] ,�õ�ª3 F þ�©��¶

(iii) éu� E �?¿�ê*Ü K Ú?¿� F−gÓ� σ : K −→ K , Ñk σ(E) =

E¶

(iv) �3 F �k��5*Ü K§¦� F ⊆ E ⊆ K , ¿�?� F−gÓ� σ : K −→

K , Ñk σ(E) = E"

·K1.7.2. � F ⊆ L ⊆ L ´����*ó"

(i) XJ E/F ´�5�§@o E/L �´�5�¶

(ii) XJ E ´ f(x) 3 F þ�©��§@o E �´ f(x) 3 L þ�©��¶

(iii) XJ E/F ´�©�§@o E/L , L/F Ñ´�©�"

� E ´� F �k�*Ü"¡ E ��ê*Ü E � E 3 F þ����54�§

XJ
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(i) E ´ F ��5*Ü¶

(ii) � K ´ F ��5*Ü§¦� F ⊆ E ⊆ K ⊆ E , @o K = E .

íØ1.7.3. � E ´� F �k�*Ü"@o E 3 F þ��54� E �3§

E/F ´k��§¿�3Ó�¿Âe´���"

~1.7.4. Q( 3
√

2, ζ) ´ x3 − 2 3 Q þ�©��§Ï Q( 3
√

2, ζ)/Q ´�5�§§

´ Q( 3
√

2) 3 Q þ��54�",��¡§Q(ζ) 3 Q þ��54�Ò´§gC"

� E Ú E′ ´ü��§XJ ϕ : E −→ E′ ´���Ó�§@oÒ¡ ϕ ´��Ó

�"��k��¯¢´§E �n� Ker(ϕ) �U´ {0} ½ö E ��"cö¿�X ϕ

´��üÓ�§�ö¿�X ϕ ´��÷Ó�"

�� E ⊆ L ⊆ E ´����*Üó"XJ σ ´ L � E ���i\§¿��±

F �z��ÑØÄ§Ò¡ σ ´ L � E ��� F−i\"L � E � F−i\�êP

� ι(L/F,E) .

Ún1.7.5. � E ´� F ����5*Ü§ α ∈ E , α 3 F þ�4�õ�ª�

p(x) . @o

ι(F (α)/F,E) 6 deg(p(x)) ,

�Ò¤á��=� p(x) ´�©�"

Ún1.7.6. � E ´� F ���k��5*Ü"XJk��*Üó F ⊆ L ⊆

N ⊆ E , @o ι(N/L,E)ι(L/F,E) = ι(N/F,E) .

½n1.7.7. � E = F (α1, α2, · · · , αs) ´� F ���k�*Ü§E ´ E 3 F þ

��54�"@o ι(E/F,E) 6 [E : F ] . AO/§eãn�^��dµ

(i) α1, α2, · · · , αs ´ F þ��©�;

(ii) ι(E/F,E) = [E : F ];

(iii) E/F ´�©�"

íØ1.7.8. � E ´� F ���*Ü§ L = {α ∈ E|α3Fþ�©}. @o L ´

E/F ���¥m�"

þãíØ�Ñ�f� L �� F 3 E ¥��©4�"
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§1.8 ³Û�*Ü

� E ´���§@o E ��NgÓ��8Ü'uC��Ü¤�¤��+§¡

� E �gÓ�+§P� Aut(E).

XJ E ´� F ���*Ü§E � F−gÓ��8Ü

Gal(E/F ) = {σ ∈ Aut(E)|σ|F = id}

�¤ Aut(E) ���f+§Ò¡� E 3 F þ�³Û�+"

� G´� E�gÓ�+ Aut(E)�?¿��f+§�� α ∈ E .XJ?� σ ∈ G ,

Ñk σ(α) = α§Ò¡ α � G ���ØÄ�"+ G �ØÄ��8Ü

Inv(G) = {α ∈ E|σ(α) = α,∀σ ∈ G}

�¤ E ���f�§�� G �ØÄ�"

y3� E ´���§·�ò E �f��8ÜP�µ

Γ = {�L|L ⊆ E} ;

ò Aut(E) f+�8ÜP�µ

Ω = {H|H 6 Aut(E)} .

@o�±��eãü�N�µ

Gal : Γ −→ Ω, L 7−→ Gal(E/L);

Inv : Ω −→ Γ, H 7−→ Inv(H) .

·K1.8.1. � L1, L2, L©O´ E �f�§H1.H2, H ©O´ Aut(E)�f+"@

o  L1 ⊆ L2 =⇒ Gal(E/L1) ⊇ Gal(E/L2),

H1 ⊆ H2Inv(H1) =⇒⊇ Inv(H2). L ⊆ Inv(Gal(E/L)),

H ⊆ Gal(E/Inv(H)). Gal(E/Inv(Gal(E/L))) = Gal(E/L),

Inv(Gal(E/Inv(H))) = Inv(H).
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y². ���y=�§3dØ2Kã"

� E ´� F �k�*Ü§XJ Inv(Gal(E/F )) = F§@o¡ E � F ���k

�³Û�*Ü"

½n1.8.2. � E ´� F ���k�*Ü§@oeã^��d"

(i) E/F ´³Û�*Ü¶

(ii) E/F ´�5�©*Ü¶

(iii) E ´ F þ,��©õ�ª�©��¶

(iv) |Gal(E/F )| = [E : F ].

y². (i) =⇒ (ii)� E/F ´³Û�*Ü"?� α ∈ E§� p(x)´ α3 F þ�4

�õ�ª"?� σ ∈ Gal(E/F ) , p(σ(α)) = σ(p(α)) = 0 ,Ï σ(α)�´ p(x)��"3

{σ(α)|σ ∈ Gal(E/F )} ¥�Ñ¤kØÓ��� σ1(α) = σ(α), σ2(α), · · · , σs(α) . -

h(x) =
s∏
i=1

(x− σi(α)) = xs + b1x
s−1 + · · ·+ bs ,

?� σ ∈ Gal(E/F ) , σσ1(α), σσ2(α), · · · , σσs(α) ´ σ1(α), σ2(α), · · · , σs(α) ���ü

�§¤± σ(bi) = bi ∈ F , u´ h(x) ∈ F [x] . Ï� h(x) ��Ñ´ p(x) ��§¤±k

h(x)|p(x) , � p(x) ´Ø���§¤±�� h(x) = p(x) . u´ p(x) ��Ü�Ñ3 E

¥§�vk�§¤± E/F ´�5�©*Ü"

(ii) =⇒ (iii)d E/F ´�5*Ü§�� E ´,�õ�ª f(x)3 F þ�©��"

qÏ� E/F ´�©�§¤± f(x)�z��Ø��ÏfÑ´�©�§� f(x)´Ø�

©�"

(iii) =⇒ (iv) � E ´ F þ�©õ�ª f(x) 3 F þ�©��§α1, α2, · · · , αs ´

f(x)��Ü�"@o E = F (α1, α2, · · · , αs) , ¿�z� αi 3 F Ñ´�©�"q5¿

� E/F �5§E 3 F þ��54� E = E ,¤±�� ι(E/F,E) = [E : F ] ; q�â

½Â§ι(E/F,E) = |Gal(E/F )| , ¤±��(iv)¥��ª"

(iv) =⇒ (i) P L = Inv(Gal(E/F )) . d·K1.8.1�, Gal(E/Inv(Gal(E/F ))) =

Gal(E/F )§�

Gal(E/L) = Gal(E/F ) .

3�ªüà�^Inv§�� Inv(Gal(E/L)) = L ,¤± E´ L�³Û�*Ü"e¡y²

L = F .¯¢þ§Ï� E´ L�³Û�*Ü§dc¡®y�(i)íÑ(iv)¤á§�±��
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|Gal(E/L)| = [E : L] ,lk |Gal(E/F )| = [E : L] .qd^�� |Gal(E/F )| = [E : F ] ,

¤± [E : F ] = [E : L] . �´ F ⊆ Inv(Gal(E/F )) = L , l F = L , E/F ´³Û�*

Ü"

~1.8.3. � p´�ê§F = Zp(tp− t) ,Ù¥ t´ Zp þ����½�§E = F (t) .

K E ´ F þ��� p g³Û�*Ü§¿�³Û�+ Gal(E/F ) ' (Zp,+).

§1.9 ³Û�Ä�½n

·�3�!¥y²³Û�nØ�Ä�½n§ky²��Ún"

Ún1.9.1 (CÉ§E.Artin). � E ´���§G ´ E �gÓ�+���f+§

F = Inv(G) ´ G �ØÄ�§@o

[E : F ] 6 |G| .

y². � G = {id = σ1, σ2, · · · , σn} , u1, u2, · · · , un+1 � E ¥�?¿ n+ 1��"

��§̂ σi �^u uj ���� n× (n+ 1) �Ý


A =


σ1(u1) σ1(u2) · · · σ1(un+1)

σ2(u1) σ2(u2) · · · σ2(un+1)
...

...
...

σn(u1) σn(u2) · · · σn(un+1)

 .

PA ���þ�g� β1, β2, · · · , βn+1 , K§�3 E þ�5�'§���r.·�NS

�§Ø�b� β1, β2, · · · , βr �5Ã'"u´

βr+1 = a1β1 + a2β2 + · · ·+ arβr , ai ∈ E , (1.7)

�¤©þ/ª��

σi(ur+1) = a1σi(u1) + a2σi(u2) + · · ·+ arσ(ur) , i = 1, 2, · · · , n . (1.8)

?� σ ∈ G§ò σ �^u(1.8)ª��

(σσi)(ur+1) = σ(a1)(σσi)(u1) + σ(a2)(σσi)(u2) + · · ·+ σ(ar)(σσi)(ur) , i = 1, 2, · · · , n .

Ï� σσ1, σσ2, · · · , σσn ´ σ1, σ2, · · · , σn ���ü�§¤±ò1�þ

(σσi(u1), σσi(u2), · · · , σσi(un+1))
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·�NS�§2¡E�Ý
A¥��þ��{§��

βr+1 = σ(a1)β1 + σ(a2)β2 + · · ·+ σ(ar)βr . (1.9)

'�(1.7)(1.9)ª§d β1, β2, · · · , βr ��5Ã'5��

σ(aj) = aj , ∀σ ∈ G , 1 6 j 6 r ,

l aj ∈ Inv(G) = F , j = 1, 2, · · · , r . 3(1.8)ª¥� σi = σ1 = id , ��

ur+1 = a1u1 + a2u2 + · · ·+ arur .

¤± u1, u2, · · · , ur+1 3 F þ�5�'§l u1, u2, · · · , un+1 3 F �þ�5�'§¤

±�� [E : F ] 6 |G| .

� E ´ F �³Û�*Ü§L´��¥m�"?� σ ∈ Gal(E/F )§¡ σ(L)� L

��Ýf�"

½n1.9.2 (³Û�Ä�½n). � E ´ F ���³Û�*Ü" G = Gal(E/F ).

P H = {H|H 6 G} , L = {L|F ⊆ L ⊆ E} ´ F � E �¥m�8"@o�3ü�N

�

Gal : L −→ H, L 7−→ Gal(E/L) , Inv : H −→ L, H 7−→ Inv(H) ,

÷veãÊ^5�µ

(i) GalÚInv p�_N�§ÏÑ´��N�¶

(ii) þã��N�´��¹�¶

(iii) [E : L] = |H| , [L : F ] = [G : H];

(iv) ?� σ ∈ G ,H ��Ýf+ σHσ−1 � L ��Ýf�éA¶

(v) H EG ��=� L ´ F �³Û�*Ü§ù� Gal(L/F ) ' G/H .

y². (i)?� L ∈ L.d E ´ F �³Û�*Ü� E/F ´k��5�©*Ü§u

´ E/L�´k��5�©*Ü§l E/L´³Û�*Ü§¤± Inv(Gal(E/L)) = L ,

·��� Inv ·Gal = idL.

?� H ∈ H , P L = Inv(H) , u´� E/L ´³Û�*Ü§2d H ⊆ Gal(E/L)

� |H| 6 |Gal(E/L)| = [E : L] . ,��¡§dÚn1.9.1� [E : L] 6 |H|. ¤±

|H| = |Gal(E/L)| = [E : L] , (1.10)
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H = Gal(E/L) = Gal(E/Inv(H)), �� Gal · Inv = idH.

(ii) c�!®²y²"

(iii) �âúª(1.10)§ |H| = [E : L]. ,��¡§

[G : H] = |G|/|H| = [E : F ]/[E : L] = [L : F ].

(iv) P L′ = σ(L) , H ′ = Gal(E/L′), ·�5y² H ′ = σHσ−1. ¯¢þ§?�

α′ ∈ L′, �3 α ∈ L, ¦� α′ = σ(α),

στσ−1(α′) = στσ−1(σ(α)) = στ(α) = σ(α) = α′ , ∀ τ ∈ H ,

¤± σHσ−1 ⊆ H ′. Ï� L = σ−1(L′), aq�y σ−1H ′σ ⊆ H, = H ′ ⊆ σHσ−1, u´

H ′ = σHσ−1.

(v)�EÓ�N�=�y²

½n1.9.2¥½Â���éA��³Û�éA.

§1.10 õ�ª�³Û�+

·�������³Û�*Ü´,��©õ�ª�©��§·�ò3�!y²

ù�*Ü�³Û�+Ó�uTõ�ª�8�,���+§¿ÏL�X�~fO�³

Û�½n�Ñ�¥m��f+�m�éA"

� f(x) ´� F þ����©õ�ª§K f(x) = p1(x)e1p2(x)e2 · · · ps(x)es , Ù¥

p1(x), p2(x), · · · , ps(x)´ F þpØ����©Ø��õ�ª"� g(x) = p1(x)p2(x) · · · ps(x),

@o g(x) � f(x) d�Ó��8§g(x) vk�§�§��©���Ó"

½n1.10.1. � f(x) ´� F þvk��Ä1õ�ª§ E ´ f(x) 3 F þ�

©��§ f(x) 3 E[x] ¥k©)ª
∏n
i=1(x − αi). @oGal(E/F)Ó�u�8 X =

{α1, α2, · · · , αn} �����+§P� Gf .

y². ?� σ ∈ Gal(E/F ), αi ∈ X,Ñk f(σ(αi)) = σ(f(αi)) = 0,Ï σ(αi) ∈ X.

N�

Gal(E/F )×X −→ X , (σ, αi) 7−→ σ(αi)

´ Gal(E/F ) 38ÜXþ����^§Ï Gal(E/F ) �z��� σ p�Ñ���

� σ : X −→ X ,αi 7−→ σ(αi). -

Gf = {σ|σ ∈ Gal(E/F )}.
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u´� ψ : Gal(E/F ) −→ Gf , σ 7−→ σ ´+�÷Ó�"� σ = τ �§k σ(αi) = τ(αi),

u´ σ = τ, ψ ´üÓ�"¤± ψ ´��Ó�§Gal(E/F ) ' Gf .

þã½n½Â� Gf ��õ�ª f(x) 3 F þ³Û�+"e¡·�Þ~`²õ

�ª³Û�+�O��{"

~1.10.2. � f(x) = x3 − 2 ∈ Q[x]. u´� f(x) 3 Q þ�©�� E = Q( 3
√

2, ζ),

Ù¥ ζ = −1+
√
−3

2 . u´ [E : Q] = 6 , |Gf | = 6. ?� σ ∈ Gf , σ 3 f(x) ��8þ��

^�ûu σ( 3
√

2) Ú σ(ζ). Ï� x2 + x+ 1 ´ ζ 3 Q þ�4�õ�ª§ ζ ���U´

ζ ½ö ζ2.  f(x) ´ 3
√

2 3 Q(ζ) þ�4�õ�ª§ 3
√

2 ���U´ 3
√

2§ 3
√

2ζ §
3
√

2ζ2. u´ Gf ����ûueã8|éAµ

ζ 7−→ ζ,
3
√

2 7−→ 3
√

2; ζ 7−→ ζ,
3
√

2 7−→ 3
√

2ζ; ζ 7−→ ζ,
3
√

2 7−→ 3
√

2ζ2;

ζ 7−→ ζ2,
3
√

2 7−→ 3
√

2; ζ 7−→ ζ2,
3
√

2 7−→ 3
√

2ζ; ζ 7−→ ζ2,
3
√

2 7−→ 3
√

2ζ2.

ò f(x) ��Uì 3
√

2, 3
√

2ζ, 3
√

2ζ2 üS§K� Gf = S3.

~1.10.3. � f(x) = x4 − 2 ∈ Q[x], @o f(x) 3 Q þ�©�� E = Q( 4
√

2, i), Ù

¥ [E : Q] = 8, u´ |Gf | = 8. ?� σ ∈ Gf , σ 3 f(x) ��8þ��^�ûu σ( 4
√

2)

Ú σ(i). Ï� x2 + 1 ´i3 Q þ�4�õ�ª§i���U´i½-i"qÏ� x4 − 2 ´
4
√

2 3 Q[i] þ�4�õ�ª§ 4
√

2 ���U´ ± 4
√

2 ½ ± 4
√

2i. -

ρ1 : E −→ E,¦�ρ1(
4
√

2) =
4
√

2i, ρ1(i) = i;

τ0 : E −→ E,¦�τ0(
4
√

2) =
4
√

2, τ0(i) = −i,

@o Gf = {id, ρ1, ρ2, ρ3, τ0, τ1, τ2, τ3}, Ù¥ ρi = ρi1, τi = ρiτ0, i = 0, 1, 2, 3. ¤±� Gf

´d ρ1 Ú τ0 )¤��¡N+"

�
?Ø�§��)5§·�3�!����Ñü«AÏ��*Ü9Ù³Û�

+"� ζ ´�� n g��ü �§n g©�� Q(ζ) ´õ�ª xn − 1 3 Q þ�©

��§Ï´��³Û�*Ü"

·K1.10.4. (i) Gal(Q(ζ) : Q) ' U(Zn),Ù¥ U(Zn) ´ Zn ¥ü �¦{+¶

(ii) XJ� F ´ Q �*Ü§@o Gal(F (ζ)/F ) Ó�u U(Zn) ���f+"

� E ´� F �³Û�*Ü"XJ Gal(E/F ) ´��+§@oÒ¡ E/F ´C�

�*Ü¶XJ Gal(E/F ) ´Ì�+§@oÒ¡ E/F ´Ì�*Ü"
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·K1.10.5. � F ´ Q(ζ) ���*Ü§Ù¥ ζ ´��ng��ü �"- a ∈

F ,E ´ xn − a 3 F þ�©��"@o E 3 F þ�³Û�+G´��Ì�+§§�

��Øn"AO/§XJ xn − a 3 F þ´Ø���§@o |G| = n.

§1.11 n g���§�³Û�+

Ún1.11.1. � f(x) ∈ F [x], E ´ f(x) 3� F þ�©��§¿� f(x) =∏n
i=1(x = αi) ∈ E[x] vk�"@o f(x) 3 F þ´Ø�����=� Gf 3

X = {α1, α2, · · · , αn} þ��^´�[�"

½n1.11.2. � x1, x2, · · · , xn ´� F þ�Ã'�½�§ s1, s2, · · · , sn ´'u

x1, x2, · · · , xn �Ð�é¡õ�ª"-

f(x) =
n∏
i=1

(x− xi) ∈ F (s1, s2, · · · , sn)[x],

@o f(x) 3� F (s1, s2, · · · , sn) þ�³Û�+ Gf � Sn Ó�§¿� f(x) �´�

F (s1, s2, · · · , sn) þ�Ø��õ�ª"

e¡·�?Ø� F þ2§3§4g�§³Û�+�©a§�
�yØ��õ�ª

vk�§b½ chF 6= 2, 3.

� f(x)´� F þ� ngÄ1õ�ª§¿�vk�§E ´ f(x)3 F þ�©�

�§f(x) = (x− α1)(x− α2) · · · (x− αn) ∈ E[x], E/F ´³Û�*Ü"½Â

∆ =
∏

16i<j6n

(αj − αi).

Ún1.11.3. õ�ª f(x) ½ÂXþ"P H = Gf ∩ An, K Inv(H) = F (∆). AO

/§Gf ⊆ An ��=� ∆ ∈ F.

ò ∆2 P� D(f), ¡��§ f(x) = 0 ����Oª"

~1.11.4. - f(x) = x2 − a1x + a2 ∈ F [x]. 2g�§ f(x) = 0 ��Oª·��~

ÙG§D(f) = a21 − 4a2. � D(f) ∈ F 2 �§�§ f(x) = 0 3 F ¥�)§Gf = {(1)};

D(f) /∈ F 2 �§�§ f(x) = 0 3 F ¥Ø�)§Gf = S2"

- f(x) = x3 − a1x2 + a2x− a3, @o3g�§ f(x) = 0 ��Oª

D(f) = −4a41a2 + a31a3 + 18a1a2a3 − 4a32 − 27a33.
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AO/§·��±����5O� x = y+a1
3 ,¦�2g�Xê�0§P f(x) = x3+px+q,

@o

D(f) = −4p3 − 27q2.

·K1.11.5. � f(x) ´� F þ� 3 gØ��õ�ª§@o� D(f) ∈ F 2 �§

Gf = A3; � D(f) /∈ F 2 �§Gf = S3.

��§´4g��ÿ§Gf ��¹Ò¬E,éõ§e¡�Ñ��(Ø"

·K1.11.6. � f(x) ´� F þ� 4 gØ��õ�ª, E ´ f(x) 3 F þ�©�

�.- g(x) � f(x) �3 gý)ª§L ´ g(x) 3 F þ�©��§m = [L : F ].

(i) XJ g(x) 3 F þØ��§¿� D(g) /∈ F 2, @o m = 6, Gf ' S4;

(ii) XJ g(x) 3 F þØ��§¿� D(g) ∈ F 2, @o m = 3, Gf ' A4;

(iii) XJ g(x) 3 F [x] ¥k��2 gØ��Ïª§¿� f(x) 3 L þØ��§@o

m = 2, Gf ' D4;

(iv) XJ g(x) 3 F [x] ¥k��2 gØ��Ïª§¿� f(x) 3 L þ��§@o

m = 2, Gf ' Z4;

(v) XJ g(x) 3 F [x] ¥�±©)��gÏª�¦È§@o m = 1, Gf ' K4.

§1.12 �§��ª)

^oK$�Úm�$�¦)õ�ª�§´��êÆ���Ø%¯K§üZõ

cc§<�®²¬)�5�§Ú�g�§§3©²E,���¿�|§êÆ[uy


3§4g�§�úª)"5g�§�úª)(6
êÆ.300{c§��19VÐ§C

��ây²
5g�§vkúª)"��§UâêÆ[³Û��Ñ
õ�ª�§�

^�ª)�¿©7�^�"3�!¥b½ch F=0.

Äk�Ñõ�ª�§�ª�)�½Â"XJ E = F (α) ´� F ���ü*Ü§

¦� αn ∈ F, @o E �� F ���ü�ª*Ü"

XJ E ´ F �k�*Ü§¿��3��¥m��ó

F = F0 ⊆ F1 ⊆ · · · ⊆ Fs = E ,

¦�éu i = 1, 2, · · · , s, z�� Fi Ñ´ Fi−1 �ü�ª*Ü§= Fi = F (αi) , α
ni
i ∈

Fi−1, @o E �� F ��ª*Ü"XJ�3 F ����ª*Ü§�¹ f(x) 3 F þ

���©��§@oÒ¡�§ f(x) = 0 3 F þ�ª�)½�^�ª).
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½n1.12.1. � F ´���§ chF = 0 , f(x) ∈ F [x]. XJõ�ª�§ f(x) = 0

�^�ª)§@o f(x) 3 F þ�³Û�+ Gf ´�)+"

�L5§Bk

½n1.12.2. � F ´���§chF = 0 , f(x) ∈ F [x]. XJ f(x) 3 F þ�³Û�

+ Gf ´�)+§@o�§ f(x) = 0 �^�ª)"

íØ1.12.3. � x1, x2, · · · , xn´� F þ�Ã'�½�§s1, s2, · · · , sn´ x1, x2, · · · , xn
�Ð�é¡õ�ª§ f(x) =

∏n
i=1(x− xi) ∈ F (s1, s2, · · · , sn)[x].

(i) � n 6 4 �§�§ f(x) = 0 3 F (s1, s2, · · · , sn)[x] �^�ª)¶

(ii) � n > 5 �§�§ f(x) = 0 3 F (s1, s2, · · · , sn)[x] Ø�^�ª).

51.12.4. º5�ã´Ð�AÛ�Ä�¯K��"~Xn�©?¿�!�á�Ú

z���§́ ���Ï�U)û�n�AÛ�ãJK§y3³Û�nØ�±�Ñ�

ª�)�"�u�Ì�Ï§·�3d?ÒØ2Ðm?Ø
"

ë�©z

[1] Ü=Ë, �º^, �êÆÄ:£eþ¤, �®���ÆÑ��, 2013.
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