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§1.1 ¶é¡Navier-Stokes�§

3 R3 ¥Î�I (r, θ, z) ½Â�

(x1, x2, x3) = (r cos θ, r sin θ, z)

±9

er =
(x1
r
,
x2
r
, 0
)
, eθ =

(
−x2
r
,
x1
r
, 0
)
, ez = (0, 0, 1) .

u´§Î�IX¥����þ| v �±�¤

v = vrer + vθeθ + vzez, (1.1)

Ù¥ vr, vθ, vz ´ê�©þ§P vθ �µ©þ"XJ vθ = 0 K¡ v Ãµ"

·�¡Iþ¼ê ϕ ´¶é¡�§XJ ϕ 3Î�IXeØ�6u θ §= ϕ =

ϕ(r, z, t). ���þ| v ¡�¶é¡�§XJ(1.1) ¥©þ vr, vθ, vz ÑØ�6u θ.

éuNavier-Stokes�§ ∂tv − ν∆v + (v · ∇)v +∇p = f, in Ω× (0, T ),

div v = 0, in Ω× (0, T ),
(1.2)

3¶é¡�þ|��/eC�(
∂t + b · ∇ −∆ +

1

r2

)
vr −

1

r
v2θ + ∂rp = 0, (1.3)(

∂t + b · ∇ −∆ +
1

r2

)
vθ +

1

r
vrvθ = 0, (1.4)

(∂t + b · ∇ −∆) vz + ∂zp = 0, (1.5)

∂r(rvr) + ∂z(rvz) = 0, (1.6)

Ù¥ p = p(r, z, t) ´¶é¡�§�

b = vrer + vzez.
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3þã�§|¥·��±ò ∆ O��

∆axisym = ∂2r +
1

r
∂r + ∂2z .

éu¶é¡�þ v, ÙµÝ ω = curl v �

ω(x, t) = ωrer + ωθeθ + ωzez, (1.7)

Ù¥

ωr = −∂zvθ, ωθ = ∂zvr − ∂rvz, ωz = (∂r + r−1)vθ.

u´µÝ�§���¶é¡aþ�(
∂t + b · ∇ −∆ +

1

r2

)
ωr − ωr∂rvr − ωz∂zvr = 0, (1.8)(

∂t + b · ∇ −∆ +
1

r2

)
ωθ −

∂zv
2
θ

r
− vr

r
ωθ = 0, (1.9)

(∂t + b · ∇ −∆)ωz − ωr∂rvz − ωz∂zvz = 0. (1.10)

éu�K5¯K§dÜ©�K5½n P1(S) = 0 �¶é¡T�f)�Û5��

UÑy3z¶"u´�CþO� ωθ = rΩ , vθ = r−1Γ, ��(
∂t + b · ∇ −∆ +

2

r
∂r

)
Γ = 0, (1.11)(

∂t + b · ∇ −∆ +
2

r
∂r

)
Ω = r−2∂zv

2
θ . (1.12)

�e5·�í�k��O"éuf) v ·�okUþ�O

v ∈ L∞(0,∞;L2(R3)), ∇v ∈ L2(R3 × R+).

éu¶é¡)·��kXe(J:

Ún1.1. � v´(1.2)3 R3×[0, T )¥Ø�	å��¶é¡ Leray−Hopf f)§�

éu?¿ t1 ∈ (0, T )k v ∈ L∞(0, t1;L
3).XJéu,� p ∈ [2,∞],k rvθ(0) ∈ Lp(R3),

K rvθ ∈ L∞(0, T ;Lp) ±9e p <∞, K |rvθ| ∈ L2(0, T ;W 1,2).

AO/§� p =∞ �§·�k

|vθ(r, z, t)| 6
C

r
(r > 0, z ∈ R, 0 < t < T ).
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y². - Γ = rvθ. b� 2 6 p < ∞ ±9 v kv
Ð��K5±9�mP~5"

éu Γ ��§(1.11)§̂ |Γ|p−2Γ �ÿÁ¼ê��

1

p

d

dt

∫
R3

|Γ|p +
4(p− 1)

p2

∫
R3

∣∣∣∇|Γ|p/2∣∣∣2
=−

∫
R3

2

pr
∂r|Γ|p = −4π

p

∫
R

∫ ∞
0

∂r|Γ|p drdz

=− 4π

p

∫
R
|Γ|p|∞r=0 dz = 0.

Ïd

max
t

∫
R3

|Γ(t)|p + 2

∫ T

0

∫
R3

∣∣∣∇|Γ|p/2∣∣∣2 6 ∫
R3

|Γ(0)|p (1.13)

±9 ‖rvθ(t)‖Lp 6 ‖rvθ(0)‖Lp . - p→∞ �� ‖rvθ(t)‖L∞ 6 ‖rvθ(0)‖L∞ .

5¿�÷vk��O(1.13)�)�±ÏLGalerkin�{�E��§u´dfr�

�5�Ù7� v ��§¤±b� v ��K5ÚP~5Ün"

·�y3o(�
)��35½n§��e5�SN�O�"

Ún1.2. � k ∈ N, f ∈ L2(0,∞;Hk−1(R3)), ±9 v0 ∈ Hk(R3),div v0 = 0. é

uStokesXÚ§ ∀T ∈ (0,∞), �3���) (v, p) ÷v

v ∈ L∞(0, T ;Hk(R3)) ∩ L2(0, T ;Hk+1(R3)), ∂tv ∈ L2(0, T ;Hk−1(R3)).

Ún1.3. � f ∈ L2(0,∞;H1(R3)) ±9 v0 ∈ H2(R3),div v0 = 0. éuNavier-

Stokes�§(1.2)§�3 T ∈ (0,∞) ±9��) (v, p) ÷v

v ∈ L∞(0, T ;H2(R3)) ∩ L2(0, T ;H3(R3)), ∂tv ∈ L2(0, T ;H1(R3)).

Ù¥ T > C(‖v0‖H2 +‖f‖L2(R+;H1))
−2.P Tmax ´ù�� T �þ(."XJ Tmax <∞,

K v /∈ L∞(0, Tmax;H1).

5¿���5�y
XJ v0 ´¶é¡�§@o v �´¶é¡�"

§1.2 Ãµ��/

Ún1.4. éu÷v vθ = 0 �¶é¡�þ| v , ω = curl v = ωθeθ ±9 1 < p <∞

k

‖Dv‖Lp(R3) ∼ ‖ωθ‖Lp(R3), ‖D2v‖Lp(R3) ∼ ‖∇ωθ‖Lp(R3) +
∥∥∥ωθ
r

∥∥∥
Lp(R3)

.

Ù¥ D = (∂1, ∂2, ∂3) ±9 ∇ = (∂r, ∂z).
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y². 5¿� Dv = D(−∆)−1 curlω. Ïd

‖Dv‖Lp(R3) ∼ ‖ω‖Lp(R3), ‖D2v‖Lp(R3) ∼ ‖Dω‖Lp(R3).

� vθ = 0 �§·�k ω = ωθeθ, ¤±��

|ω| = |ωθ|, |Dω| ∼ |∇ωθ|+
1

r
|ωθ|.

ddÚn�y"

Ún1.5. XJ v0 ∈ L2
σ ∩ L3

σ(R3) ´¶é¡��÷v v0,θ = 0, KØ�Øå��÷

v vθ = 0 ��§(1.2)�3����¶é¡� Leray − Hopf f) v(t), ±9é?¿

0 < t1 <∞ k

v ∈ L∞(t1,∞;H2) ∩ L2(t1,∞;H3), ∂tv ∈ L2(t1,∞;H1).

�þã)3 Leray −Hopf f)a¥´���"

§1.3 I.Û5µDe Giorgi-Nash-Moser�{

3�!·�ò`²¶é¡6Ø�3I.Û5"Äk£��e§éu�§(1.2)�)

v(x, t) 3: (x, t) = (0, 0) ?�I.Û5÷v� ØC��»�Ç

|v(x, t)| ∼ C

|x|+
√
−t
, C = O(1). (1.14)

éu¶é¡6§��3Ù§�fu(1.14)�� ØC.§~X

|v(x, t)| 6


C∗(r

2 − t)−1/2 or

C∗r
−1 or

C∗(−t)−1/2.

(1.15)

½n1.6. � (v, p) ´Navier Stokes�§(1.2)3 D = R3 × (−T0, 0) ¥���¶é

¡f)§÷v v(T0) = v0 ∈ L2
σ ∩ L3(R3), rv0,θ ∈ L∞(R3), p ∈ L5/3(D), �éu,�

0 6 ε 6 1/2, k

|v(x, t)| 6 C∗
r1−2ε(−t)ε

, (x, t) ∈ D. (1.16)

Ù¥ C∗ �±é�"Kéu?¿ R > 0 k v ∈ L∞(BR × [−T0, 0]).
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� ØC^�(1.16)�¹
(1.15)�¤k�/"ù�½nÄk3[2]b� |v| 6 C∗(r
2−

t)1/2 �y²
",�©O3[3]Ú[4]¥�Õá�í2�Ù§�/"

3�!±9���SN¥§·�ò�Ñb� |v| 6 C∗/r �/e�y²"�!

¥·�òQã[2]Ú[3]¥¦^De Giorgi-Nash-MoserS���{§e�!¥¥y[4]¥¦

^Liouville½n��{"

1�«�{�Ì��{Xe"·�b�� t < 0 �§v ´�K�"éu t ∈

(−T0, 0), µ©þÏL Γ ��§(1.11)�±¼��þ��K5µéu,�'���ê

α = α(C∗) > 0, ÏL(1.16)�±��

|vθ(t, r, z)| 6 Crα−1. (1.17)

(1.17)%¹XHölderëY5"éu²;��Ô. �©�§

∂tu = ∂i(aij(x, t)∂ju)

Ù¥ aij ´��ý���ÿ¼ê§�±#NÙØëY§dDe Giorgi-Nash-MoserS�

��{�±�� u �k.5�OÚHölderëY5"·��XÚ(1.11)-(1.12)ò5¿å

lp���ØëYXê=£�
$��"

�
��(1.17)·�y²Xe½n"

½n1.7. b� Γ(x, t) ´�§(1.11)3 Q2 ¥�k1w¼ê b(x, t) �k.1w)§

3 Q2 ¥÷v

Γ|r=0 = 0,div b = 0, |b| 6 C∗/r.

K�3��6u C∗ �~ê C Ú α ¦�

|Γ(x, t)| 6 C‖Γ‖L∞t,x(Q2)r
α, ∀ (x, t) ∈ Q1. (1.18)

y². y²©�XeA�Ú½"

Ú½1. #Qã � X = (x, t). ½Â�:?��ÔÎ¡

Q(R, τ) = {X : |x| < R,−τR2 < t < 0}.

Ù¥ R > 0 ±9 τ ∈ (0, 1]. ½Â QR = Q(R) = Q(R, 1). éu�½� 0 < R < 1, -

m2 = inf
Q2R

Γ,M2 = sup
Q2R

Γ,M = M2 −m2 > 0.

5¿�d Γ|r=0 = 0 �� m2 6 0 6M2. ½Â

u =

 2(Γ−m2)/M, −m2 > M2,

2(M2 − Γ)/M, Ù§.
(1.19)
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3ü«�/eÑk u ÷v(1.11)±93 Q2R ¥k 0 6 u 6 2 �

a = u|r=0 > 1. (1.20)

·��ÏL(1.20)y²éuv
��Ø�6u u,R �~ê c, δ > 0 k infQcR u > δ ¤

á"ùÒ%¹X�Ì�O(1.33)§ddÏLS�B���(1.18).

Ú½2. Uþ�O½Â v± = (u−k)±, k > 0.�Ä»�é¡ÿÁ¼ê 0 6 ζ(x, t) 6

1÷v3 ∂BR × [−R2, 0]þk ζ = 0±9 ∂ζ
∂r 6 0.·�^u�¼ê ζ2v± 3 R3 × [t0, t]

é(1.11)È©�

1

2

[∫
R3

|ζv±|2
]t
t0

+

∫ t

t0

∫
R3

|∇(ζv±)|2

=

∫ t

t0

∫
R3

v2±

(
bζ · ∇ζ + ζ

∂ζ

∂t
+ |∇ζ|2 +

2ζ

r

∂ζ

∂r

)
+ 2π[(a− k)±]2

∫ t

t0

∫
R
dzζ2|r=0.

(1.21)

�
���k b ��§·�Äk¦^YoungØ�ª�∫
R3

v2±bζ · ∇ζ = R−2
∫
R3

v2±ζ
2Rb

R∇ζ
ζ

6 R−2
∫
R3

v2±ζ
2δ|Rb|1+ε +R−2

∫
R3

v2±ζ
2Cδ

(
R∇ζ
ζ

) 1+ε
ε

,

(1.22)

þªò bÚ |∇ζ|/ζ�Û5©l
",�·�À� 0 < ε < 1/3¦� ‖(Rb)1+ε‖L3/2(BR)
.

R2, ±9À� ζ ¦�� n v
��Ù3�C ∂BR �ìC5� (1 − |x|/R)n, K

R|∇ζ|/ζ . ζ−1/n. dHölderØ�ªÚSobolevØ�ª±9À� δ v
��∫
R3

v2±bζ · ∇ζ 6
1

4

∫
R3

|∇(v±ζ)|2 + CR−2
∫
BR

v2±. (1.23)

À� σ ∈ (1/4, 1) ±9�¦3 Q(σR, τ) þ ζ ≡ 1, 2�¦ ζ(x,−τR2) = 0, u´|

^(1.23)·��O(1.21)

sup
−τσ2R2<t<0

∫
B(σR)×{t}

v2± +

∫
Q(σR,τ)

|∇v±|2

6
C∗∗

τ(1− σ)2R2

∫
Q(R,τ)

v2± + CτR3 [(a− k)±]2 .

(1.24)

XJ·�À� ζ = ζ(x), K(1.21)C�

sup
t0<s<t

∫
B(σR)×{s}

v2± +

∫ t

t0

∫
B(σR)

|∇v±|2 −
∫
BR×{t0}

v2±

6
C∗∗

(1− σ)2R2

∫ t

t0

∫
BR

v2± + CτR3 [(a− k)±]2 .

(1.25)
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5¿�Ú(1.24)�'3(1.25)¥vk τ−1.Uþ�O(1.24)Ú(1.25)Ø�����´IO

��Ô.De Giorgia§5¿�éu v− 5`����� 0 6 k 6 1 ��""

Ú½3. Y²8�LebesgueÿÝ��mëY5

Ún1.8. b��3 t0 ∈ [−τR2, 0],K ∈ (0, 1), γ ∈ (0, 1) ¦�

|{x ∈ BR : u(x, t0) 6 K}| 6 γ|BR|.

?�Úb� u ÷véu v−� (1.25)"Kéu¤k η ∈ (0, 1−√γ), µ ∈ (γ/(1− η)2, 1),

�3 θ ∈ (0, 1) ¦�

|{x ∈ BR : u(x, t) 6 ηK}| 6 µ|BR|, ∀ t ∈ [t0, t0 + (τ ∧ θ)R2].

�I�� θ > 0 ¦�éuv
�C1�,� σ < 1 k

(1− η)−2
(
γ +

C∗∗(τ ∧ θ)
(1− σ)2

)
+ (1− σ3) 6 µ, (1.26)

Ù¥ C∗∗ ´(1.25)¥�~ê"

Ú½4. �m¡þ��f8�?¿��Ý

Ún1.9. b� u(x, t) ÷véu v− �(1.24)§±9

|{x ∈ BR : u(x, t) 6 K}| 6 γ|BR|, ∀ [t0, t0 + θR2] = I,

Ù¥ θ > 0,K, γ ∈ (0, 1), BR × I ⊂ Q(R, τ). Kéu¤k� ε ∈ (0, 1) �3 δ ∈ (0, 1) ¦

�

|{X ∈ BR × I : u(X) 6 δ}| 6 ε|BR × I|.

y². éu n = 0, 1, 2, 3, · · · , P

An(t) = {x ∈ BR : u(x, t) 6 2−nK}, An = {(x, t) : t ∈ I, x ∈ An(t)}.

éu?¿� v ∈W 1,1(BR) ±9 α < β k

|{x ∈ BR : v(x) 6 α}| 6 CR3+1/(β − α)

|{x ∈ BR : v(x) > β}|

∫
BR∩{α<v6β}

|∇v|,

·���

|An+1(t)| 6
C2n+1R

K(1− γ)

∫
An(t)−An+1(t)

|∇u|

=
C2n+1R

K(1− γ)

∫
An(t)−An+1(t)

|∇(u− β)−|
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Ù¥ β = 2−nK. é�mÈ©§dCauchy-SchwarzØ�ª±9(1.24)�

|An+1| 6
CR5/2

R(1− γ)
|An −An+1|1/2. (1.27)

P pn = |An|
|BR×I| . d(1.27)��

p2n 6 C1 (pn−1 − pn) , C1 =
C

θK2(1− γ)2

np2n 6
n∑
j=1

p2j 6
n∑
j=1

C1 (pj−1 − pj) = C1 (p0 − pn) 6 C1.

ÏdÀJv
��nB�¤
y²"

Ú½5. ��8Ü��Ý�u1

Ún1.10. � 0 6 τ 6 1/8. �3 κ ∈ (0, 1) ¦� 0 < λ < κτ %¹X

|{X ∈ Q(R, τ) : u(X) 6 λ2}| 6 (1− 4λ)|Q(R, τ)|.

b�Øé§K

|{X ∈ Q(R, τ) : u(X) > λ2}| < 4λ|Q(R, τ)|. (1.28)

^ÿÁ¼ê (u+ ε)−1/2ζ2 �^3(1.11)þ,,�- ε ↓ 0�±�� a���þ.�éu

v
�� κ k a > 1 gñ"

Ú½6. �C0���f8?¿��ÝÄk·�kÚn1.10§Ù¥ τ ∈ (0, 1/8)�

½§dd��3 t1 ∈ [−τR2,−2λτR2] ¦�

|{x ∈ BR : u(x, t1) 6 λ2}| 6 (1− 2λ)|BR|. (1.29)

3Ún1.8¥� K = λ2, γ = 1− 2λ, η = λ, µ = 1− λ2 A^�(1.29)�

|{x ∈ BR : u(x, t) 6 λ3}| 6 (1− λ2)|BR|, ∀ t ∈ [t1, t1 + θ∗R
2] ≡ I∗.

Ù¥ θ∗ = θ ∧ λτ ±9 θ ´Ún1.8¥(½�~ê"dd±9Ún1.9�

|{X ∈ BR × I∗ : u(X) 6 δ∗}| 6
ε∗
2
|BR × I∗|,

Ù¥ ε∗ > 0 v
�±9 δ∗ = δ(ε∗).

,�§aqu(1.29)§�3 t2 ∈ I∗£÷v t2 6 −λτR2 ¤¦�

|{x ∈ BR : u(x, t2) 6 δ∗}| 6 ε∗|BR|. (1.30)
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�8c��§·�À���ëêÑ´�6u τ �§�´3þª¥§ε∗ �±À��?

¿�¦�ÙØ�6u τ ���"

y3§·�ÄkÀ� 1 − σ3 = 1/4 ±9 τ < 1/8 ¦� C∗∗τ/(1 − τ)2 6 1/4. ,

�l(1.30)¥� δ∗ ÷v ε∗ < 1/16. 2À� η < 1/4. dd±9Ún1.8·��±À�

µ < 1 ¦� θ = τ ÷v(1.26)±9

|{x ∈ BR : u(x, t) 6 ηδ∗}| 6 µ|BR|, ∀ t ∈ [t2, t2 + τR2] ⊃ [−λτR2, 0].

��§2gA^Ún1.9��

|{X ∈ Q(R, λτ) : u(X) 6 δ}| 6 ε|Q(R, λτ)|, (1.31)

Ù¥ ε > 0 ?¿�"

Ú½7. e.�O- U = δ−u,Ù¥ δ´(1.31)¥�~ê"w, U ´�§(1.11)�

)�k U |r=0 = δ − a < 0. ·�3 Q(2d) þò(1.24)A^� U þ��

sup
−σ2d2<t<0

∫
B(σd)×{t}

∣∣(U − k)+
∣∣2 +

∫
Q(σd)

∣∣∇(U − k)+
∣∣2

6
C∗∗

(1− σ)2d2

∫
Q(d)

∣∣(U − k)+
∣∣2 .

d²;�De Giorgi�O�

sup
Q(d/2)

(δ − u) 6

(
C

|Q(d)|

∫
Q(d)

∣∣(δ − u)+
∣∣2)1/2

. (1.32)

- d =
√
λτR ¦� Q(d) ⊂ Q(R, λτ). d(1.32)Ú(1.31)�

δ − inf
Q(d/2)

u 6

(
Cδ2ε|Q(R, λτ)|
|Q(d)|

)1/2

= Cδε1/2(λτ)−3/4,

� ε v
��þª�u δ
2 . dd�� infQ(d/2) u > d

2 . ¤±k

osc(Γ, d/2) 6

(
1− δ

4

)
osc(Γ, 2R). (1.33)

Ú½8. S� S�(1.33)��

osc(Γ, R) 6 C‖Γ‖L∞(Q1)R
α, (1.34)

Ù¥ α = 2 ln
(
1− δ

4

)
/ ln(λτ/16) > 0.

éuáu Q(X0, r), X0 = (0, z, t) �?¿�: X = (r, z, t) ∈ Q1, 3 Q(X0, 1) þ

ò(1.34)A^� Γ þ��

|Γ(X)| 6 |Γ (X0)|+ osc (Γ, Q (X0, r)) 6 0 + C‖Γ‖L∞(Q(2))r
α.

ddBy²
T½n"
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�e5§3(1.16)¥b� ε = 0 §·�^½n1.75y²½n1.6"

b�|v| 6 C∗/r�½n1.6�y². b� T0 > 4. - M ´ |v| �u���½�m t1 < 0

����"·�òí� M �6u C∗ Ø�6u t1 ���þ."Ø�� M > 1.½Â

vM (X,T ) = M−1v(X/M,T/M2), X = (X1, X2, Z).

éu x = (x1, x2, z)±9 X = (X1, X2, Z),- r =
(
x21 + x22

)1/2
±9 R =

(
X2

1 +X2
2

)1/2
.

� t 6 t1 ±9 T 6M2t1 �§é¤k� r Ú R ke��Oµ

|v(x, t) 6 C/r|, |vM (X,T )| 6 C/R, |∇kvM | 6 Ck. (1.35)

����Ø�ª5gu ‖vM‖L∞ 6 1ÚNavier-Stokes�§��K5"Ù�©þ vMθ (R,Z)

÷v vMθ (0, Z) = 0 = ∂Zv
M
θ (0, Z).d²þ�½nÚ(1.35)� |vMθ (R, z)| 6 CR, |∂ZvMθ (R,Z)| 6

CR,R 6 1. (Ü R > 1� (1.35)��

∣∣vMθ ∣∣ 6 C min
(
R,R−1

)
,
∣∣∂ZvMθ ∣∣ 6 C min(R, 1), ∀R > 0.

d½n1.7�§�3�6u C∗ �CÚ'��� α > 0 ¦�3 Q1 þ Γ = rvθ ÷v

|Γ(r, z, t)| 6 Crα. Ïd§éu R > 0 k |vMθ | 6 CR−1+αM−α. dù
�O·���∣∣∣∂Z (vMθ )2 (R)
∣∣∣

R2
6
C min

(
R,R−1+αM−α

)
·min(R, 1)

R2

6
C

R3−αMα + 1
.

(1.36)

e¡�Ä� ��µ��©þ"5¿� Ω = ωθ/r. -

f = ΩM (X,T ) = Ω
(
X/M,T/M2

)
M−3 = ωMθ (X,T )/R.

d(1.35)±9 ωMθ |R=0 = 0� ωMθ Ú ∇ωMθ k.§¤±� |f | 6 C(1 +R)−1.l ωθ ��

§�±��

(∂T − L) f = g, L = ∆ +
2

R
∂R − bM · ∇X ,

Ù¥ g = R−2∂Z(vMθ )2 ±9 bM = vMr eR + vMz eZ .- P (T,X;S, Y )L« ∂T − L�òÈ

Ø"dDuhamelúª�

f(X,T ) =

∫
P (T,X;S, Y )f(Y, S)dY +

∫ T

S

∫
P (T,X; τ, Y )g(Y, τ)dY dτ

=: I + II.
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dCarlenÚLoss[5],�Ø P ÷v P > 0,
∫
P (T,X;S, Y )dY = 1,,�|^ ‖bM‖ < 1

k

P (T,X;S, Y ) 6 C(T − S)−3/2e−h(|X3−Y3|,T−S), h(a, τ) =
1

4τ
(a− τ)2+.

dù
�O§�IX Y = (R,Z) ±9HölderØ�ª§·�éu T − S > 1 k

|I| 6
[∫

P (T,X;S, Y )|f(Y, S)|3dY
] 1

3

6

[
C(T − S)−

3
2

∫
e−C

|X3−Y3|
T−S

RdR

(1 +R)3
dY3

] 1
3

6 C(T − S)−1/6,

(1.37)

Ú

|II| 6
∫ T

S

[∫
P (T,X;S, Y )|g(Y, S)|2dY

] 1
2

dτ

6 C

∫ T−S

0

[∫
τ−3/2e−C

(a−τ)2+
τ

RdRda

(R3−αMα + 1)2

]1/2
dτ

6 C

∫ T−S

0

[(
τ−1 + τ−1/2

)
M−

2α
3−α
]1/2

dτ

6 C(T − S)3/4M−
α
3 .

(1.38)

(Üùü��O±9À� S = T −M
4
11
α > −T0M2,·��� |f(X,T )| 6 CM−

2α
33 .Ï

d

|ωθ(x, t)| 6
∣∣ωMθ (rM, zM, tM2

)∣∣M2

6
∣∣ΩM

(
rM, zM, tM2

)∣∣M2rM 6 CM3− 2α
33 r.

Ïd·�k

|ωθ(x, t)| 6 CM2− α
33 , ∀ r 6M−1+

α
33 . (1.39)

- b = vrer + vzez ±9 Bρ(x0) = {x : |x − x0| < ρ}. Ù÷v −∆b = ωθeθ, Ïdé

u p > 1 kXe�O:

sup
Bρ(x0)

|b| 6 C

(
ρ
− 3
p ‖b‖Lp(B2ρ(x0)) + ρ sup

B2ρ(x0)
|ωθ|

)
.

- x0 ∈ {(r, θ, z) : r < ρ} ±9 1 < p < 2. db� |v| 6 C/r, k

ρ
− 3
p ‖b‖Lp(B2ρ(x0)) 6 Cρ

− 3
p ‖1/r‖Lp(B2ρ(x0)) 6 Cρ−1.

Ïdéu ρ 6M−1+
α
99 k

sup
Bρ(x0)

|b| 6 C
(
ρ−1 + ρ2M3− 2α

33

)
6 CM1− 2α

99 6 Cρ−1.
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¤kù
�O±9eã¯¢

|vθ| = M
∣∣vMθ ∣∣ 6MC min

(
R,R−1+αM−α

)
6 CM1− α

2−α

%¹X

|v(x, t)| 6 CM1− 2α
99 , for r 6M−1+

2α
99 .

,��¡§b� |v| 6 C/r %¹X |v| 6 CM1− 2α
99 , r > M−1+

2α
99 . Ï� M ´ v ���

�§¤±��Ùþ.�O"

§1.4 I.Û5µLiouville½n��{

3�!·��Ñ3b� |v| 6 C∗
r e½n1.6�ÄuLiouville½n�,	��y²"

����)´�½Â3 t ∈ (−∞, 0) þ�)"

½n1.11 (Liouville½n). - D = R3 × (−∞, 0). XJ v(x, t) : D → R3 ´�

§(1.2)Ø�Øå��¶é¡)÷v

|v| 6 C∗
1 + r

, ∀x ∈ D,

K v ≡ 0.

|^½n1.11�½n1.6�1��y². b�éu¤k� t0 < 0 k v ∈ L∞(R3 ×

(−T0, t0)), ±9 v 3 t = 0 kÛ5"Kk

∞ > ‖v(t)‖L∞(R3) >
ε1√
−t
, −T0 < ∀t < 0.

- M(t) = sup−T06s6t ‖v(s)‖L∞(R3). K�3�G:� (rk, zk, tk), Ù¥ tk ↗ 0 ¦

� Mk := |v(rk, zk, tk)| > k
k+1M(tk). db� |v| 6 C∗

r , ·�k rk 6 C∗/Mk. -

v(k)(r, z, t) =
1

Mk
v

(
r

Mk
, zk +

z

Mk
, tk +

t

M2
k

)
.

§�´ R3 × (−M2
kT0
2 , 0] ¥�¶é¡§Ú)§÷v∣∣∣v(k)∣∣∣ 6 min

(
k + 1

k
,
C∗
r

)
and

∣∣∣v(k) (Mkrk, 0, 0)
∣∣∣ = 1.

d L∞ §Ú)��K5�� k v
��¤k�êÑ´k.�µ∥∥∥∇lx∂mt v(k)∥∥∥
L∞(Rn×(−T,0))

6 C(l,m, T ), ∀ l,m, T ∈ N. (1.40)
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dþã��O§·���3f� v(kj) Âñ� D þ��¶é¡§Ú��) v̄ �

÷v

|v̄| 6 min

(
1,
C∗
r

)
in D and |v̄(r̄, 0, 0)| = 1,

Ù¥ r̄ = limj→∞Mkrkj 6 C∗. dLiouville½n£½n1.11¤� v̄ ≡ 0, � |v̄(r̄, 0, 0)| = 1.

½n1.11�y²ë�[1, 1208-209�].

§1.5 o(

½n1.7��±k,	�«y²§�[SN�ë�[1].��wÌ��â[1]�¤§

:Qã
|^De Giorgi-Nash-MoserS���{y²½n1.7§Ù{Ü©{Ñ�
�


Qã"�u�mÚ�Ì§3dØU���[/Qã��nØe�§F"3±��Æ

S¥U
òù�¬Öv"Navier-Stokes�§��'nØ3�8 �©�§ïÄ¥k

XÞv��/ §�´¢SA^¥ék^��¬SN§�©��·��ãåÆS§

¿��uÐ�zgC�åþ"Navier-Stokes�Z$c¯K��±5�É�['5§�

F"3·�k)�c�±w�ù��¯Kk¤â»"�§�d��C
�(§é

�3UkùgÅ¬aÉù�+���å§��©a�Ç�P�Ù���Ç�"�ù

Ç"
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