ASYMPTOTIC EXPANSIONS OF THE FUNDAMENTAL SOLUTION
FOR A MIXED LOCAL-NONLOCAL OPERATOR

CONGMING LI, LING WANG, AND JIONGDUO XIE"

ABSTRACT. In this paper, we study the fundamental solution of the mixed local—
nonlocal operator —A + (—A)®, 0 < s < 1. We derive precise asymptotic expansions
of the fundamental solution and its gradient, up to the first nontrivial correction term,
both near the origin and at infinity. The expansions describe the transition between
the local and nonlocal diffusion scales and include the critical regimes in which loga-
rithmic terms occur. As applications of these asymptotics, we establish a distributional
Bécher-type theorem for nonnegative supersolutions with an isolated singularity. We
further obtain quantitative positive and antisymmetric maximum principles on punc-
tured balls.

1. INTRODUCTION

Mixed local-nonlocal operators arise when diffusion mechanisms of different orders
act simultaneously. In this paper, we consider the operator

L= A+ (AP, 0<s<l.

At the probabilistic level, —.%; is the generator of the sum of a Brownian motion and an
independent symmetric 2s-stable process. This connects the operator with the potential
theory of stable processes and mixed Brownian—stable processes. We refer to [13, 43,
16, 15] for representative results in this direction. Local diffusion coupled with jump
processes also appears naturally in stochastic control and jump-diffusion problems [11,
12, 25], as well as in population dynamics and ecological dispersal models [24, 22].

From the PDE point of view, equations containing both differential and integral terms
belong to the broader theory of elliptic integro-differential equations developed in [33,
5, 27]. A substantial literature has recently developed on mixed local-nonlocal elliptic
operators, including regularity and maximum principles [7, 19, 28, 29, 44, 45|, spectral
and variational problems [21, 8, 14, 35], and existence, symmetry, and critical phenomena
for nonlinear elliptic equations [10, 9, 6, 34, 23, 46].

Throughout the paper, the fractional Laplacian is normalized by

u(@) — u(y) . u() — uly)
—A)u(zr) = C, s PV ————-dy = Cy s lim ———=dy,
( ) ( ) Rn ‘l’ _ y‘n+2$ N0 R”\Bg ($) ’f]ﬁ _ y’n+25
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initially for sufficiently regular functions, where
25T (s+n/2)
e P ()]
We refer to [42, 18, 27] for standard background on the fractional Laplacian and elliptic
integro-differential operators.
A fundamental feature of % is its lack of homogeneity under dilations. Its Fourier

symbol is |€|2 4 |€]?%. For large frequencies, the second-order term is dominant, while for
small frequencies the fractional term is dominant. More precisely,

€17+ 1el** ~ lel* as fg] = o0,

whereas
€ + (€% ~ € as [¢] =0,

This frequency transition is reflected directly in the fundamental solution. Its singularity
near the pole is governed by leading order by the classical Laplacian, while its behavior at
infinity is governed by leading order by the fractional Laplacian. The interaction between
the two components first appears in the next term of the corresponding asymptotic
expansions.

Fundamental solutions and Green kernels play a central role in potential estimates,
isolated-singularity problems, and Liouville-type questions. For homogeneous local and
fractional operators, the leading kernels are explicit. Green functions and fundamental
solutions for various nonlocal and nonlinear nonlocal operators have been studied in
[2, 26, 20]. For sums of Brownian and stable generators, sharp Green function and heat
kernel estimates are available in [16, 15]. For n > 3, the exact leading-order asymptotics
of the fundamental solution follow from the general results of Rao, Song, and Vondracek
[41] for subordinate Brownian motions. Indeed, applying their Theorems to the Laplace
exponent ¢(A) = A 4+ A\° yields the Newtonian leading term near the origin and the
fractional Riesz leading term at infinity. More recently, sharp two-sided estimates for
the fundamental solution associated with the mixed operator were also established and
used in the analysis of mixed Lane-Emden equations in [34].

The first purpose of this paper is to obtain information beyond such leading-order
estimates. We determine the first nontrivial correction to the fundamental solution of
%, both near the origin and at infinity. We obtain the corresponding expansion for its
gradient at the same level of precision. The structure of the correction depends on both
the dimension and the fractional exponent. In particular, critical homogeneous degrees
lead to logarithmic terms. Near the origin, this occurs when n = 3 and s = % At infinity,
s = % is again exceptional. The second term in the low-frequency expansion is the
constant multiplier —1. After multiplication by the cutoff, its inverse Fourier transform
is a Schwartz function, so the following |£|-term gives the first nonzero correction in the
far field.

We work mainly with distributional solutions. Set

25 (mn\ 1 n ‘U(CC)‘
LZ(R") = {uELlOC(R ) /]R" T3 s da:<oo}.
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If O C R" is open and u € £L2*(R"), we define Zsu in Q by

(Lo, ) = / u(z) Lub(x)de,  § e CX(Q).

n

Since |(=A)*¢(x)| < Cp(1 + |z|)~" 24, the pairing is well defined.
We now state the first main result. The Fourier transform is normalized by

(11) for = [ i@ f@) = g [ R

(2m)"
We write
/2 T(r=e
T and Hna:7(2) .
I'(n/2) T 20mn/20(3)
For a ¢ {n,n+2,n+4,...}, the constant x,  is understood through the meromorphic
continuation of the Riesz-kernel family described in Appendix B.

W1 = |Sn71| —

Theorem 1.1. Let n > 2 and 0 < s < 1. Define

1

Fhs= f_l <
’ €7 + 1€

) e S'(R™).
Then
(1.2) L'y s = 0o m 8’(R”),

and I'y, s is represented by a smooth real-valued radial function in R™\ {0}. Moreover,
the following assertions hold.
(1) Asymptotics at the origin.
n >3 and 4 —2s <n: As |z| — 0,

|z[>" 4-2s5— 4-25—
Ths(@) = ——— — Kpa_as|lz|” 2" +o(|z|* "),
T R T i (=)
€ 95— _ 95—
VIns(z) = T onalel (4 = 25 — n)pa—zsla] 727" o[ 7HT)
n=3and s=3: As|z] =0,
1 1 1
r - log— +0(1
371/2($) 47T|:Ij’ 22 og ’.T‘ + ( )a
(1.4) . 1
r =———+———+0(1).
\4 371/2(1') 471_‘1,‘3 D) ’x‘g + ( )
n=3and 0<s<i: There exists C3, € R such that, as |z| — 0,
1 _ _
Ts,s(x) = 7 + C3.s — 3a-2sla] = + o] ) ,
(1.5) 4r|x|
x

VF3 S(JI)

o(0) = =g — (U= 2s)msa—asale] 7 4 o(ja] 7).
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n = 2: There exists Cy s € R such that, as |z| — 0,
1 1 _ _
F278(x) = o log m + CQ,s — I€274_25|$|2 2s + 0(|x\2 28) s

(1.6)
- (2- 25)/@274_2533|x|_2s + 0(|x|1_28) )

x

27| x|?

(2) Asymptotics at infinity.
s # 3 As |z| — oo,

VFZS(SC) =

Tyys(2) = K 2s| |7 = Kpas—o|z| 727" + o(|z[*7277),
(L.7) V(@) =—(n - QS)Kn,QSW%
+(n+2— 4S)Hn’45_2]:c|"+% T o(jaf* 3 |
s =3 As |z] = o0,
Lo1jo(@) = ko] + o771+ o(|a] ),
(1.8)

€T X o
an,l/Q(x) = —(Tl — 1)HTL,1|$|T+1 — (n —+ 1)I£n7_1|x‘7+3 + 0(|$’ n 2) .

All vector-valued little-o terms are understood with respect to the Euclidean norm.

Theorem 1.1 makes the two-scale structure of .%; explicit. Near the origin, the leading
singularity is given by the fundamental solution of —A, namely the Newtonian kernel
when n > 3 and the logarithmic kernel when n = 2. At infinity, the leading term is
the fractional Riesz kernel nn,gs|x\25*". The displayed scale-dependent correction terms
quantify the first interaction between the two parts of the operator.

The gradient expansions are also important for the applications below. For every
R >0,

s e Wl’p(BR), for1 <p< Ll’
n—

while
(1.9) VT,s & L' V(Bg).

Thus the gradient has precisely the endpoint singularity of the classical Newtonian kernel.
This borderline behavior will be used to eliminate derivatives of the Dirac mass in the
analysis of isolated singularities.

The classical Bocher theorem determines the singular part of a nonnegative harmonic
function at an isolated point. More precisely, if u is nonnegative and harmonic in a
punctured ball, then

u=ad + h,

where a > 0, ® is the fundamental solution of —A, and h is harmonic in the full ball. The
result first appeared in Bocher’s paper [3]. A later proof can be found in [1]. Extensions
to more general second-order elliptic equations were obtained in several classical works
[36, 30]. The distributional formulation of Brezis and Lions [4] is particularly relevant
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to the present work. In their approach, extending the equation across the puncture pro-
duces a defect distribution T" satisfying suppT C {0}. Related classification results for
positive solutions of semilinear elliptic equations are given in [31, 32]. For the fractional
Laplacian, maximum principles and Bocher-type theorems on punctured balls were es-
tablished in [40]. A distributional theory for nonnegative solutions of fractional Laplace
equations with an isolated singularity was developed further in [39]. More generally,
Klimsiak [38] recently proved a Bocher-type theorem within a broad framework of el-
liptic equations with drift-perturbed Lévy operators, which includes the mixed operator
considered here. His theorem is formulated for functions that are nonnegative on all
of R™, whereas Theorem 1.2 below requires nonnegativity only in Bj. His argument
is based on the probabilistic potential theory. In the present paper, we instead give
a direct analytic proof based on the precise asymptotic expansions of I', ; and VI, .
Once the point-supported defect is shown to have order at most one, it may still contain
the first derivatives of dp. The Newtonian leading term of VI'), s in Theorem 1.1 has
exactly the endpoint non-integrability (1.9) needed to exclude these dipole terms under
the nonnegativity assumption.
Our second main result is the following distributional Bocher theorem.

Theorem 1.2 (Bocher theorem for —A + (—A)®). Let By CR", n>2, and s € (0,1).
Assume u € L2 (R") satisfies u > 0 a.e. in By and

L+ cu>0 in D'(By \ {0}),

where ¢ € L>®(By). Then there exist a > 0 and a nonnegative Radon measure p in B,
with ({0}) = 0, such that

Lou+ cu = p+ ady in D'(By).

In particular, the entire point-supported singular part of a nonnegative distributional
supersolution consists of a nonnegative multiple of 3. No derivative of the Dirac mass can
occur. The theorem is formulated under the natural global tail condition u € £2*(R™),
which is needed in order to define the nonlocal part distributionally.

Maximum principles for local, nonlocal, and mixed elliptic equations have been stud-
ied in many different settings. Representative results can be found in [37, 17, 7, 45].
The relation between maximum principles on punctured domains and Boécher-type the-
orems for the fractional Laplacian is developed in [40, 39]. In the present mixed setting,
Theorem 1.2 provides the mechanism that allows the puncture to be recovered distri-
butionally. After replacing the zero-order coefficient by its positive part, the singular
contribution at the puncture has the favorable sign. This reduces the problem to a
quantitative minimum estimate for a global supersolution on the ball.

We obtain the following two principles.

Theorem 1.3 (Positive maximum principle). Let n > 2, s € (0,1), By(x9) C R", and
¢ € L®(B,(x0)). Assume u € L2(R"), u >0 a.e. in R", and

Zu+cu >0 in D' (Br(x0) \ {z0})-
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1
! u>m >0 a.e. in By(wo) \ B, /2(0),
then
u > am a.e. in By(xo) \ {zo},
where
a=a(n, S,T2s||c+||Loo(BT(1.0))) > 0, ct = max{c,0}.

In particular, if 0 < r < 1, then o may be chosen to depend only on n, s, and
[l Lo (B, (o))~ If € <0, it may be chosen independently of both r and c.

Theorem 1.4 (Antisymmetric maximum principle). Let n > 2, s € (0,1),
H = {z, > 0}, 7= (—z1,7),

and let B.(xg) C H and ¢ € L>®(B,(z0)). Assume u € L>*(R") is antisymmetric with
respect to OH , namely

u(z) = —u(x) for a.e. x € H,
and u >0 a.e. in H. Suppose

L+ cu >0 in D'(By(x0) \ {zo}),

and
u>m >0 a.e. in Br(xo) \ B, /2(z0).
Then
u>am a.e. in By(xo) \ {zo},
where

o = a(n’ 8, 7"2S||C+||L°°(B7(.Z‘0))) > O
As above, for 0 < r < 1 the constant may be chosen uniformly in r, while for ¢ < 0 it
depends only on n and s.

The quantity r2%||c*|| L>(B,(z0)) aPpearing in the two estimates is natural. At an
interior minimum the local part has the favorable sign. The contribution of the fractional
operator from an annulus whose scale is 7 is of order r~2*. The competition with the
zero-order term therefore occurs through the dimensionless quantity 72%||c*|s. The
same scaling enters the antisymmetric argument after the fractional kernel is paired
with its reflection across the boundary hyperplane.

We briefly explain the main ideas of the proofs. For Theorem 1.1, we start from the

multiplier
1
" = e g

and separate low and high frequencies. At high frequencies,
m(€) = |72 = [¢702) + 0 (Jg|70),
while at low frequencies,

m(€) = €72 — [¢*7* + 0 (]¢]*%) .
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The homogeneous terms are inverted using the Fourier transform formulas for Riesz
kernels and their distributional continuation. When a homogeneous exponent reaches a
critical degree, the corresponding distributional continuation produces the logarithmic
contribution. Cutoff multipliers and dyadic kernel estimates control the remainder terms
together with their derivatives.

The proof of Theorem 1.2 follows the distributional strategy of [40, Theorems 3 and 4],
adapted to the mixed operator. A radial barrier first shows that the positive distribution
on the punctured ball has finite mass near the origin. After this measure is extended
across the puncture, the remaining defect is a distribution supported at the origin. A
cutoff argument shows that its order is at most one, and hence it has the form adg+d-Vdy.
A localized potential representation, together with the critical endpoint non-integrability
of the dipole term furnished by the gradient expansion in Theorem 1.1, excludes d # 0.
An averaged estimate near the origin then implies a > 0.

The two maximum principles are obtained by applying Theorem 1.2 to restore the
supersolution inequality across the puncture. After mollification, the resulting inequality
can be evaluated at an interior minimum. In the antisymmetric case, the argument also
uses the strict positivity of the reflected kernel

1 1
|x_y|n+2s |:L=_g|n+2s

> 0, x,y € H.

The paper is organized as follows. Section 2 is devoted to the construction of the
fundamental solution and the proof of its asymptotic expansions in Theorem 1.1. Sec-
tion 3 establishes the Bocher-type theorem. The positive and antisymmetric maximum
principles are proved in Section 4. The appendices contain the auxiliary results used in
these arguments, including distributional properties of the mixed operator, Fourier trans-
form formulas for homogeneous distributions, and the cutoff and dyadic kernel estimates
required for the asymptotic analysis.

2. PROOF OF THEOREM 1.1

Proof. Step 1. Construction and frequency decomposition. Let m(¢) = (|¢|? +
|€12)~L. Since m(&) =< [£]72% as |¢] — 0, m(€) < [€]72 as |¢] — oo, and n > 2s,
the function m belongs to Li (R™) and defines a tempered distribution. For every
v € S(R"),
1 ~
Coe) = G [ m(©F=)ds.

and the integral is absolutely convergent. Moreover,

[€Pm(€), [€1*m(€) € Lige(R"™)

with at most polynomial growth, and

(1€ + lg[*)m(e) =1

almost everywhere. Hence (1.2) follows in &'(R™).
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Choose a radial cutoff y € C°(R") satisfying
x=1 in{l{f<1},  x=0 in{¢>2},
and set n =1 — x. Then
(2.1) Tps=F '(xm)+F ' (ym).

For every multi-index 3, &°x(&)m(¢) € L'. Hence F~'(xm) € C®(R"). For every
multi-index -,

107 (nm)(€)] < Col¢|7>7 D1, for any ¢ > 1.

Lemma C.1 therefore shows that F~1(nm) is smooth away from the origin and rapidly
decreasing at infinity. Since m, x, and 7 are real-valued and radial, both terms in (2.1)
are real-valued and radial.

Step 2. The high-frequency expansion. The exact identity

—(6—4s)
02)  mO=I7 4 Rl Reel) =
1+ ¢
follows from (1 +2)~! =1 — 2+ 22(1 4 2)~}, with z = |£]**72. For every multi-index p,
(2.3) |02 Roo ()] < Cplg| 47l for any [¢] > 1.

Indeed, [£]?°72 < 1 in this region, and differentiation of radial powers gives |8§ €] <
Ca,p|€|*71Pl. The Leibniz and chain rules then give (2.3).

Step 3. The case n > 3 and 4 — 2s < n. Corollary C.2 yields
‘x|2—n

(2.4) FHnlgl ) (z) = (= 2wn 1

(2.5) FH el ) (@) = mnamaslal 77" + Hi(x),

where Hy, H, are smooth and radial near the origin. The remaining smooth contribution
F~1(xm) has the same property. Thus these regular terms are bounded, and their
gradients are bounded.

Set 4 =6 —4s. By (2.3) and Lemma C.1,

+ Hoy(z),

O(|z|F™), p<n,
F nRoo)(@) =  O(1 + [log z]]), p=n, |z| = 0.
0(1), w>n,
If p < n, then
i 2-2
-z T 20

If 1 > n, then by 4—2s—n < 0, so logarithmic and bounded terms are also o(|z|47257").
Hence

(2.6) FH (nReo)(x) = of|z[*~27") .
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Applying the differentiated estimate in Lemma C.1 gives

O(|z|r—r=1), p<n+1,
VF ! (nRo)(x) =  O(L + [log [z]), nw=n+1,
o(1), w>n+1.
In the first case the quotient by |z|>72*~" is again |2|22%, in the remaining cases we use

3 — 25 —n < 0. Therefore
(2.7) V}'_l(nRoo)(:n) = 0(\@'!3_25_”) .
Combining (2.1), (2.2), (2.4), (2.5), (2.6), and (2.7) proves (1.3). The derivative of the

second homogeneous term is

’4—2s—n) — ’2—2s—n.

V(—I‘in74_23|l’ —(4—2s —n)kpa—2sx|T

Step 4. The case n =3 and s = % Retaining one additional term gives the exact
decomposition

il
1+ ¢~
The first term contributes (47|x|)~!, modulo a smooth radial function. Since n vanishes
near the origin, n|¢|™3 = nFp|¢| 73, and (B.2) gives
1 1

(2.8) m(&) =17 — &7+ g7t -

—1 _3
F ) 0) = g lom 7 + Halo).
where Hj is smooth and radial near the origin. Moreover,
- - 1
F el () = raala| + Hs(), R34 =—35

so this term and its gradient are bounded. The last multiplier in (2.8) is a symbol of
order —5, since 5 > 3 + 1, its inverse Fourier transform and its gradient are bounded
near the origin. The signs in (2.8) prove (1.4).

Step 5. The case n =3 and 0 < s < % Here 4 — 2s € (3,4), so this exponent is
nonexceptional. Hence

(2.9) Fmlel" 7)) (@) = maaslel' 7> + Ha(a),
where Hy is smooth and radial. The remainder nR is radial, has order —(6 — 4s), and
0<1—2s<min{(6—4s)— 3,2}.
The radial regularity statement in Lemma C.1, with § =1 — 2s, gives
F nRoo)(x) = F 1 (nRao)(0) + of|2['72°),  VF 1 (nReo)(x) = o(|z|~%).
Every smooth radial function H satisfies
H(z) = H(0) + O(jz|*),  VH(z) = O(lz]).
Collecting all constant terms into C3 5 and using (2.2) and (2.9) proves (1.5).
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Step 6. The case n = 2. The leading term is critical. By (C.8), we have

Fle ) ) = o

1
o 1Og — + H5((L'),

|z|
with Hs smooth and radial. Since 4 — 2s € (2,4) is nonexceptional,
FHnlel"U729) (@) = kaa-asla>~* + He(x).
Furthermore,
0 <2—2s <min{(6 —4s) — 2,2}.

Applying the radial regularity statement in Lemma C.1 with § = 2 — 2s, and using
H(z) = H(0) + O(|z|?), VH(x) = O(]z|) for smooth radial functions, gives (1.6) after
the constant terms are collected into C ;.

Step 7. The case |z| - o0 and s # % The exact low-frequency expansion is

R0 mO = R, R = e

For every multi-index p,
O£ R0 ()] < Cplg* %P1 for any 0 < [¢| < 2.

Since 4s — 2 € (—2,2) \ {0}, Corollary C.2 yields, for every N > 0,
FHXIE ) (@) = ksl 7" + O(J2| =),
FHXIEP™) (@) = Rnas—lz[ 727"+ O(l2| 7).

Because 4 — 6s > —n, the low-frequency estimate in Lemma C.1 gives

FH(xRo)(x) = O(|2[*7*7"), VFH(xRo)(x) = O(|a]*7°7").

The ratios to the respective second terms are

|Gs—4—n ‘65—5—71

E £
|x|45727n = |x‘45737n

= |z]**7% = 0.
The high-frequency contribution F~!(nm) is rapidly decreasing. Combining these esti-
mates with (2.10) proves (1.7).

Step 8. The case |z| — co and s = % The finite identity

€17
L+ ¢

(2.11) m(€) = €7 =1+ ¢ -
replaces (2.10). For every N > 0,
FHXE N (@) = e + O(l27),

and
F e (@) = fn 2|71+ O(l2| ).
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The inverse Fourier transform of y is a Schwartz function. The last multiplier in (2.11)
satisfies the low-frequency symbol estimates with exponent 2. Hence

Sl - o (R o — ot
(g )@ =0t vrt (W) @ = oge ),

Together with the rapid decay of F~!(nm), this proves (1.8). Notice that every gra-
dient remainder used above comes directly from the differentiated symbol estimates in
Lemma C.1. In particular, no undifferentiated little-o term is differentiated. O

3. PROOF OF THEOREM 1.2

Proof. Put s = —A+ (=A)* and T = Lsu + cu € D'(B; \ {0}). Since T > 0, it is a
nonnegative Radon measure on By \ {0}, which we denote by u. We extend p to By by
1({0}) = 0. The argument below follows the distributional scheme of [40, Theorems 3
and 4], with the mixed local-nonlocal estimates made explicit.

Step 1. p has finite mass near 0. Set M = |[c|| > (p,). Choose a radial n € C2°(B2)
withn =1in By, and fix 0 < < 2sand 0 < o < 1. For 0 < £ < e~ ! define

1 (6%
1+ n(2r) |:TB — <IS§Z) ] , n=2,
B _ (E\“" >
1+n(r)r <r) , n > 3.

(3.1) Pe(r) =

For r < 1/4 the cutoffs in (3.1) are equal to one. If n > 3, then
—A¢e(r) =—-B(B+n— 2)7"8_2 —a(n—2—a)er 72
(3.2) [(=A)*pe(r)] < CrP=28 4 Cep—a2s,
Indeed, since 0 < a < 1 < n — 2s, Proposition B.1 gives
(=A)(|2[7%) = Crsalz|*7?  in R™\ {0}.

It remains to estimate F(x) = n(|z|)|z|®. For r = |z| < 1/4, the symmetric integral
formula gives

(~A)F(z) =

Cn,s/ 2F(z) — F(z+2) — F(x — 2) &,

2 ‘Z|n+25
Since F' is smooth in B, 5(z),

Cri=2|z%, 2| <r/2,
2F(2)~ Flo+2)— Flo—2)| < Cle’,  rj2< | <3,
C, |z| > 3.

Because 0 < 3 < 2s < 2, integration in the three regions yields |(—A)*F(x)| < Crf=2,
Together with the estimate for |z|~%, this proves (3.2), with C' independent of .
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If n=2,1et L =log(1/r) and E =log(1/e). Then
—Agp.(r) = —527“5_2 —a(l - a)E_aLa_Qr_2,
[(=A)*¢e(r)| < CrP~2 + CE™r—25(1 + L®).

Indeed, for F'(x) = n(2|x|)(log(1/|z|))*, splitting the defining integral into B, 5(z) and
its complement gives

1
[(—A)°F(z)] < C’r*25(1 + L), r=|z| < T
Since
272 50, 7’2_25(L2_Cy + LQ) —0, asrlo,

the preceding estimates imply that there exists o € (0,1/8), independent of e, such that
(Zs+M)p. <0 in D'(Byy).
Set 9. = (¢)". Proposition A.1 gives
(L + M) <0 in D' (Bory).
Setting ¢ = 1. * js5, Lemma A.2 gives, for all sufficiently small § > 0,
(Z+ MY <0 in By,

Choose h € CZ°(Bayy/4) with 0 < h < 1and h = 1in B, /5. Taking § smaller if necessary,
hyS € C°(By \ {0}). Put ¢ = 9. By the product identity
Zs(h))(x) = h(@) La( ) w< ) h(z) — 2Vh(z) - Vi (x)
y)(W(z) —¥(y))
- Cn S /

‘CU _ ‘n+2s dy’

we have

0 </B hep dps = T (hi)

:/ ugs(m/))dxju/ cuhwdx+/ uZs(hy) de
Bq B1 R"\Bl

_/ m/}ghdx—Q/ uVh-Vidx
Bl

(z) = h(y)((z) — ¢(y))
_ Cns/B1 /n @ — s dydx + /R"\31 u%s(hy) dx

where the last inequality uses the fact that

/uh[(iﬂs—&-M)w]dx—i—/ (¢ = M)uhypdz < 0.
By

B1
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Uniformly in € and 9,
0<y <C, V| < C  on supp Vh,
/n (h(z) — h(y)) (¥ (z) — (y)) ayl <

|z — gyt

(3.3) sup
rEB;

)

C
| Zs(h) ()] < TH a2 z € R"\ Bj.

Indeed, in (3.3) either h is constant near z, or both differences are O(|z — y|). Hence,
the local singularity is |x —y| " 725%2 ¢ LllOC because s < 1. To make the bound uniform,
let K = supp Vh. Since K € By, \ {0}, choose p > 0 so that the 3p-neighborhood of K
is contained in By, \ {0}. The explicit barriers and mollification give

V42| oo (gatist(e ) <3p)) < C-
If dist(xz, K) > 2p, then h is constant on B,(x). Otherwise, when |z — y| < p, both

factors in the numerator are bounded by C|z — y|. Hence, the local part is bounded
by Cf|z|<p |2|7"725%2dz. In |z — y| > p, the uniform bounds of h and ¢ give the

bound C f

51>p |z|7"=2%dz. This proves (3.3) with a constant independent of ¢ and §.
Consequently,

u(z)|
3.4 og/ Wdu<C / udx+/ _Jul@)] dz | < C.
(34) B e o ( B re\B, 1+ |z["T2s

For fixed e, ¥ — . locally uniformly as § | 0, so Fatou’s lemma and (3.4) give
I5 p Yedp < C. On 0 < |z| < r9/2 we have ¢.(z) — 1+ |z|® as ¢ | 0; a second
o

application of Fatou’s lemma yields p(B,, /2) < 00. Hence p is a Radon measure on B;.

r0/2

Step 2. The singular distribution has order at most one. Set S = Zsu+cu—pu €
D'(B1), so supp S C {0}. Let H € C°(By) satisty H(0) = 0 and VH(0) = 0. Choose
p € CX(By) with p =1 in B; and put H.(x) = p(x/e)H (x). Since S(H) = S(H.),
|H.| < Ce®,  suppH. C By,  ||D*H.|[r~ < C.
Writing H.(z) = e2G.(z/¢), with ||G.||c2 < C, gives
Ce?72s |z < 4e
—A)YH.(z)] < ’ ’
(A He(@)] < {C’s”+2|x\_”_25, |z| > 4e.
Therefore

S(H)| = |S(HL)| gc/ [l da:+C’522S/ | da
BQE B

4e

n C€n+2/ ’“(ﬁ)gy dz + 052/ lcu| dz + Ce?u(Ba:) — 0.
Rn\B4E |x‘n s B25

Here, for the third term, we split 4¢ < |z| < 1 and |z| > 1 and use

8n+2/ ”U,(LE)’ dz §0522S/ |’U,‘d$
4

e<|z|<1 |$‘n+25 By
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Hence
S(H)=0 whenever H(0)=|VH(0)| =0.
Let ¢ € C°(By) satisfy ¢ = 1 near 0, and define

a:S(C):/nu.fs(dx+/Blcu§da:—/Blg“dp,

dj:S(ij):/ u,?s(azjf)dx/ cuq:jgdx+/ x;¢ dp.

B1 Bl
For any ¢ € C2°(B1), set Hy, = p—(¢(0)+V(0)-2)¢. It satisfies H,(0) = |VH,(0)| = 0.
Thus

n

S(p) = ap(0) —d - V(0),
and therefore

(3.5) L+ cu=p+ady+d-Viy in D'(By).

Step 3. We show that d = 0. Let I' = I, s be the fundamental solution of .Z;. Set
w=1u—al'—d- VI and write dv = dy — cudx. Then

Zow=v inD(By).
Choose § € C°(Byyg), § = 1 in Byyy, and define

(3.6) o(z) = /B P(z — y)&(y) du(y).
7/8

By Theorem 1.1, I, VI € L, (R") and v € Wif(R”) for every 1 < p < n/(n —1).
Moreover
|v(z)] / Tz —y)|
—— 2 —dx < |v|(B su ————2 dz < 0.
/Rn L+ [gft2s 0 = v|( 7/8)|y‘<$/8 o L+ |20 +2s
The asymptotics in Theorem 1.1 also give I', VI € £25(R"); hence w — v € £L2*(R") and
satisfies
Ls(w—v)=0 inD'(Bsy).
Theorem A.3 gives w — v € C™°(Bg)y) and hence w € W'P(By,) for every 1 < p <
—=. Choosing any such p > 1, its Sobolev conjugate satisfies p* = np/(n —p) >
n/(n —1). Thus, Sobolev embedding, together with I' € L"/(”_l)(Bl/g), gives w + al’ €
L =1(By 5). If d # 0, Theorem 1.1 gives, as |z| — 0,
d-x

Wn—1|x|™

d-VI(z)=— + o(|z|*™™).

Set .
Cd:{x#():d-m22|d|]m|},

then there exists rgy > 0 such that

d
(d-VI) " (x) > 4Q|J||x|1”, z€Cq, 0<|z|<rg.
n—1
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and hence
(d- VD)~ ¢ LYOD(B, ).
On the other hand,
d-VD=u— (w+al), (d-VD)" <u +|w+al|=|w+al| € L""D(B, ),
which yields a contradiction. Thus d = 0.
Step 4. Finally, we prove that a > 0. Now
Zsu = v + ady, v=p—cudr, lv|({0}) = 0.
With v as in (3.6),
(3.7) u=v+al'+ H in By, H € C%(By ).

Assume first n > 3. By Theorem 1.1, we have |['(z)| < C|z|>™™ in B;. Hence, for
0<d<e/4<1/8, (3.6) gives

1 C .
5 [ @< G [ ] ey dsdil)
Bs Bae J Bs
¢ 2—n
+ 5 z —y[7" dedlv|(y)
Brs\B2e J Bs

5 TL*Q
) V/(Bsjs),

3

sawww+c<

where we use

sup / |z —y[> " dx < C62.

yeR™ J Bs
Fixing ¢ and letting § | 0 in the preceding bound gives limsups) 6§72 Bs |v]dz <
Clv|(Bae). Since |v|({0}) = 0, letting ¢ | 0 yields

1
62/}35\11]@7—)0 as 6 | 0.
Theorem 1.1 and H € C*°(B/5) also give
1 1 1
. — I'(z)d A~ — H|d ) .
(3.8) 52/35 (z) x—>2(n_2), 52/3(;’ |de -0, asd—0

If a <0, (3.7)—(3.8) imply

. 1 a
11rr<51¢s()up(52/195de < m <0,
contrary to u > 0.
For n = 2, by Theorem 1.1, we have |I'(z)| < C(logﬁ + 1) in B;. Hence, for
0<d<e/d,

1

1+ log(1/e)
52 1og(1/0)

/ [v(z)|dz < C|v|(Bg) + C
Bs
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Fixing € and letting 6 | 0 first gives limsupgo[62 log(1/6)]~* f36 |v|dz < C|v|(Bae).
Since |v|({0}) = 0, letting ¢ | 0 yields

5210;(1/5)/]36|v|dx—>0 as 0 ] 0.
Moreover,
1/ F(a:)d:t7—>1 1/ |H|dx — 0, asd — 0.
621og(1/9) /B, 2’ 62log(1/9) /g, ’

Again, a < 0 contradicts u > 0. Therefore, a > 0, and (3.5) becomes
ZLsu+cu=p+ady in D' (By).

4. PROOFS OF THE MAXIMUM PRINCIPLES
The following argument is the mixed-operator analogue of [40, Theorems 1 and 2].
Proof of Theorem 1.3. Set A = ||c* || oo (B, (zy))- Since A —¢ >0 and u > 0 in B,(zo),
Lsu+ A= (Lsu+cu) +(A—c)u>0 in D' (B.(xg) \ {z0}).

The corresponding ball-version of Theorem 1.2, applied with the constant coefficient A,
then gives
ZLsu+Au>0 in D'(B,(z0))-

We first assume that u is smooth in the ball. Let z. € B, /2(w0) be a minimum point. If
u(zy) > m there is nothing to prove. Otherwise z, is an interior point and —Au(z,) < 0.
Since u(zx) < w in B, /s(z0), u > m on By(z9) \ B, /2(z0), and u > 0 in R", we obtain

(=A)’u(zy) < Cpslr(z)u(wy) + Crsdp (@) (u(zs) — m),
where
dy dy
Ihw) = /R”\Br(xo) [ — g2 @)= /Br(wo)\Brm(xo) o —y[r 2
For z € B, /5(z0),
I.(z) < Cyr= 2, Jr(z) > Cor™2,
with Cq,Cy > 0 depending only on n, s. Evaluating .Zsu + Au > 0 at x, therefore gives
u(zy) - Ch,sCo
m  — Cyps(C1+ Co) + Ar?s

This proves the estimate for smooth supersolutions.
For the distributional case, Lemma A.2 gives

(L4 MNu’ >0 in B._s(zg).

= a(n, s, Ar**) > 0.

Moreover
W >m in Br_s5(20) \ By/ais(20).
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Repeating the preceding minimum argument with the radii /2 + § and r — 0 gives, for
0<d<r/8,
W > aym in B, j245(20),

where
ap = ag(n, s,Ar?*) >0
is independent of §. Letting § | 0 and using u’ — w in LllOC proves the assertion a.e.,
compare [40, Theorem 1]. O
Proof of Theorem 1.4. Again put A = ||c¢*|| Loo(B, (z0))- Since u > 0 in B,(z0) C H,
Lsu+ A= (Lsu+cu) +(A—c)u>0 in D' (B.(xg) \ {z0}).
The corresponding ball-version of Theorem 1.2, applied with coefficient A, gives
Lo+ Au >0 in D'(By(z0)).

Assume first that v is smooth. For x,y € H set

1 1

KH(l',y) = |CU _ y|n+25 - |$ _ g|n+28 > 0.

Using antisymmetry and pairing H with its reflection,

(4.1) (=A)’u(z) =Cy PV /H(u(x) —u(y))Kp(z,y)dy + 20, su(x) /H

_
PR
Let x4 be a minimum of u on B, j5(wo). If u(z«) < m, then x, is interior and —Au(z,) <
0. Splitting the first integral in (4.1) into B, 3(z0), the annulus B, (z0)\B, /2(z0), and
H\ B,(xg) gives

) )

where

dy
Kp(z,y dy+2/ —,
/H\BT(zo) (=9) oz —ynts

Kp(x,y)dy.

=~

—~
8

~—
I

/Br(ﬁvo)\Br/z(ﬂco)
Since By(wo) C H, every x € B, jy(wo) satisfies z1 > r/2. Hence I(z) < Csr2s.
Moreover jr(x) > Cyr~2%. Indeed, set

E = B, s(x0 + 3re1/4) C By(z0) \ By 2(70)-
For z € B, /3(z0) and y € F,

11 ~ 17
|$—y|§§’l”7 |x—y|2:p1+|y1|2§r,

because B, (xg) C H implies (z9); > r. Consequently

] n+2s ] n+2s
K > > _ [ = —n—2s
sz [(8) - ()]
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and integration over F gives the claimed lower bound. Evaluating Zsu + Au > 0 at x,
gives
u(zy) - Ch,sCa
m Cn,s(03 + 04) + Ar2s
For the distributional case choose j radial and radially nonincreasing. Lemma A.2
gives

= a(n, s, Ar%*) > 0.

(L +Mu’ >0 in B,_5(x0),

and antisymmetry gives, for x € H,
W) = [ ) Gsta =) ~ st = ) dy = 0.
since |z —y| < |z —y|. Also
uw’ >m in By_s(x0) \ B, j245(0)-
The preceding estimate, with these perturbed radii, is uniform for 0 < 6 < r/8. Letting
d J 0 proves the assertion a.e., compare [40, Theorem 2]. O

APPENDIX A. AUXILIARY PROPERTIES OF THE MIXED OPERATOR

Proposition A.1 (Maximum of subsolutions). Let Q C R” be a domain, u,v € L (R"),
fr9 € L (Q), and c € L>(Q). If

Lsu+cu < f, ZLow+cv<g inD(Q),
then, for w = max{u,v},
(A1) Zaw + cw < fX{usv} T IX{u<oy + max{f, g} xqu=y) 0 D'(Q).

Proof. Since |w| < |u| + |v|, we have w € L2(R"). Put F = f —cu and G = g — cv,
mollify the two inequalities, and let M. (a,b) = b + 0.(a — b), where 6. is a smooth
convex approximation of ¢+ and p. = 6.(u® —v?) € [0,1]. The local chain rule and the
supporting-plane inequality for the fractional term give

%Ma(uéa Ué) < paegsu(S + (1 - pa)gsvts < ng5 + (1 - ps)Gé'

Letting € | 0 and then ¢ | 0 gives the standard Kato limit (compare [40, Lemma 2]): on
{u > v} and {u < v} the weights converge to 1 and 0, respectively, while on {u = v}
every limiting weight lies in [0, 1]. Hence

ZLsw < FX{u>v} + GX{u<v} + maX{F? G}X{u=v}‘

Adding cw gives (A.1), since w = u on {u > v}, w =v on {u < v}, and u = v = w on
{u=uv}. O

Let j € C2°(B1) be nonnegative and radial, with [ j =1, and set

js(z) = 67" (x /), w® = w * js.
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Lemma A.2 (Mollification). Let w € £2*(R") and f € L (). If
Lw < f inD(Q),

then
L’ < f0 in D'(Q°), Q° = {z € R" | Bs(z) C Q}.

The same statement holds with £5 replaced by £5 + co for any constant cg € R, and the
analogous assertions hold with all inequalities reversed.

Proof. For 0 < ¢ € C°(99),
(= £,0) = [ is(e)(ow — frpl + 2z <0
Bs
The constant zero-order term commutes with convolution. For the purely fractional

version, compare [40, Lemma 1]. O

Theorem A.3 (Interior smoothness). Let Q C R™ be a domain and let w € £25(R™). If
Zsw =0 1inD'(Q), then w € C>*(Q).

Proof. Fix smooth subdomains U € V € € and choose x € C°(Q) with x = 1 in a
neighborhood of V. Since yw € LL(R™), one has yw € HN(R") for every N > n/2.
For x € V, in the distributional sense,

s s (1 —x(y)w(y)
For every multi-index v and every z € V|
gy (x) = Cy, / (1— ()07 |z — y| "2 dy.

The distance between V' and supp(l — x) is positive, and the tail assumption on w
makes the last integral absolutely convergent after any number of z-derivatives. Hence
gy € C(V).

Assume now that w € H{ (Q) for some ¢t € R. Since x € C°(Q2), we have yw €
H'(R™). The Fourier multiplier representation of (—A)® gives

(A.3) (=) (xw) | =20 mny < Clixwll ey
Since g, € C®°(V), (A.3) and (A.2) imply (—A)*w € H (V). Using Zw = 0 in

loc

D'(Q), we obtain —Aw = —(—A)%w € H' 2¥(V). The local elliptic regularity theorem

1
Ht+2 2s ¢

for the Laplacian yields w € H =" “*(V). Since U € V' € (2 are arbitrary, we have proved

the bootstrap implication

(A.4) we HL(Q) = we HI23(Q).

loc

The argument at the beginning of the proof, applied to arbitrary compactly supported
cutoffs, shows that

w e H

loc

N Q) for every N > g
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Iterating (A.4), we obtain

we H VTFE290)  for every k € N.

loc
The Sobolev embedding theorem then gives w € C™(U) for every m € N. Since U € Q
are arbitrary, it follows that w € C*°(9). O

APPENDIX B. HOMOGENEOUS DISTRIBUTIONS

Proposition B.1 (Fourier transforms of radial homogeneous distributions). Under the
normalization (1.1), the following statements hold.

(1) For0 < a<n,
(B.1) FHIE) (@) = Bnalz[*".

The family |§| ™%, initially defined as a tempered distribution for Ra < n, admits a
meromorphic continuation to o € C, with possible poles at « =n,n+2,n+4,---.
The identity (B.1) extends accordingly by meromorphic continuation. Away from
the origin, this continuation is represented by kn || ™. In particular, if a =
—2k, k € Ny, then

FHIE) = (=A)" 0.

(2) Define
Fp ||, o) — p(€) —¢(0) 4
(Fpleg) = [ PO ae
p(§) n
d S(R").
+/|€>1 e 46 v< (R™)
Then
1 1
(B.2) F Y Fplé|™) = cplog Tl +cn <log2 + §¢(g> - g) in §'(R™),
where
21—n
= 20 (n/2)’

v is Buler’s constant, and ¢ =T"/T.

Proof. For 0 < a < m,
o L [T
" T(e/2) Jy c T

and
f—l(e—ﬂf@)(x) _ (4ﬂ_t)—n/2€_|$|2/(4t)'

Hence, for z # 0,
e (47)"/2/00 —n)/2-1_—|z[2/(4
F e (z) = tla=n)/2=1 —[z|*/(4t) 4
(€)= ‘ooz |
r("3%)

= S (aa)
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This proves (B.1) for 0 < a < n.
We next construct the meromorphic continuation. Fix N > 0, and let Py denote
the Taylor polynomial of ¢ at the origin of degree N. Initially, for Ra < n,

/ €2 (€) de = / €7 (() — Preol(€)) dé + / € (e) d
R l€l<1 [€1>1
_|_

07¢(0) -
— §[77¢rde.
R

[
lp|<N P

For ®a < n + |p|, polar coordinates give

1
/ €| er de = / 67 do.
l¢]<1 n+|pl —a Jgn

The first integral above, containing ¢ — Py, is holomorphic for Ra < n + N + 1, since
o(6) = Pnp(€) = O(IE"*)  asg—0.

The integral over || > 1 is entire in «, because ¢ is a Schwartz function. It follows that,
for Ra < n + N + 1, the continuation is given by

(Tay ) = /5 (o0~ Prot©) e+ / €] p(€) de

l§1>1

0
+5 0 “0,(0) 1 / 0 do.

Thus the only possible poles in this half-plane are n,n+1,...,n+ N. If |p| is odd, then
fsnfl 0” df = 0, so the possible poles reduce to n,n 4+ 2,n + 4,---. The continuations
corresponding to different values of N agree on their common domains and hence define
an S’-valued meromorphic family 7, on C.

For 0 < o < n, the computation above gives F 1T, = Kn,a|z|*™™. Since the inverse
Fourier transform is continuous on &', uniqueness of meromorphic continuation extends
this identity to all noncritical values of .. If o = —2k, then T_g;, = [£|?*, and therefore
.F_lT_Qk = (—A)k(SO

We now consider the first critical value « = n. For € > 0 and ¢ € S(R"), splitting at
|€] = 1 and subtracting ¢(0) on the unit ball gives

(B:3) 67 = =5 + Fplel " 4 eRe in S'(RY),

where

£>1 |€|™ €

Pl€) —pl0) JelF =1 4 /| P& e~ 1

I T

1
/ ‘§|fn+8 dg — Wn—l/ T*lJrE dr — Wn—1 )
lé]<1 0 €
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Fix 0 < € < g9. The mean-value theorem gives

£

r¢ —1 €

‘g |[logr|, 0<r<1, and

' <rlogr, r>1.

S 9

Since

0(§) — ¢(0)] < C¢]

near the origin, the first integral in (B.4) is bounded by a constant multiple of

[ e rioglellae < .
l€l<1

The second integral is bounded by a fixed Schwartz seminorm of ¢. Hence R, remains
bounded in §’.
Taking inverse Fourier transforms in (B.3) and using F 16y = (27)™", we obtain

(B.5) FHel ™) = 2+ F o (Fplel ™) + Osi(e).

where
) 1-n

~ /2T (n/2)’
On the other hand, (B.1) with a = n — ¢ gives

Cn = wp—1(2m)™"

gty = LER)
FRE™@® = G ey

We use
F(5/2):§—7+O(£), 2° =1+clog2+ O(e?),
1 1 E /N
r(%5) ~ T(n/2) (1 + 51/’(5) + 0(52)) '

2

It remains to justify the expansion of |z|~¢ in &’. Choose 0 < €9 < n. Taylor’s formula
gives, uniformly for 0 < ¢ < g,

x|~ (1 + |log |z|?), |z| <1,
< 2|70 (1 + [ log |2[[*), ||
1+ |log |x||? |z| > 1.

|z|~¢ — 1 4 elog |z|

e2

The right-hand side is locally integrable and has at most logarithmic growth at infinity.
Hence

|| ¢ =1 —¢elog|z| + Os/(£%).
Combining the preceding expansions yields
c

1 1 n
—1 —n+ey _ N il - [ ,
F (€] ) = 6 + ¢, log |x‘+cn (log2+21/1<2) >+OS (e).

Comparison with (B.5) gives (B.2). O
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APPENDIX C. CUTOFF MULTIPLIERS AND DYADIC KERNEL ESTIMATES

Lemma C.1 (Cutoff and symbol estimates).
(1) Suppose that a € C°(R™) vanishes near the origin and that, for some u € R and
every multi-indez p,

(C.1) |02a(€)] < Cple|™1P1 for any |¢] > 1.

Then K = F~ta is smooth on R™\ {0}, is rapidly decreasing at infinity, and for
every multi-index vy and 0 < |z| <1,

Cylzpr=n=hl <y,
(C.2) 07K (x)] < 4 Cy(1+[loglzl]), p=n+]1l,
Gy, p>n+ |y
If, in addition, a is radial, p > n, and
(C.3) 0 < 8 < min{u — n,2},
then
(C.4) K(z) = K(0) 4 o(|z]?), VK (z) = o(|z|*~1), as |x| — 0.

(2) Suppose that b is compactly supported, smooth on R™\ {0}, and that, for some
v > —n and every multi-index p,

OEB(E)] < C,l¢l” P for any 0 < [¢] < 2.
Then, for every multi-index v and |x| > 1,
(©5) 01Fb(a)] < Cylal .
Proof. Choose 1) € C2°(R™\ {0}), supported in {3 < |¢| < 2}, such that

Zz/;(Q_jf) =1 for any & # 0.

JEL
High frequencies. Because a vanishes near the origin, after a harmless shift of the
index,

a=Y a; n&,  ai(&)=v27a(s).
j=0

Each a; is supported where |¢| < 27. For a multi-index ~,

1 ) .
Ko@) = 00F (@) = g [ €69 a,(6)
After £ = 2i¢,
; 1 199 .
Kjq(x) = 2]("“’7'“)(2%)”/622 CAj4(¢)d¢,
where

Ay (€) = 27M(i¢) U (¢)a(2€).
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The amplitudes A;, are supported in one fixed annulus and are uniformly bounded in
every C™-norm. Indeed, every derivative of a(27¢) contributes a factor 27, which is
canceled by the decay in (C.1).

For an integer L > 0,

(1 _ AC)Leim-g _ (1 + 22j|x|2)Lei2jx~C.
Since the amplitude is compactly supported, integration by parts gives
(C.6) |5 ()] < O 201 (1 4 2]~

for every N > 0. This is first obtained for even integers N = 2L, and the remaining
values follow by weakening the estimate.

For every compact set E € R"\{0}, choosing N' > n+[y|—p makes K , uniformly
convergent on . Hence the dyadic sum is smooth away from the origin. Since the partial
sums converge to a in &', this smooth function represents F'a there.

Let 0 < |z| < 1, choose J > 0 such that 27|z| < 1 < 2/+!|z|, and put A =n +|y| —
For j < J,

J J C’$‘7A7 A > 0,
ST K@) <0324 <L (1 + [loglal)), A=0,
=0 J=0 C, A<O0.

For j > J, choose N > max{A,0}. Then

Z’KJ’Y )| < Clz|” szjA M

>J i>J
< Cla|™N2TAN) < Oz

If A <0, the last expression is bounded. This proves (C.2).
For |z| > 1, choose N > M + max{A,0} in (C.6). Then

Z’KJ’Y )| < Clz|” Nz2j N)SCM,WUC’_M

7=0

Thus K and all its derlvatlves are rapidly decreasing at infinity.
Assume now that a is radial, 4 > n, and (C.3) holds. Then a € L', and

K(z) = (2717)71 / eTta(€) de.

Choose B < ' < min{u — n,2}. Then [ [¢|7]a(€)|dE < co. Tf 0 < B/ < 1, use
et — 1| < CIt|?. If 1 < B’ < 2, radiality implies that a is even and [ £a(€)d¢ =
e — 1 —4t] < C|t|?". In both cases,
K () = K(0)] < Cla|” / €17 a(€)] A€ = o||).
For the gradient, suppose first that 0 < < 1. If p < n+ 1, (C.2) gives
IVE ()] < Cla*"" = o|2"),

use
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because < p —n. If 4 = n 4+ 1, the logarithmic bound has the same conclusion. If
i > n + 1, boundedness suffices. If 3 =1, then u > n + 1 and a € L'. Hence VK is
continuous and VK (0) = 0 by radiality. If 1 < 8 < 2, then

VK (z) - VE(0)] < C / €] 1€ — 1] a(€) | de

< Ol / €7 |a(€)] de = o(|2]L).
This proves (C.4).

Low frequencies. Since v > —n, the function b is locally integrable near the origin.
Decompose

b=bo+Y b bi() = HE(E),
j=0

where b, € C°(R™ \ {0}) collects the finitely many annuli away from the origin. The
inverse Fourier transform of b, is Schwartz. The support of b; lies where |[£] =< 277.
Rescaling ¢ = 277¢ and repeating the previous integration-by-parts argument gives
07 F 1bj ()| < Onp 29D (1 4 270 |2 )) .
Let |z| > 1, choose J > 0 such that 27 < |z| < 2% and set B =n +v + |y| > 0. For
J=dJ,
> 103F () < €Y 2778 < Claf 7P
j=J Jj=J
For j < J, choose N > B. Then
S 102F (o) < Clal Y Y 29 2)
<) i<J
< Clz|™N2/WN=B) < Oz 7B,
Adding the Schwartz contribution from b, proves (C.5). O
Corollary C.2 (Effect of a frequency cutoff). Let x € C°(R™) be radial and equal to 1
near the origin, and set n =1 — x.
(1) Ifa >0 and a ¢ {n,n+2,n+4,...}, then

(C.7) FHmlEl*) (@) = fnalz|*™ + Ha(z),

where Hy is smooth and radial near the origin. At o = n,

(C.8) .7-"71(77 Fp |§\*”) (x) = ¢p log |561‘ + Hy(x),

where H,, is smooth and radial near the origin.
(2) Ifa<n and o ¢ {0,—2,—4,...}, then, for every N > 0,

(C.9) FHE (@) = fnale|* ™" +O(|2]7Y),  |z] = oo
If a € {0,-2,—4,...}, then F~Y(x|¢|7%) is a Schwartz function.
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Proof. Let T, denote the homogeneous continuation of |{|~ given by Proposition B.1.
For the first assertion, since nT, = T, — xT» and xT, is a compactly supported distri-
bution, its inverse Fourier transform is smooth. Proposition B.1 therefore gives (C.7).
The smooth remainder is radial because both T, and y are radial.

At a = n, the same argument applied to Fp [£|™" gives (C.8).

For the second assertion, assume that « < n and o ¢ {0, —2, —4,...}. In this range T,
agrees with the locally integrable function |£|™®. Since xTy = Ty, — T4, Proposition B.1
gives F 1T, (z) = kpolz|®™ for x # 0. Moreover, nT,, = n|é|~® is smooth and satisfies
the high-frequency symbol estimates in Lemma C.1, with g = a. Hence F~1(nT,) is
rapidly decreasing at infinity, which proves (C.9).

Finally, if « = —2k, k € Np, then x|¢|7® = x[¢|?) € C2(R™), so its inverse Fourier
transform is Schwartz. O
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