GLOBAL HOLDER ESTIMATES FOR LINEARIZED MONGE-AMPERE
EQUATIONS IN DIVERGENCE FORM WITH APPLICATIONS TO DUAL
SEMIGEOSTROPHIC EQUATIONS AND PERIODIC HOMOGENIZATION

GUOQING CUI, CHONG GU, NAM Q. LE, LING WANG, AND BIN ZHOU

ABSTRACT. We establish interior and global Holder estimates for linearized Monge—Ampére
equations in divergence form in all dimensions n > 3, when the Hessian determinant of the
convex Monge—Ampeére potential is bounded above and below by positive constants and the
vector field on the right-hand side is bounded. The estimates use the LP norm of the solution
for any p > 1. A key ingredient is an L' estimate, with appropriate decay rates, for the
gradient of the Green’s function of the linearized Monge—Ampeére operator in small sections,
uniform with respect to the pole. As applications, we obtain uniform Hoélder estimates for
the time derivatives of the primal and dual potentials in the three-dimensional periodic dual
semigeostrophic system when the initial density is bounded away from zero and infinity,
and establish a linear convergence rate for periodic homogenization of the Monge—Ampeére
equation.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper, we establish interior and global Hélder estimates for linearized Monge—Ampeére
equations in divergence form in all dimensions n > 3 where the convex Monge—Ampeére potential
has Hessian determinant bounded between two positive constants and the vector field on
the right-hand side is bounded. We apply our results to obtain uniform Holder estimates
for the time derivatives of the primal and dual potentials in the three-dimensional periodic
dual semigeostrophic system when the initial density is bounded away from zero and infinity,
and to establish a linear convergence rate in periodic homogenization for the Monge—Ampere
equation in all dimensions.

Let Q C R" be a convex domain, and let u € C3(£2) be convex with
(1.1) 0<A<detD’u<A inQ.
Throughout, the cofactor matrix of the Hessian matrix D?u = (D;ju)1<; j<n is denoted by

U = (UY)1<i j<n = cof D*u = (det D*u)(D*u) ™.
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It is positive definite and divergence-free; see [26, Lemma 2.56]. The cofactor matrix comes
from linearizing the Monge—-Ampeére operator:

_ Odet D2
(D%

We are interested in obtaining interior and global Holder estimates for the linearized
Monge—Ampeére equations in divergence form

(1.2) Lyv =divF

with a bounded vector field F, where L,, is the linearized Monge—Ampeére operator associated
with the convex Monge—-Ampeéere potential u:

Lyv = div(UDv) = UY D;;v.

This type of equation appears in singular Abreu’s equation [19,24,25,28] and semigeotrophic
equations in meteorology [1-3,7-10,22, 30, 32] to be described in the next subsection. For
more information on the linearized Monge—Ampére equations, we refer to [26] and [16] and
the references therein.

1.1. Holder estimates for linearized Monge—Ampére equations in divergence form.
Caffarelli and Gutiérrez [4] proved a fundamental interior Harnack inequality for the homo-
geneous linearized Monge-Ampere equation (1.2) with F = 0 under (1.1). Their result is an
affine invariant version of the classical Harnack inequality of Moser, and Krylov and Safonov
for linear, uniformly elliptic equations in divergence form and nondivergence form, respectively.
Due to the affine invariance of the linearized Monge—Ampere equations, Euclidean balls were
replaced by sections of the Monge-Ampere potential function in [4]. Sections are sublevel sets
of convex functions after subtracting their supporting hyperplanes.

For (1.2) with a bounded vector field F, Le [22] established an interior Holder estimate in
dimension two. The higher-dimensional result when n > 3 in [26, Theorem 15.6] assumes an
additional integrability condition on the Hessian D?u; Le asked in [26, Remark 15.10] if this
additional condition can be removed. Wang [41, Theorem 1.5] obtained an interior Holder
estimate for (1.2) under (D?u)'/?F € L9, ¢ > n, and asked in [41, Remark 1.6(2)] whether
boundedness of F alone suffices. Related estimates for linearized Monge—Ampeére equations
with drifts were obtained by Kim [18].

Cui, Wang, and Zhou [6] developed interior Holder estimates for L,v = 1 with measures
u having controlled growth on sections. Their application to bounded vector fields requires
the divergence to have one sign; see their Theorem 1.4 and Remark 1.5. Gu and Le [16]
used estimates for the Monge—Ampere gradient (Dzu)_l/ 2D.g of the Green’s function of the
linearized Monge—-Ampeére operator L, to give a unified, different proof of the interior Holder
estimates in [6,41]. They also obtained a global version. Here, we treat arbitrary bounded
vector fields in all dimensions n > 3.

Our first result is concern with interior Holder estimates.

Theorem 1.1 (Interior Holder estimate with bounded vector fields). Let Q C R™ (n > 3) be
a convexr domain, and let u € C3(2) be a convex function satisfying

0<\<detD*u<A < 0.
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Fixz g € Q and hg > 0 such that
(1.3) Sap, € Q, where Sy == Sy(wo,t) = {x € Q: u(z) < u(zo) + Du(zo) - (x — m0) + t}.
Letp € (1,00), F € L>®(S9p,,;R™), and v € V[/I]J(?(SQ}ZO) N LP(Sap,) satisfy (1.2) weakly, that is,

/ UDU'Dgpdx:/ F - Dydx for all ¢ € CZ°(Sap,)-
S2h0 S2h0
There exist v = vy(n, A\, A) € (0,1) and C = C(n,p, A\, A, ho, diam(Syp,)) > 0 such that v has a

representative with
(1.4) [0ll Lo (5) + [Pl (80g) < C (”FHLOO(S%O) + ||U\|Lp(52h0)> :

Theorem 1.1 answers the question in [26, Remark 15.10] and [41, Remark 1.6(2)] and removes
the extra Hessian-integrability condition from the higher-dimensional part of [26, Theorem 15.6].
As stated, the constant in (1.4) does not depend on the ellipticity ratio of the cofactor matrix
U on an interior compact set.

In Theorem 4.3, we extend the interior Holder estimates in Theorem 1.1 to the case of L4
vector fields where ¢ is large enough, depending only on n, A, and A.

An important ingredient in the proof of Theorem 1.1 is the L' estimate, with appropriate
decays, for the gradient of the Green’s function of the linearized Monge—Ampeére operator
on small sections. For previous studies on the Green’s function, we refer the readers to
[16,20-23,26,33-35,38|.

Proposition 1.2 (L! estimate for the gradient of the Green’s function). Assume n >3, (1.1)
and (1.3). Let S = Syu(z,h) satisfy Su(z,2h) € Ssp,/2- Let gs(-,y) be the Green’s function of
the linearized Monge—Ampére operator L, = Di(Uiij) in 'V with pole y € S, that is,

~D;(U"Djgs(-,y)) =6, inS, gs(,y)=0 ondS.
Then, there is a constant 8 = 3(n,\,A) € (0,1) such that

(1.5) sup/ |Dzgs(x,y)|dx < Ch”, C =C(n,\ A, ho,diam(Syp,)).
yeS J S

Remark 1.3. The estimate (1.5) is uniform even when the pole approaches 9S. Its proof uses

the geometry of sections of the Monge-Ampere equation [26, Chapter 5] and the Green’s

function estimates in [26, Chapter 14]. We give here some heuristic ideas. We estimate the

Euclidean gradient Dg of the Green’s function g := gg(+,y) via the Monge-Ampere gradient

(D?u)~1Y2Dg with a possibly large prefactor being the Laplacian of u (see (2.8)):

|Dg|? < \"HAw)UY DigDjg = A~ (Au)(det D*u)|(D?*u)~Y/2Dg?.

The whole section S is foliated by sublevel sets S, = {g < k} of the Green’s function. It is
interesting to note that U D;gD;g gives total mass k on Si, and this can be large. However,
this is compensated by a localization property which says that the level-band Sy \ S} /2 18

2
contained in a section of u with height of order £~ »=2 (see (2.6)); furthermore, on this section,
2 n—2 2a
the Laplacian measure Au dx can be shown to have total measure of order T
(see (3.1)) where a = a(n, A\, A) € (0,1) is the exponent in the C1@ estimates for u. Via the
Hoélder inequality, this indicates that the total mass of [Dg| in S, \ Sy decays when k is large.

A dyadic summation over level-bands gives the desired result.
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We also obtain global results under suitable assumptions on the domain and boundary data.
In particular, a global extension of Theorem 1.1 is the following.

Theorem 1.4 (Global Holder estimate with L? vector fields). Let Q be a uniformly convex
domain in R™ (n > 3), that is, for all z € 02, there is a ball Br(zo) such that @ C Br(zo)
and 0 N OBgr(z) = {z} for some uniform convewity radius R > 0. Let 9 € C3 and
u € CHL(Q) N C3(Q) be a convex function satisfying

A<detD*u <A and ulspg € C>.
Let ¢ > qy = qp(n,A\,A) >n, o0 € (0,1], F € LY(Q4R"), and v € WH2(Q) N C(Q) satisfy
Lyv=divF weakly in €, v=2¢ on 08,

where ¢ € C7(0). Then there exist v € (0,1) and C > 0, which depend only on
n, A A, q, 0, [|ullesan), R, and the C? regularity of 052, such that

(1.6) ol < € (I8l on) + 1F Loy ) -

Remark 1.5.

(i) (Two dimensions) We state our results including Theorems 1.1 and 1.4 for dimensions
n > 3. However, the methods of the proofs are applicable to the two-dimensional
case. For this, we only need to change the localization of the superlevel sets of the
Green’s function of the Monge-Ampere operator. In particular, when n = 2, we need
to replace (2.6) by

{w €8 gs(w,y) >k} C Suly, 20h27*/7),
and (5.5) by

{z €V igv(e.y) >k} C Suly. h2™ ),
if V' is contained in a section of u with height h.

(ii) (Global assumptions) In the proof of Theorem 1.4, the refined global analysis of the
Green’s function plays in important role. This was developed in [26, Section 14.4]
under the global assumption u € C*!(Q) on the convex potential function. However,
our global Holder estimates do not depend on the bounds on the Hessian of u. This

point will be crucial in establishing the nonlinear stability result in Theorem 1.8 via
approximations.

In the next two subsections, we will describle some applications of Theorems 1.1 and 1.4.

1.2. Application to dual semigeostrophic equations. Our first application is concerned
with the semigeostrophic equations which we give a brief introduction here.

The semigeostrophic equations are simplified models used in meteorology to describe large-
scale atmospheric flows, particularly in mid-latitude weather systems where the Earth’s
rotation plays a crucial role. As explained by Benamou and Brenier [3, Section 2.2], Loeper [31,
Section 1.1], and Cullen [7], these equations can be formally derived from the three-dimensional
incompressible Euler equations under the Boussinesq and hydrostatic approximations, in a
regime where the Coriolis force is dominant. For large-scale atmospheric motions, the Coriolis
effect dominates the nonlinear advection term, and much of the mathematical literature has
focused on the two-dimensional periodic setting; see, for instance, [1,22]. The three-dimensional
case is physically relevant but involves additional difficulties; see [2]. Here we work on the
three-dimensional torus T3 := R3/Z3.
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On T3, the semigeostrophic equations take the form
Opuf + (ur - D)uf + Dpy = —Juy + myes,
8tmt + (ut . D)mt = 0,

(1.7) uj = JDp,
diVUt = 0,
_ 0
Pt=0 =D,

where e3 = (0,0,1)T and

0 -1 0
J=11 0 0].
0 0 O

The functions wu, pt, and m; denote the velocity, pressure, and buoyancy, respectively, and uf
is the semigeostrophic wind. We use the notation f; = f(¢,-).
Substituting u{ = JDp; and introducing

1
Pi(x) = pi() + 5 (@ + 23),
the system (1.7) can be rewritten as

ODP, + D*Pyu; = J(DP; — ),

div Uy = 0,

Pi—o(x) = p°(z) + %(:c% + z2).

Energetic considerations make convexity of P; natural; see [7, Section 3.2]. Since the existence
theory for the primal system is difficult, one passes to the dual formulation. If P’ denotes the
Legendre transform of P;, the dual semigeostrophic equations are

Opr + div(pUp) =0,
Ui(z) = J(z — DP/(x)),

(1.8) det D2PF = py (t,z) € (0,00) x T3,
t ’
pr—o = p’,
with P’ convex and
1
(1.9) Pi(x) — §\x|2 is Z3-periodic.

The Monge-Ampére equation in (1.8) is understood in the Aleksandrov sense for weak solutions.
This dual formulation and its relation to the primal variables are discussed in [2,3,30]. Formally,
once a sufficiently regular dual solution is available, one can recover the physical variables
through the Legendre transform. The main obstruction is therefore to obtain enough regularity
for the dual potential.

The spatial regularity is by now well understood through the regularity theory of the Monge—
Ampére equation; see, for instance, [13,14,26]. It is then natural to investigate regularity in
time. Differentiating det D?P; = p; with respect to ¢ and using the continuity equation in
(1.8), we obtain

COf(DQPt*)”DU(atF)t*> = 8tpt = le(_tht) =:div Ft.
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Since the cofactor matrix is divergence-free, v, := 0, P/ satisfies the linearized Monge-Ampere
equation

(1.10) div(p(D*P;) ' DO P ) = divF,  Fi = —plUs.

If the initial density p° is bounded from below and above by positive constants, we can show
that F} is uniformly bounded in L°°(T?). Moreover, the time-regularity estimates developed
in [1,2,30] give, after fixing the additive constant of P, an LP bound for 9, P; for some p > 1.
Thus the Holder continuity of 0, FP; reduces exactly to the estimate of Theorem 1.1.

Regarding previous time-regularity results, Loeper [30, Theorem 9.2] proved that if the
initial density is sufficiently close to a constant, namely 1 — gy < p° < 1+ &g on T3, then 0, P
and 0, P} are uniformly Holder continuous in time with values in space. Le [22, Theorem 1.2]
later removed the small-oscillation assumption on the two-dimensional torus. Combining
Theorem 1.1 with the three-dimensional estimates in [2], and otherwise following the argument
of [22, Section 4] (see also [26, Theorem 15.13]), gives the following three-dimensional result.

Theorem 1.6 (Holder regularity of three-dimensional dual semigeostrophic equations). Let
p¥ be a probability density on T3 satisfying

0<)\§p0§A<oo.

Let (pt, Py) be a solution of (1.8)~(1.9), and let P; be the Legendre transform of P;. Then
there exist o = a(A, A) € (0,1) and C = C(\,A) > 0 such that

(1.11) 10 Py || Loo ((0,00):02(T3Y) + [0t Prl| Loo ((0,00);02(T2)) < C-

The proof is given in Section 6.1. The crucial point, compared with the earlier argument, is
that Theorem 1.1 only requires an LP norm of the solution for some p > 1. Hence, the known
estimate DO;P; € L'** together with Poincaré’s inequality after normalization, supplies
exactly the integrability needed for (1.4).

1.3. Application to quantitative homogenization for the Monge-Ampére equation.
A second application concerns quantitative homogenization for the Monge-Ampeére equation.
Here the domain and the boundary data are fixed, while the prescribed Monge—Ampére
density oscillates on a scale tending to zero. The question is how these oscillations affect the
convex solution at a fixed spatial scale. Unlike a perturbation with small amplitude, a rapidly
oscillating density need not be close to its average in any strong LP norm. An effective stability
estimate must therefore detect cancellation in the density, rather than only its pointwise size.

Let © C R™ (n > 2) be a bounded smooth uniformly convex domain, and T" = R"/Z" so it
is [0, 1]™ with opposite faces identified. Let f € L*°(T"), with periodic extension to R", satisfy

(1.12) 0< A f <A, f= / f(y)dy.
[0,1]™
Fix also a boundary datum ¢ € C3(092). We consider the convex Aleksandrov solutions of
det D*u. = f(z/e) in Q,
(1.13) det D*u = f in Q,
U =U = on 0f).

Periodic averaging (see [42, pp. 5-6]) gives f(-/e) —* f in L>(Q). Together with the
compactness and weak continuity of Monge-Ampere measures, this identifies 4 as the uniform



LINEARIZED MONGE-AMPERE EQUATIONS IN DIVERGENCE FORM WITH APPLICATIONS 7

limit of u.; see [26, Chapter 3]. This qualitative argument does not provide a convergence
rate.

Caffarelli and Li [5] established a quantitative estimate in their study of entire solutions
with periodic Monge—-Ampere density. For a normalized convex domain B; C O C B, and a
positive periodic density g of cell average one, let w and w have zero boundary values on 0O
and Monge—Ampere densities g and 1, respectively. Their Theorem 0.3 gives

Jw — @l o0y < C Y147,
=1

where /1,...,¢, are linearly independent period vectors and C,b > 0 depend only on n and
an upper bound for g. Their Remark 0.7 extends this estimate to bounded periodic densities
by approximation. For periods ce;, it gives a rate Ce®. The proof uses periodic correctors and
interior derivative estimates for the constant-density solution. Li and Lu [29] subsequently
proved the existence of periodic correctors and extended the entire-solution classification to
measurable Monge—Ampeére densities bounded away from zero. Recently, Jin, Li, Tran and
Tu [17] classified global convex solutions to det D?u = p for all nonzero, nonnegative locally
finite periodic Borel measures p on R™. The above-mentioned results concern the structure of
entire solutions. Here, we seek a uniform rate for the fixed-domain Dirichlet problem.

The difficulty is not the identification of the effective density. Indeed, for every 1 < p < oo,
periodic averaging gives

Jim WO/ = Py =191 V10— 7P

which is positive unless f is constant almost everywhere. Thus, an estimate depending only
on this strong norm cannot capture the small period. Moreover, the Hessian determinant
bounds alone do not control the ellipticity ratio of coefficient matrix of the linearized operator.
Consequently, classical uniformly elliptic estimates do not directly give bounds with constants
depending only on the Monge-Ampeére density bounds.

We state an application to the periodic homogenization of the Monge-Ampere equation
in all dimensions n > 2. For n > 3, the global Holder estimate needed below is provided by
Theorem 1.4; in dimension two, we use [23, Theorem 1.2] (see also [26, Theorem 15.9]). Along
the density homotopy, the boundary datum is fixed, so its derivative has zero boundary trace.
The density-homotopy argument gives the following global estimate.

Theorem 1.7 (Linear rate in periodic homogenization). Let Q C R™ (n > 2) be a bounded
smooth uniformly convex domain. Let ¢ € C3(99Q), and let f € L>(T") satisfy (1.12). Let
ue and u solve (1.13). There exist v € (0,1) and C > 0, depending only on n,\,\,Q, and
lellcsany, such that, for every e >0,

(1.14) [te — @l| ooy < Cellf = FllLoo (-
Moreowver,
(1.15) [ue — gy < Cellf = Fllzoe(rm)-

The above estimates give a linear rate in the uniformly nondegenerate class of Monge—
Ampeére equations on a fixed smooth uniformly convex domain. These assumptions are stronger
than the domain assumptions in [5], whose normalized estimate also does not require a fixed
positive lower density bound. We do not claim that the linear rate is optimal. Nevertheless,
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this result is reminiscent of the recent work of Tran and Yu [39] on the periodic homogenization
of convex Hamilton—Jacobi equations, where the optimal rate of convergence was shown to be
linear. The global Holder linear rate in (1.15) follows from the global nonlinear stability in
Theorem 1.8; in particular, it is not obtained by interpolating (1.14) with a bound independent
of e, which would generally lose a power of €.

In fact, the periodic homogenization follows from a global nonlinear stability estimate with
negative-norm for the Monge-Ampere equation in Theorem 1.8 below that does not require
periodicity.

For f € L*>(9), set
| Fllaiv.ese = inf {||Fl| () : F € L¥(RY), divF = f in D'(Q)} .

In the set of competitors, no boundary condition is imposed on F. The infimum is finite:
extend f by zero to a box containing ) and integrate in one coordinate to obtain a bounded
vector field with divergence f. This simple argument also shows that

[1f laiv.c0s2 < CE|fll oo -

Theorem 1.8 (Nonlinear stability for the Monge-Ampere equation). Let Q@ C R™ (n > 2) be
a smooth uniformly conver domain. Let 0 < A < A < oo and ¢ € C3(9N). Let fo, f1 € L=(Q)

satisfy A < f; <A, and let u; € C(QQ) (i =0,1) be the convex Aleksandrov solution of
det D*u; = f; in Q, u; =@ on Of.
Then, there exist v € (0,1) and C > 0, depending only on n,\, A, Q, and HcpHCs(ag), such that

(1.16) l[ur = wollov @y < CllfL = follaiv,oos-

Theorem 1.8 shows that the solution map f +— u is Lipschitz, with values in C7(£2), with
respect to a norm that measures the smallness of a bounded divergence primitive rather than
the amplitude of the density difference. Equality of the total masses of fy and f; is not
required.

For the periodic problem, the relevant smallness is elementary. The Poisson’s equation
Ay = f — f on T" has a zero-mean solution for which G = D, satisfies

divyG=f~Ff, |Gl < C)If = Fllzee(mm).

The bound follows from the periodic W?P® estimate with p > n and Sobolev embedding;
see [15, Chapters 7 and 9]. Hence F.(x) := ¢G(x/e) satisfies

flz/e) = [ =divF,, IFell o) < Cn)ellf = fllpoe(mn)-
This is where the small period enters the estimate.

To explain the nonlinear step, assume first that the densities fy and f; are smooth. Observe
that w := w1 — ug satisfies the linear elliptic equation

(1.17) (/1 cof ((1 — s)D*ug + sD?uy) ds)ijDijw = f1— fo.
0

This averaged coefficient matrix need not be the cofactor Hessian of a convex potential
satisfying the same Hessian determinant bounds as those of ug and u;.
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Instead, we interpolate the densities and solve
det D?uy = (1 —s)fo +sf1 inQ, us =@ on 0, 0<s<1.

The global C*%(Q)) solvability and the Implicit Function Theorem justify differentiation in s;
see [15,40]. If divF = f; — fo, then vg := Osus solves

Ly vs =divF in Q, ve =0 on 0.

The Hessian determinant bounds are preserved along this path. For n > 3, take ¢ = ¢, + 1
in Theorem 1.4. Since F € L>(2), that theorem gives

[0sllcr @y < ClIF Loy < ClIF L0

uniformly in s. In dimension two, the same global estimate follows from [23, Theorem 1.2].
Integrating u; — ug = fol v ds and minimizing over F' give the global stability estimate.

Only the resulting nonlinear estimate is passed to bounded measurable densities, using
smooth approximations that preserve the divergence identity. The proof, including this
approximation and Theorem 1.7, is given in Section 6.2.

Remark 1.9. We make several remarks on Theorem 1.8.

(i) (Negative norm) We emphasize that the main point in the nonlinear stability estimates
in Theorem 1.8 is the negative norm ||fi — foHdwooQ on the right-hand side. If
this is replaced by the larger quantity ||f1 — follr=(n), then the resulting estimate
follows from the homotopy argument above and replacmg Theorem 1.4 by the global
Holder estimates for the linearized Monge—Ampeére equation with L™ right hand side;
see [26, Theorem 13.2].

(ii) (O stability with a small power rate) Under the hypotheses of Theorem 1.8, the
functions wug, u; are C1#(Q) for some B = B(n, A\, A) € (0,1); see [26, Theorem 9.5].
Let a € (0, 5). Then, using the interpolation inequality

Bfoz 14a
lr = wollgra@y < Cn, Qe B)lur — woll gy lwn = woll cals

and the discussion in (i), we obtain the following C1“ stability with a small power
rate:

lur — ol gr.a @)y < Cn, 2 0, B, X A [0l o3 00)) 1 /1 — fo”iif(g)

(iii) (C?# stability with a linear rate) If we impose additionally fy, fi € C#(), then, in
view of [40, Theorem 1.1], ug, u; € C>#(Q) . Therefore, the averaged coefficient matrix
in (1.17) is uniformly elliptic and belongs to C?(Q). Consequently, by the classical
Schauder theory, instead of (1.16), we have a stronger estimate

HUI_UOHC2B <Clfi - fOHCB(ﬁ)

(iv) (Sobolev space stability) For the stability in Sobolev space W27 where v > 1, see [11,
Theorem 1.1] and [27, Proposition 3.18].



10 GUOQING CUI, CHONG GU, NAM Q. LE, LING WANG, AND BIN ZHOU

AT assistance. The authors have worked on linearized Monge-Ampére equations in divergence
form during the last decade [6,16,19,22,23,26]. The unconditional Holder estimates previously
obtained in this line of work were restricted to dimension two. A main obstacle to extending
them to dimensions n > 3 was the lack of a suitable integrability estimate for the gradient
of the Green’s function of the linearized Monge—Ampére operator. The argument leading to
Proposition 1.2, which provides the missing L' estimate for the gradient of the Green’s function,
was first produced in repeated interactions with OpenAl’s GPT-6 Astra on September 16,
2026. The authors subsequently checked the argument of Proposition 1.2 in detail, verified the
proof independently, and take full responsibility for its correctness. This estimate supplied the
key missing ingredient for completing the higher-dimensional argument. With it, the authors
could complete our research program without further assistance.

The rest of the paper is organized as follows. We recall properties of sections of solutions
to the Monge—Ampeére equation and the Green’s functions of the linearized Monge—Ampeére
operator in Section 2. Section 3 is devoted to the proof of Proposition 1.2 and the uniform
estimate for zero-boundary solutions. The proof of Theorem 1.1 is completed in Section 4 by
a splitting argument. We then apply the resulting estimate to the three-dimensional periodic
dual semigeostrophic equations in Section 6.1. The global higher integrability estimate for the
gradient of the Green’s function and Theorem 1.4 are proved in Section 5, while Section 6.2
concludes with the negative-norm stability estimate and the periodic homogenization rate.

2. PRELIMINARIES

In this section, we recall some definitions and properties of sections of solutions to the
Monge-Ampere equation and the Green’s functions of the linearized Monge—Ampeére operator.
We recall the notion of sections of a convex function.

Definition 2.1 (Section). Let Q be a bounded conver domain in R"™ (n > 2). Let u €
CL(Q) N C(Q) be a convex function and h > 0. If zg € Q, then the section of u centered at x
with height h is defined by

Su(zo,h) :=={z € Q:u(z) < u(zo) + Du(zo) - (x — x0) + h}.
In the case of xg € 0N), we require that u is differentiable at xq.

Following [16, Definition 1.3], we define the notation of proper sets as follows.

Definition 2.2 (Proper set). A nonempty open set V.C R"™ is called proper if it satisfies an
exterior cone condition at every boundary point. Ezamples include intersections of a bounded
conver domain 2 C R™ with sections of a convex function u € C1(Q) or open balls.

The Green’s function of the linearized Monge—Ampeére operator is defined as follows;
see [26, Chapter 14].

Definition 2.3 (Green’s function of the linearized Monge-Ampere operator). Let Q be a
bounded convex domain in R™ and u € C3(2) be a convex function satisfying (1.1). Let V C
be open. Let 6, be the Dirac measure giving the unit mass to y. Then, for each y € V, there
exists a unique function gy (-,y) : V — [0, 00] with the following properties:

(i) gv(-,y) € W '(V)NWE2(V\B,(y)) for all q < = and all v > 0.

(ii) gv (-, y) s a weak solution of

~D; (U"D;gv(-y)) =6, inV, gv(y)=0 ondV,
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that is, denoting Djgy(x,y) = %gv(z,y), we have
J

(2.1) / U“Djgv(z,y)Dip(z) dz = p(y)  for all p € CZ(V).
4
We call gv (-, y) the Green’s function of the linearized Monge—Ampére operator L, =
D; (UY Dy) in V with pole y, and set gy (y,y) = +o0.

Remark 2.4 (Representation formula using the Green’s function). Assume that V' C R” is
proper. If ¢ € L"™(V), then there exists a unique solution ¢ € Wli:(V) N W01’2(V) NC(V) to

—Uile-j@Z) =¢p inV andy=0 ondV.
Use 1 as a test function to (2.1), then the following holds (see also [26, Equation (14.5)]):

(2.2) w@:mewm.

Remark 2.5. (Volume and interior C'1® estimates) Let u € C(Q) be a strictly convex function
satisfying (1.1) in the sense of Aleksandrov, where  C R™ (n > 3). Then u € C%%(£2) where
a=a(n,\,A) € (0,1); see [26, Theorem 5.21]. For later references, we set
n—2 o}

5 =1

We use the following volume estimates (see [26, Lemma 5.6 (i)])

(2.3) a=

(2.4) C71s™? < |Sy(z,8)| < Cs™/? if Su(z,s) € Q,
where C' = C(n, A\, A), and consequences of [26, Lemma 5.6(ii) and Corollary 5.22]:
(2.5) [Du]ca(%) <M, diSt(?gho/g, aSQhO) >dyg >0 if S4h0 = Su(x0,4h0) € Q.

Here M and dy depend only on n, A\, A, hg and diam(Syp,). Specifically, in [26], Corollary 5.22
can be applied at height 3hy with 7 = 4/3 and § = 2/3; Lemma 5.6(ii), at height 2hg and

ratio 3/4, gives dy > Cilhg/Q[diam(Szlho)]l*".

We recall a localization property of superlevel sets of the Green’s function of the linearized
Monge—Ampére operator that will be needed in the proof of Proposition 1.2.

Lemma 2.6. Let u € C3(Q) be a convex function satisfying (1.1), where Q C R™ (n > 3).
Assume Sy(z,2h) € Q where z € Q and h > 0. Let gs(-,y) be the Green’s function of the
linearized Monge—Ampére operator D;(UY Dy) in S = Syu(z,h) with pole y € S.

(i) (Localization of superlevel sets) There are constants ¢; = ¢;(n,A\,A) > 0 and 7 =
7(n, A\, A) > 1 such that, for everyy € S and k > 7h™°,

(2.6) {z€8:gs(z,y) >k} CSuly, k™) C Su(y, 20k~ € Su(z,3h/2).

(ii) (Truncation identity) Let y € S. Then, for any k > 0, we have the truncation identity
(see [26, (14.23), equivalently (14.71)])

(2.7) / U Digs (-, y)D;gs(y) dz = k.
{gS("y)Sk}
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Proof. We indicate the derivation of (2.6) for the reader’s convenience. Indeed, [26, Theo-
rem 5.13(iii)], applied in S,(z,2h), gives a constant n = n(n, A, A) > 0 such that S, (y,nh) €
Su(z,3h/2) forally € S. If k > 7h™® where 7 = 7(n, A\, A) > 1 is large, then [16, Lemma 4.1(i)]
gives the first inclusion in (2.6) with a constant ¢; = ¢;(n, A\, A) > 0. Increasing 7 ensures that
20k~ < nh/2, and this gives the last inclusion, as desired. O

Remark 2.7 (Euclidean gradient versus Monge-Ampeére gradient). Let u € C3(Q) be a convex
function satisfying det D?u > A > 0. By [26, Lemma 2.58(iii)], we have for all function v,

(2.8) |Dv|? < A"HAw)UY DywDjv = A H(Au)(det D?u)|(D?u) =2 Dul?.

3. THE GREEN’S FUNCTION GRADIENT ESTIMATE

In this section, we prove Proposition 1.2 and its extension to higher integrability. Unless
otherwise indicated, we assume n > 3, (1.1) and (1.3), so

0<A<detD*,<A inQCR", Sy, = Sulzo,4ho) € Q.

3.1. Integrability of the Green gradient. The following elementary consequence of (2.5)
provides the bound of the mass of the Hessian used in the Green’s function estimate.

Lemma 3.1 (Hessian mass on a section). Assume n > 3, (1.1) and (1.3). For every
Su(z,8) € S3py/2, we have

(3.1) / Audz < Cs?t2,
Su(z,s)

where a and [ are defined as in (2.3), and C = C(n, \, A, ho, diam(S4p,))-

Proof. Let S := Sy,(z,s). By subtracting u(z) + Du(z) - (x — 2z) from u, the claimed estimate
remains the same, but we can now assume u > 0, u(z) = 0, and u = s on 95S.

For z € 98, set e = Du(x)/|Du(zx)| and r = ¢s'/(1+%), The gradient does not vanish
on this positive level set. From Sy(z,s) € Ssp,/2 and (2.4), we have s < C1hg where
Cy = Ci(n,\,A) > 0. Thus, there exists ¢ = ¢(n, A\, A, hg) > 0 such that r < hg/2, so the
segment {x —te: 0 <t <r} C Sy,. By (2.5),

M
14+«
Consequently, we can find Cy = Ca(n, A, A, ho, diam(Syp,)) such that

0 <u(x —re) <s—r|Du(x)| + rite

(3.2) my := sup |Du| < Cos”.
as

On 08, the outward normal is v = Du/|Du|, and convexity gives Du(x) - (x — z) > s. The
divergence theorem therefore yields

s/ Audzr = 8/ |Du|dH" ! < / |Dul*(z — 2) - vdH"! < n|S|m?.
S aS oS

Combining this with (2.4) and (3.2) proves (3.1), since n/2 — 1425 = a + 20. O

We now establish the L' estimate for the gradient of the Green’s function.
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Proof of Proposition 1.2. In this proof, the constants C' depend only on n, A\, A, hg, and
diam(S4p,). Fix y € S. Then, from (2.8), for every measurable E C S,

N 1/2 1/2
(3.3) /yDg\d:c<A—1/2 (/ U”Dinggdx> (/ Audx) .
E E E

Let 7 be as in (2.6) and T'= 7h™®. Equations (2.7) and (3.1) imply

(3.4) / |Dg|daz < CTY2p(a+28)/2 < onf,
{9<T}
For j >0, let Ej = {2/T < g < 2/7'T}. Then by (3.1), (2.6) and (2.7), we have

/ UikDinggdx < 2j+1T, / Audx < / Audx < C(QjT)_(a+2f3)/“.
E; E; Su(y,ci(29T)~1/a)

J

The last two inequalities also use Au > 0. By (3.3),
/ |Dg|dz < C(27T)~Fl* < chPa—ib/e,
E;

Since a, 8 > 0, summing over j and adding (3.4) proves (1.5), with a constant independent of
y. The proposition is proved. ([l

We show that solutions to the linearized Monge—Ampere equation with right-hand side
being the divergence of a bounded vector field and vanish on the boundary of a section decay
to zero when the section shrinks to a point.

Corollary 3.2. Assume n > 3, (1.1) and (1.3). Let S = Syu(z,h) with Su(z,2h) € Sap, /2,
and let F € L*°(S;R"™). The weak solution w & W&’Q(S) of

Lyw=divF insS, w=0 on 0S
satisfies
(3.5) [wll ooy < CRP IR ooy, C = C(n, A A, ho, diam(Sap, ).

Proof. First, consider the case where F is a smooth vector field. Then, the representation
formula (2.2) can be applied to w, and integration by parts gives

w(y) = — /Sgg(x,y) divF(z)dz = /Sngs(x,y) -F(z)dz.

Thus, (3.5) follows from Proposition 1.2.

For a general bounded vector field F, we extend it by zero and mollify to obtain smooth
vector fields Fy, — F in L?(S) with IFkll oo sy < IIF[[ oo (s)- The corresponding weak solutions

wy € VVO1 ’2(5’ ) converge to w in T/VO1 ’2(5) by the energy estimate for their difference. Here, the
existence and convergence use the ellipticity of the fixed smooth matrix U on S. Moreover,
there is a subsequence {wy, } that converges almost everywhere to w. Thus, letting I — oo in
HwleLoo(S) < Ch? ||sz||Loo(S) proves (3.5). O
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3.2. Higher integrability of the gradient of the Green’s function. The proof of
Proposition 1.2 deliberately avoids any higher integrability input for D?u. If one now invokes
the classical interior W21%¢ estimate for the Monge-Ampeére equation of De Philippis-Figalli-
Savin [12] and, independently, Schmidt [37], the same level-band localization yields a genuine
improvement of the integrability of the gradient of the Green’s function in every dimension
n > 3. The result of this section is not used in the proof of Theorem 1.1.

We first record a consequence of the interior W21+¢ estimate that will be used below.
Lemma 3.3. Assume n > 3, (1.1) and (1.3). There exists €9 = eo(n, A\, A) > 0 such that, for
every 0 € (0,eo], the following holds. If Su(§,2s) € Sap, /2, then

(3.6) /S . )(Au)1+5 dz < CssT20700=28) 5 = Cs(n, A, A, ho, diam(Syp, ).
ul(§,S

Proof. From the interior W21+20 estimate for the Monge-Ampére equation [12,37], we have
(see also [34, Equation (1.2) and Lemma 3.1]) for some Cy = Cp(n, A, A),

[ aureda<lses ([ Auds
Su(g,s) Su(&»s)

< Cs(lJrso)(aJrQ,B)f%so

)1"1‘80

= Cs*T270=28) O = C(n, A, A, ho, diam(San,)),
where we used Lemma 3.1 and the volume estimates (2.4) for sections. Note that
a+28-5=28-1

The claimed estimate (3.6) holds for 6 = gg. For 0 < § < ¢, an application of the Holder
inequality and the volume estimates for sections give the desired result. O

Proposition 3.4 (Higher integrability of the gradient of the Green’s function). Let n > 3,
and assume (1.1) and (1.3). Let S = Sy(z,h) satisfy Su(z,2h) € Ssp,/2. Then there exists
e =¢e(n, A\, A) > 0 such that, with

(3.7) 9= (1+¢e)h— gg >0,

one has

(38) Sup/ |ngs($,y)‘1+6 dz < Chﬁ7 C= C(?’L,)\,A, h07dia’m(s4h()))'
yeS J S

In particular, gs(-,y) € Wol’HE(S), uniformly in the pole.

Proof. In this proof, the constants C' depend only on n, A\, A, ho, and diam(Syp,). Let go be
given by Lemma 3.3. Choose

. €0 23 }
. = A _—
(3.9) 0<c=eln )<m1n{2+€07n_2ﬁ ,
and set

2e
(3.10) 5=
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Then 0 < § < eg,
1+¢
1—¢’

and (3.7) follows from the second inequality in (3.9).

146 =

Fix y € S and write g := gs(-,y). Then, Holder’s inequality with exponents 2/(1 + ¢) and
2/(1 — ¢) applied to (2.8) gives, for every measurable E C S,

1 ) 1y A\
(3.11) / |Dg|**¢dz < C1(n, A\, A) (/ U”Dinggd:U) (/ (Au)'t dl’)
E E E
Let T'= 7h™%. We recall (2.6), in particular,
(3.12) Su(y,2ck~1%) € S,(2,3h/2) forall k>T.
For the sublevel set {g < T}, (2.7), Lemma 3.3, and (3.11) yield

l—¢

/ |Dg|"** da < T (/ (Au)'+e dx) o< on.
{9<T} s

Here and below we use a + 1 = n/2 and (3.10); explicitly,

(3.13) —a(lzﬂ) + 1;€[a+25—5(1—25)] =,
For 5 > 0, set
K;=2T,  Bj={K<g<2K;}}, sj=ak;"/"
By (2.7),

/ U*D;gDygdr < 2K;.
Ej

Moreover, (2.6) and (3.12) give
E] - Su(ya Sj)7 Su(y728]) <€ S3ho/2'

Applying Lemma 3.3 and (3.11), and then using K; ~ 5}“ (within a positive factor depending
only on n, A, and A) together with (3.13), we obtain

/ |Dg|'e da < Cs? = ChV27 79/,
E.

J

Recalling ¥ > 0, we find
/ |Dg|**e da = / |Dg|**¢ dz + Z/ |Dg|**¢ dz
S {9<T} =0 E;

o0
<CRP(1+Y 279y < Ch’.
§=0
Thus (3.8) is established, with a constant independent of y.

Finally, combining (3.8) with the L7 estimate for the Green’s function in [26, Theorem
14.11] yields g € W, ' T5(9). O
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4. INTERIOR HOLDER ESTIMATE

We prove interior Holder estimates for the linearized Monge—Ampeére equation in divergence
form in this section. Unless otherwise indicated, we assume n > 3, (1.1) and (1.3).

4.1. Bounded vector fields. For the fixed smooth strictly convex potential function u, it is
known (see the argument in [26, Remark 14.3]) that W2 weak solutions to the homogeneous
linearized Monge—Ampeére equation

UYDjjw=0 in Sy(z,7) €N
are locally in W2". We use two standard estimates.

From the Caffarelli-Gutiérrez Harnack inequality [26, Theorem 12.4], we have the following
oscillation estimate (see [26, (12.26)])

(4.1) 0SCg, (z,r/2) W < 0 0SCg, (2 .0) W, 0<0=0(n\A) <L
Moreover, the nonnegative subsolution estimate in [6, Lemma 2.4], applied to |w|, gives
1/p
(42) swp ol <Co( £ lde) L G =Cyn ).
Su(z,r/2) w(z,7)

From the inclusion property of interior sections [26, Theorem 5.30(i)], we can find a constant
¢x = ¢cx(n, A\, A) > 0 such that as long as Sap, = Sy(x0,4ho) € Q, 7y = ¢ ho satisfies

(4.3) Su(z,474) € S3py2  and  Sy(w,474) € Sspy/a
for all z € S5p,/4 and x € Sp,.

Proof of Theorem 1.1. In this proof, the constants C depend only on n, A, A, hg, and
diam(Sap,). Write
Fo= HFHLOO(SQ;LO) and V= ||U\|Lp(52h0)~

For a fixed, strictly convex function u € C3(£2), the classical local elliptic regularity theory gives
continuous representatives of the solutions used below; see [15, Chapter 8]. This observation
is qualitative only. The constants in the following estimates are structural.

Step 1: Local boundedness. For z € Sy, /4, let w, € Wol’g(Su(z, 2r,)) be the solution to
Lyw, =divF in S,(z,2ry), w,=0 on dSy(z,2r.).
By (4.3) and Corollary 3.2,
w2 oo (5, (2 2n0) < Chio Fo-
The function H, := v — w, satisfies the homogeneous equation
L,H, =0 in Sy(z,2r).
Applying (4.2) on Sy (z,7.) and using (2.4), we obtain
[0(2)| < CplSulzr) TP Il (s sy + 102 oo 50 ey < Co (g™ Vo - g Fi)-
Consequently,

(4.4) [l ooy, ) < Colha™ PV + G Fo).

Step 2: Oscillation decay. Fix x € Sp, and 0 < h < r,. On S = S, (z, h), split
v=H +w,
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where
Lyw=divF inS, w=0 ondads,
and
L,H=0 inS, H=wv ondS.
By the weak maximum principle,
oscg H < oscgv.
From (4.1) (applied to H) and (3.5) in Corollary 3.2, we have
(4.5) 0SCg, (,h/2) U < 0SCg, (a,n/2) H + 08Cs,, (2,n/2) W < B 0SCg,, (2,0) U + ChPFy.

This is the splitting argument in the proof of [26, Theorem 15.6], with Corollary 3.2 supplying
the uniform estimate for zero-boundary solutions. Choose

1
K= min{j3, —log, 0} > 0.
The geometric iteration used in [26, proof of Theorem 12.13] gives

(4.6) 0SCg, (z,h) V < C(Tﬁ)ﬁ(oscsu(:c,r*) v+ rfFo), 0<h<r,.

*

Note that, equations (4.3) and (4.4) bound the initial oscillation in (4.6)
05Cs, (a,r.) ¥ < Cp(Vp + Fo).-

Step 3: Holder continuity. By (2.5), for x,y € Sh,,
0 < wu(y) —u(z) — Du(x) - (y — ) < Blz —y|'™®, B = B(n, \, A, ho,diam(Sy,)).
If v # y and h = 2B|z — y|**® < r,, then y € S,(x,h), and (4.6) yields
(@) —v(y)| < C(Vp + Fo)lz —y|”, 7=+ a)s

If h =2B|x — y|*t* > r,, then |z — y| > (T’o/B)H%, so the same estimate follows from (4.4).
Since 0 < v < /2 < 1 and v = 7y(n, A\, A), this proves (1.4). O

Remark 4.1. The proof does not use a higher Lebesgue norm of D?u. Its new input is
Proposition 1.2.

4.2. L7 vector fields. This section records a possible strengthening of Theorem 1.1 that
follows from Proposition 3.4. The point is that the gain from D,gg € L'*¢ allows the
boundedness assumption on the divergence datum to be replaced by sufficiently high, but
finite, Lebesgue integrability.

Fix once and for all an exponent 5 > 0 for which Proposition 3.4 holds, and set

14+¢€
go= G Wei=(1+eq)b— 2eq > 0.
el 2
Then
Yo n
4.7 =p3- > 0.
(4.7) T B 50,

In particular, g, > n/(25) > n because f < 1/2.
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Proposition 4.2 (Uniform estimate for zero-boundary solutions with L? vector fields). Assume
n >3, (1.1) and (1.3). Let S = Sy(2,h) satisfy Su(z,2h) € Ssp,/2, and let q € [g«,00). If
F € LI(S;R") and w € W,*(S) solves

L,w=divF mnS, w=0 on 08,
then
(4.8) [wllzoe sy < Coh™|[F|Lagsy, g =5~ 2% >0,

where Cq = C(n, q, A\, A, ho, diam(Syp,))-

Proof. Assume first that the vector field F is smooth. For y € S, the representation formula
(2.2) can be applied to w, and integration by parts gives

w(y) = — /Sgs(x,y) divF(z)dz = /SDIgS(x,y) -F(z)dz.
The Holder inequality with exponents 1 4+ ¢ and g, and Proposition 3.4 give
()| < 1Dags (9l 11420 (s)[Fllo- (5) < ClIF | pow (5)p7/ 160

If ¢ > gx, the volume estimate for sections in (2.4) yields

1 1

1 1 nel 1
IF] Lax(s) < 1515 |[F | Lagsy < Ch2a "0 ||F|| L)

Combining these estimates and recalling (4.7), we obtain (4.8) for smooth data.

For general vector field F € L9(S), one may extend F by zero and mollify to obtain smooth
approximants Fy. Since ¢ > ¢. > n > 2, Fy converges to F in L?(S), so the corresponding
solution to

L,w; = divFy, inS, w,=0 on 05,

converges to w in I/VO1 2(S) by the usual energy estimate. The uniform L (S) bound on wy
passes to an almost-everywhere convergent subsequence, which proves (4.8) for w. O

Theorem 4.3 (Interior Holder estimate with L? vector fields). Let n > 3, and assume
(1.1) and (1.3). Let p € (1,00) and q € [g«,0). Suppose that F € LI(Sop,;R™) and v €
I/Vlf)’f(SghO) N LP(Sap,) satisfies

Ly,v=divF weakly in Sop,,.

Then there exist 74 = v4(n,q, A\, A) € (0,1) and C = C(n,p,q, A\, A, hg,diam(Sap,)) > 0 such
that

(4.9) [0l o0 (8,) + Plca(s) < C (IFza(smng) + 1022 (500g) ) -

Proof. The proof is similar to the proof of Theorem 1.1 where Corollary 3.2 is now replaced
by Proposition 4.2. We include the details to keep the dependence on ¢ and the section scale
explicit. We use the estimates (4.1)-(4.2) and inclusions (4.3) as in the last subsection.

In this proof, the constants C, C}, depend only on n, A, A, p, q, ho, and diam(Syp,). Write

Fy = ||F||Lq(32h0), Vp = ||UHLP(SQhO)-
For z € Sspy /4, let w, € Wol’2(5u(z, 2r.)) be the solution to
Lyw, =divF in Su(z,2r), w, =0 on dSy(z,2r,).
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By Proposition 4.2,
||wz||L°°(Su(z,2r*)) < CquFq.
The function H, := v — w, satisfies the homogeneous equation
L,H, =0 in Sy(z,2r.).
Applying (4.2) on Sy (z,7.) and using (2.4),
[0(2)] < CplSulz, )TN H N Lo (8, (2)) + 02 Lo (80 () < C (Vi + ),
/(2p)

where 7 " is absorbed into the constant C'. Consequently,

(4.10) ollzo sy ) < C (Vi + F).

Next fix z € Sy, and 0 < h < r,. Then, as in the derivation of (4.5) where Corollary 3.2 is
now replaced by Proposition 4.2, we have

(4.11) 0SCg,, (2,h/2) U < B 08Cg, (2,n) v + Ch™M Fy.
Since 13 > 0, choose

1
Kg =5 min{7n,, —log, 6} > 0.

The standard geometric iteration then yields

h\ e
(4.12) 08Cg, (2, V < C (r) (OSCSH(LT*) v+ rquq) , 0<h<r,.

By (4.10), the quantity in parentheses is bounded by C(V, + F).

As in Step 3 in the proof of Theorem 1.1, we have (4.9) with v, = (1+a)kq € (0,1). Indeed,
ng < B, hence v, < (1 +)B/2 =a/2 < 1. 0

Remark 4.4. The above extension of the interior Hélder estimate in Theorem 1.1 to L4 vector
fields uses the higher-integrability theory for the Hessian D?u through Proposition 3.4. Thus,
it is logically separate from Theorem 1.1, whose proof for bounded vector fields does not use
interior W2!*¢ estimate of the Monge-Ampeére equation.

5. GLOBAL HOLDER ESTIMATES

We study global Holder estimates for the linearized Monge—Ampeére equation in divergence
form in this section under the following structural conditions.

Global structural assumptions. Let {2 C R" be a convex domain and assume that there
exists a constant p > 0 such that

(5.1) QC By,(0) CR”

and for each y € 0(},

(5.2) there is an interior ball B,(z) C 2 such that y € 0B,(z).
Let u € CHH(Q) N C3() be a convex function satisfying

(5.3) 0<A<detD*,<A inQ.

Assume further that on 900, u separates quadratically from its tangent hyperplanes; namely,
for all zg, z € 910, we have

(5.4) ple — o> < ulx) —u(xo) — Du () - (x — x0) < p~ o — 20f* .
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For the boundary localization framework associated with this hypothesis, see Savin [36].

5.1. Global integrability of the gradient of the Green’s function. We first recall [16,
Lemma 3.5].

Lemma 5.1. Assume that u and Q satisfy (5.1)—~(5.4). There exists ap = ap(n, A\, A) € (0,1)
such that the following statements hold.
(i) There exists C = Ci(n, A\, A, p) > 0 such that
[Du] ey, ) := sup_[Du(z) — Du(y)|/|z —y|* < C..
THAYEN

(ii) Let Sy(wo,to) be a section of u with o € Q and tg > 0. Then
n—2 ap

H" (DS (w0, t0)) < C(n, \, A, p)ty " 7.

The following lemma is a global version of Proposition 1.2.

Lemma 5.2 (Hessian mass). Assume that u and Q satisfy (5.1)—(5.4). Let Syu(xo,t0) be a
section of u with xg € Q0 and tg > 0. Then

L*Q_;’_ Xp
/ Audz < Ct,* ", C =C(n,\ A, p).
Su(zo,t0)

Proof. By the divergence theorem, we have

/ Audr = / Alu(x) — u(zg) — Du(xg) - (x — z9)] dx
Su(zo,to) Su(zo,to)

_ / [Du(z) — Du(ao)] - v ds.
OSu(z0,t0)

The claimed estimate now follows from Lemma 5.1, noting that
|Du(x) — Du(zg)| < Cylz — 20| < Cu(2/p)*, for all z € 0S,(xo, to).
O

Remark 5.3. Observe that, under the assumptions (5.1)—(5.4), by [26, Lemma 9.7], there exists
M = M(n,\, A, p) > 0 such that

Q C Sy(xo, M) forall =z € Q.

Therefore, €2 is a section of u with height comparable to 1. Consider an open, proper subset
V C Q. By the global localization of the superlevel sets of the Green’s function of the
Monge-Ampeére operator in [16, Lemma 4.2(i)], there exist constants Cy, T, > 0 depending
only on n, A\, A, p such that, for every y € V, and every k > T},

(5.5) {r eV :gy(z,y) >k} C Su(y,C’gk_%).
Moreover, if g = gy (-,y), then

(5.6) |Dg|> < \'AuUYD;gDjyg, /{ » UYD;gD;gdx = k.
9=

As in the proof of Proposition 1.2 (without using the global W?2!*¢_estimate for the
Monge-Ampeére equation), we have
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Proposition 5.4. Let n > 3, and assume that u and Q satisfy (5.1)~(5.4). Let S := Sy(z0,t0)
be a section of u with xg € Q) and tg > 0. Then

SUP/ |Dzgs(z,y)|dz < Ct2(°‘b“) C=C(n,\A,p).
yes
In particular,

sup / Daga(,y)| dz < C(n, A, A, p).
yeQ JQ

Throughout Section 5, we assume the global structural hypotheses (5.1)-(5.4), and write
n—2 ap
=T T,

where ay is the exponent in Lemma 5.1.

9

We first upgrade the global L' estimate for the gradient of the Green’s function. The point
is that the Hessian mass decay with respect to the section height in Lemma 5.2, together with
the known global higher integrability of D?u, yields a positive gain over L! on every level band
of the Green’s function. We use the global higher-integrability estimate in [26, Theorem 10.1];
the same estimate is also recorded in the proof of [23, Theorem 2.1, Step 1] under the present
structural assumptions. Thus, for some

(5.7) do = do(n, A\, A) >0, /(AU)H‘SO dz < C(n,\ A, p).
Q
Interpolating (5.7) with Lemma 5.2, we obtain, for every 0 < < §p and every section S, (&, s),

(5.8) / (M) di < Cys(a+B0)(1-5/60).
(&9)

Indeed, the interpolation parameter 6 determined by
10
146 144
satisfies 8(1 4+ §) = 1 — 0/dg, which gives (5.8).
Proposition 5.5 (Global higher integrability of the gradient of the Green’s function). There

exists ey = ep(n, \, A) > 0 such that the following holds. If V' C Q is open and proper (including
V =Q) and gy (-,y) is the Dirichlet Green function of L, in V, then

(5.9) sup/ |Degy (z,9)|' T do < C(n, A\, A, p).
Proof. We will use (5.5) and (5.6). Let 0 < €, < 1/2 to be determined with
2
5= <.
1-— €y

Applying the Holder inequality exactly as in (3.11) gives for every measurable E C V

1+ey, 1-5

(5.10) /\Dg\lJra”dzL'gC’(/ UijDinggdx> ’ (/ (Au)1+5dx) C
E E E

Let Ty be a fixed structural constant as in Remark 5.3 and set

K;j=2T,  Ej={Kj<g<2K;}, s;=C/K; "



22 GUOQING CUI, CHONG GU, NAM Q. LE, LING WANG, AND BIN ZHOU
By (5.5), E; C Su(y, s;), while (5.6) gives [ 5, U*D;gDyg < 2K;. Hence (5.8) and (5.10) yield

(5.11) / |Dg|"ter da < Cs5",
J

where

@b:_a(l—;—eb) +1_2€b(a+ﬁa) (1—;0) :%—617 <a+628+a;0ﬁ8>-

Since O — B5/2 > 0 as g, — 07, we may choose g, = &,(n, A\, A) > 0 so small that both
b <dy and O > 0.

Then s; ~ 277/% and the right-hand side of (5.11) is summable in j.
For the sublevel set {g < Ty}, we use (5.6), (5.7), and (5.10) to obtain a uniform bound

/ D™ da < C.
{9<T4}

Summing (5.11) over j and adding the resulting estimate to the latest one, one obtains (5.9)
as asserted. O

5.2. A global Holder estimate with L? vector fields. We record here a global counterpart
of the uniform estimate with L? vector fields from Section 4.2. As in that section, the argument
uses higher integrability of D?u, and is therefore logically separate from the bounded-data
proof of Theorem 1.1.

Fix an ¢, = 4(n, A\, A) > 0 as Proposition 5.5 and define

1 -+ Ep
Q= -
&b
After decreasing e, if necessary, we may and do assume ¢, > n. For ¢ > qp, set
1 1 n
Kqi=———>0, Ng ‘= =Kq > 0.
q ® g q o

Lemma 5.6 (Maximum principle with L? vector fields). Assume n > 3 and that u and

Q satisfy (5.1)—=(5.4). Let V. C Q be open and proper. Let ¢ > q, and F € LY(V;R"). If
1,2

w e Wy (V) solves

(5.12) L,w =divF mV, w=0 on OV,
then, there exists C = C(n, A\, A, p, q) such that

(5.13) lwll ooy < CIVI*[F| Lagy).-
Consequently, if v € W12(V) N C(V) solves Lyv = divF in V, then
(5.14) [l oe vy < [Vl zoeavy + CIVI | Lavry.-

Proof. As in the proof of Proposition 4.2, it suffices to prove (5.13) for smooth vector fields F.
For y € S, the representation formula (2.2) can be applied to w, and integration by parts gives

wly) =~ [ av(e.p)divP)do= [ Digy(e.y) Fo)do
1% v
Applying the Holder inequality twice and using Proposition 5.5, we find

11
[wll oo vy < 5161‘13 [Dzgv (s )l Lo (o) [[Fll Lov vy < ClF [ Lav vy < CIV[% 2 |F || Laqvy-
Yy
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For (5.14), let w € Wol’z(V) be the solution to (5.12). Then L, (v —w) =0 in V, so the weak
maximum principle gives
[v = wl|poo vy < [Vl Lo (av)-
This combined with (5.13) proves (5.14). O

Lemma 5.6 can be applied to V = QN S, (z, k), and in this case, using the upper bound
Sy (x, h)| < C(n, \)h™/? for the volume of sections [26, Lemma 5.8], one has

(5.15) Wl oo (S0 (2,h)) < CRM||F La(s, (2,0))5
Thus, the usual splitting argument gives the following interior Holder estimate.

Lemma 5.7 (Interior Holder estimate with L? vector fields). Assume n > 3 and that u and
Q satisfy (5.1)—(5.4). There exists

1
(5.16) 0<y< 3 min{n,, — log, 0},

where § € (0,1) is the constant in (4.1), such that if
Lyv=divF in S,(y,H) CQ,
then for z1,z9 € Sy(y, H/8),
(517 [o(z1) — ()] < Cu(llo — cllim(sauiryz) + H [l ey B M 21 — [,
for every constant ¢, where Cy depends only on n, A\, A, p,q and, in view of Lemma 5.1,

My := sup |Du(z) — Du(a’)] < C = C(n, A, A, p).

z,z' €N

Indeed, as in the proof of [16, Theorem 6.2], estimate (5.17) follows by repeating the
oscillation iteration (4.11)—(4.12) with (5.15) in place of (4.8).

We next record the boundary estimate. Its proof is the barrier argument of [16, Proposi-
tion 7.1], with Lemma 5.6 replacing the maximum-principle estimate for the inhomogeneous
term.

Proposition 5.8 (Boundary Holder estimate). Assume n > 3 and that u and  satisfy
(5.1)~(5.4). Let q > q, and o € (0,1]. Suppose that F € LI(Q;R™) and v € WH2(Q2) N C(Q)
satisfies

Lyv=divF in Q, v=2¢ on 0,

with ¢ € C7(0R). Set

0o 1= min{a qu} o1 1= o0
0 2 )7 1'_ao+3n'
Then there are rg,C > 0, depending only on n, \, A, p,q, and o, such that
(5.18) [v(x) = v(wo)| < C(I1Dllco @) + IIFlLae)) |z — 20|

whenever xg € 0 and x € QN By, (zo).
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Proof. The proof follows closely those of [26, Proposition 14.32] and [16, Proposition 7.1] using
maximum principles and barriers. Since our setting is different, we sketch the details for the
reader’s convenience.

By (5.14) with V = Q,
vl oo < C9llcea0) + IFlLa)), C = C(n, A\ A, p,q).
After normalization, we may assume that
vl Loe ) + 1l co o) + IF | Loy = 1.

Fix xo € 0Q. Without loss of generality, we assume zy = 0, u(0) = 0, and Du(0) = 0.
As in the proof of [16, Proposition 7.1], for any € € (0,1), let

6
h:l: ;:’U—'L}(O):|:<€:‘:g’w§2 iHA::QmB(sQ(O)v
2

where d2 € (0,1) small is to be chosen later and the function ws, is defined by
ws, (z) = ws, (2’ ) := Ms,zn + u(x) — do|2’)?> — A"( X)) 22 for z = (2, 2,) € Q,

n

where
0o :=03/2 and Mj, = A"(\6p)1 7™
If 55 < e!/90 then one can verify that
Lyhy <divF and Lyh_ >divF in A; h_<0 and hy >0 on JA.
Let z4 € W01’2(A) solve
Lyza=divF in A, 24=0 onJdA.
Applying the weak maximum principle to hy — z4 and h_ — z4, and then Lemma 5.6, gives
(5.19) max{—h,h_} <|[zallzeea) < ClA|"|[F| La() < O35

The formula for ws, and the boundary estimates of u give (see [16, inequality (7.3)])

6 L
5—3w52(a}) < C65;%"x — xg).
2

Choose dy = £'/90. Since o < nk,/2, the last term in (5.19) is bounded by Ce?, hence by ¢
after restricting to sufficiently small . Consequently,

lu(x) — v(ao)| < 26 + Ce™37/%0)z — z¢|.
Taking & = |z — x0|70/(?03") proves (5.18). The proof is complete. O

Proof of Theorem 1.4. Note that our assumption implies (5.1)—(5.4), where p now depends
only on n, A, A, [Jullcs(pq), R, and the C3 regularity of 9€; see [26, Proposition 4.7].

As in the proof of [16, Theorem 2.4], we combine Proposition 5.8, the interior Holder
estimate (5.17) in Lemma 5.7, and the geometry of maximal interior sections. We sketch the
details for the reader’s convenience.

For points having at least a fixed positive distance from 02, the maximal interior section
has a fixed positive height, and (5.17) gives a uniform interior Holder estimate.
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Consider therefore y € Q with r = dist(y, 0€2) small. Let S, (y,h) be its maximal interior
section and let yo € 92N IS, (y, h). From Savin’s boundary localization theorem [36, Theorem
3.1], the maximal interior section S, (y, h) has the following properties (see [16, Proposition 7.2]),

(520) CT2 < h < 07’2, Su(yv B) - BCT|10gr|<y)7 Bcr2 (y) - Su(y7 E/S)
For small r, Proposition 5.8 therefore gives
(5.21) v = v(Yo)ll oo (8, (y,/2)) < C(r[logr|)” (H¢H00(69) + HFHL‘I(Q)> -
In (5.16), decrease ~; further, if necessary, so that
. g1 Tq
.22 i —, =
(5.22) i < mln{ 19 }

Applying (5.17) on the maximal section S, (y,h) with ¢ = v(yo) and H = h, we find

[(21) = v(29)] < C(r]10g )™ (I8l oo a0 + Fllzaqey ) + B[ Fl| L@y )2~ Mg |21 = 2|,
From (5.20)—(5.22), we have
(r|log )7 A~ + A < C.
Thus, we can find a constant C' = C(n, A\, A, p, q, o) such that
(5.23) |v(21) — v(22)| < Clz1 — 29" for all 21, 20 € Sy(y, h/8).

Now, as in Step 3 in the proof of [16, Theorem 2.4], we obtain (1.6) with, for example,
v = min {’yi, 021} > 0.

Here is the basic idea. If z,y € Q are sufficiently close and |z — y| < cdist(x, 92)? (where we
can assume, with out loss of generality, that dist(z,0Q2) < dist(y,0?)), then (5.23) applies.
Otherwise both points lie within a distance of order Cl|z — y|'/? from the boundary, and
Proposition 5.8, together with the C'° modulus of ¢, gives

[o() = v(y)| < Cla —y| "'/,

If z,y € Q are separated by a fixed distance, the global L™ estimate from Lemma 5.6 suffices.
The theorem is proved. O

6. APPLICATIONS: SEMIGEOSTROPHIC EQUATIONS AND MONGE-AMPERE HOMOGENIZATION

This section presents two applications of our Holder estimates.

6.1. Application to the three-dimensional dual semigeostrophic equations. In this
section, we apply Theorem 1.1 to the dual semigeostrophic equations on the three-dimensional
torus T3. As introduced above, the dual formulation is

Ope(x) + div(pe(z)U(x)) = 0, (t,x) € (0,00) x T3,
Ui(z) = J(x — DP}(2)), (t,x) € (0,00) x T3,
det D?P}(z) = pe(x), (t,z) € (0,00) x T3,

P is convex,

po() = p°(a), veT,
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with the periodicity condition

1 . o
(6.1) Pi(x) — §\m|2 is Z3-periodic.

€

Here J is the matrix appearing in (1.7). Equivalently, U; = (z — DP})*, where w
(—wg, w1, 0) for w = (wy,we, w3) € R3. The initial density p° is a probability density on T3.

Global weak solutions for semigeostrophic systems in dual variables were constructed
in [3,9,32]; see also [2] for the three-dimensional theory. When the initial density is Holder
continuous and uniformly bounded away from zero and infinity, Loeper [31] proved short-time
existence and uniqueness in a more regular class. As in Subsection 1.2, our concern here is the
time regularity under only the two-sided density bounds.

We now prove Theorem 1.6. The argument follows [22, Section 4] (see also [26, Theorems
15.12 and 15.13]). The only substantive change is that the three-dimensional equation for
0P} is now covered by Theorem 1.1; the estimates used to control the dual flow are the
three-dimensional analogues from [2].

Proof of Theorem 1.6. First, the density bounds are propagated by the dual flow. In particular,
by [30, Theorem 9.1],

(6.2) A< pt <A in T3 for all ¢ > 0.
As in (1.10), differentiating the Monge-Ampére equation in time gives
(6.3) div(p(D*P)'DOF) = divF,  Fy = —pUp.
The periodic transport estimates (see, for example, [2, Theorem 3.1(iii)]) imply
(6.4) | Ftl| oo (rsy < C = C(AA) for all ¢ > 0.
Using the idea of Loeper [30, Theorem 5.1], together with the arguments in [1, Proposi-
tion 3.3] and [2, Proposition 1], there exist £ = k(A,A) > 0 and C = C(\, A) such that
(6.5) /TB |DOPf|" T de < C forallt>0.

One can also obtain (6.2)—(6.5) from [26, Theorem 15.12].
We fix the time-dependent additive constant in P} so that

P dzr =0 forallt > 0.
’]TS

Poincaré’s inequality and (6.5) then give
(6.6) 10:P; (| r4sersy < C - forall t > 0.

We lift (6.3) periodically to R3. The periodic normalization (6.1) implies a uniform bound
for DP}(x) — x on a fundamental cell, and hence fixed-height sections of P/ have uniformly
controlled diameter. Therefore the structural constants in Theorem 1.1 can be chosen uniformly
in ¢ and in the center of the section. Applying that theorem with p = 1+ &, using (6.2), (6.4),
and (6.6), and covering a fundamental cell by finitely many interior sections, we obtain some
v =7\ A) € (0,1) such that

(6.7) 10 B || Lo ((0,00):07 (13)) < C-
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Finally, let P; be the Legendre transform of P;*. Differentiating the Legendre identity at
corresponding points gives

(68) atPt(ZL‘) = —8tPt*(DPt(:L‘))
The two-sided bounds (6.2) and the periodic Monge—Ampeére regularity theory give a uniform

C'B estimate for P, for some 3 = B(\, A) € (0,1). Combining this with (6.7) and (6.8), we
obtain

8, P,(z) — 0, P,(y)| < C|DP,(z) — DP,(y)|” < Clz —y|®  forall t > 0.
After decreasing the exponent if necessary, this proves (1.11). O

6.2. Negative-norm stability and periodic homogenization. In this section, we prove
Theorems 1.8 and 1.7.

Throughout this section, n > 2 and 2 C R" is a fixed bounded smooth uniformly convex
domain. Fix also p € C3(99Q). For f € L®() with A < f < A, let us be the convex
Aleksandrov solution of

detDquc:f in €, up =@ on O
Existence, uniqueness, and stability of these solutions are recalled in [26].

Proof of Theorem 1.8. Fix F € L>®(Q;R"™) with divF = f; — fo.
We show that there exist an exponent v € (0,1) and a constant C' > 0, depending only on
n, A, A, Q, and [[¢l|cs(aq), such that

(6.9) lur — woll o @y < ClIF[ Lo ()
Step 1: Smooth densities. First assume that fo, f1 are smooth on Q.

By the global C%7 () solvability of the Monge-Ampére equation [40], the problems
(6.10) det D*us = (1 —t)fo+tfi inQ, w=¢ ondQ, 0<t<l,

admit classical uniformly convex solutions u € C%7(Q) for all 0 < o < 1. Note that the density
stays between A and A and the boundary datum is the fixed function ¢.

For each fixed t, the linearization of the Monge-Ampeére operator at u; is an isomorphism
from Cg 7(Q) to C7(2), where 0 < o < 1; see [15, Chapter 6]. The implicit-function theorem
and uniqueness therefore show that ¢ — u; is C*. Differentiating (6.10), we obtain

Ly,vy =divF in Q, v; =0 on O where v; = Oyu;.

For n > 3, take ¢ = ¢, + 1. Since F € L>*(Q) C L(Q2), Theorem 1.4, applied with zero
boundary datum, gives an exponent v > 0 and a constant C' > 0, both uniform in ¢ and
depending only on n, A\, A, Q, and [[¢[|c3(aq), such that

(6.11) lotll oy < CIElago) < ClIFl e, 0<t<L.

In dimension two, the same estimate follows from [23, Theorem 1.2].

Since .
U — Uy = / vy dt,
0

integrating (6.11) (or its two-dimensional analogue) establishes (6.9) for smooth densities.

Step 2: Bounded measurable densities. We use an approximation that preserves the divergence
identity on the fixed domain. After a translation, we can assume that B,(0) C Q for some
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r>0. For 0 < 4§ <1/2, let as = 1—6 and ss = dr/4. The convexity of (2 then gives
a5 + Bs,(0) C €. For a nonnegative standard mollifier 7, define
fis(@) = (fixnsy)(asz),  Fs(x) = a5 (F*ns,)(asw).

The convolutions only sample points of (2. Hence the approximations are smooth near € and
satisfy

A< fis <A, divFs = fi5 — fos, IFslloo < a5 | F|loo-

Moreover, f; s — fi in L*(Q2) by continuity of mollification and dilation in L.
Let u; 5 € C(Q) be the convex solution to

det D2ui,5 =fis InQ, wus=¢ ondf

From the stability of Aleksandrov solutions with a fixed boundary data, the weak continuity
of Monge-Ampere measures, and the uniqueness of the Monge-Ampere equation, we find that
u; s — u; uniformly on Q; see [26, Chapter 3]. Applying (6.9) to u; s and Fj, we have

lu1,s — vosllor @) < ClIFsllLe(0)

Letting § — 07, and using the uniform convergence and lower semicontinuity of the Holder
norm, we obtain (6.9).

Finally, taking the infimum over F in (6.9) completes the proof of (1.16) . The theorem is
proved. ]

We are now ready to establish a linear convergence rate in periodic homogenization for the
Monge-Ampeére equation.

Proof of Theorem 1.7. Since f — f belongs to L>(T™) and has mean zero, the problem
Aypp=f—f onT" /wdx:O

has a unique solution ¢ € W2P(T") for all p € (1,00) with appropriate estimates; see [15,
Theorem 9.15 and Lemma 9.17]. In particular, for p = 2n, we have

[ llw2.2n ey < C)|f — f||L°° Tn)-

Let
G :=Dy.
Then, the Sobolev embedding (see [15, Section 7.7]) gives
divyG=f~Ff onT",  [|Glre(rn) < CIIS — fllpoe(rn).-
Set
F.(x) :=eG(z/e).
Then
AVF. = f(2/e)— . IFelpmiey < CONELS = Fllimom
Clearly,

1£(-/2) = fllaivoo < IFellpoe ) < C(n)ellf = fllpoo(rny-

Since A < f, f < A and both u. and @ have the same boundary value o, Theorem 1.8 proves
both (1.14) and (1.15). The theorem is proved. O
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